
9



∗

(s = 1, 2, 3, . . .)

(s = 1)

N

ε ∈ {εj}Lj=1

εj nj gj

gj
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9
nj = 16

gj = 9

gj − 1

nj

gj

nj

gj − 1

nj = 16 gj = 9

nj + gj − 1

nj gj − 1

(nj + gj − 1)!

nj !

(gj − 1)!

(nj + gj − 1)!

nj !(gj − 1)!

εj

W(n1, . . . , nL) =

L∏
j=1

(nj + gj − 1)!

nj !(gj − 1)!
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W
nj =

gj
exp(α+ βεj)− 1

,

β =
1

kBT
.

εj

Pj = nj/N

Pj =
gj
N

1

exp(α+ εj/kBT )− 1

α ∑L
j=1 Pj = 1

α

α

α ≥ 0.

ε = mc2 = c
√
m2

0c
2 + p2,

c

m0 = m
√
1− v2/c2
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9m0 =

0

ε = cp.

p = −i�
d

dx
,

a

ε =
ch

2a
k,

k =
√
j21 + j22 + j23 j1, j2, j3 ∈ N

a � λ λ

ch/a

∗
∗

g(ε) = 2
1

8

∫
d3�kδ

(
ε− ch

2a
k

)
.

g(ε) =
8πV

c3h3
ε2.

ρ(ε) =
1

N

g(ε)

exp(α+ ε/kBT )− 1
.
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∑
j dnj �= 0 α = 0

ρ(ε) =
1

N

g(ε)

exp(ε/kBT )− 1

=
8πV

Nc3h3
ε2

exp(ε/kBT )− 1
.

ε = hν,

ν

ϑ(ν)dν = ρ(ε)dε = ρ(hν)hdν.

ϑ(ν) =
8πV

Nc3
ν2

exp
(

hν
kBT

)
− 1

.

N

∫ ∞

0
ϑ(ν)dν = 1.

E(ν) = N
hν

V
ϑ(ν).

E(ν) = 8πh

c3
ν3

exp
(

hν
kBT

)
− 1

,
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9

N1(N2)

E1(E2) E2 > E1 E2 − E1 = hν

E2

E1

A21 ν

E(ν)

E(ν)

B21E(ν) E2

E1 B12E(ν) E1 E2

E2

dN2

dt
= B12E(ν)N1︸ ︷︷ ︸− [A21 +B21E(ν)]N2︸ ︷︷ ︸ .

dN2/dt = 0

B12E(ν)N1 = A21 +B21E(ν)N2.
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N1/N2 = exp

(
E2 − E1

kBT

)
= exp

(
hν

kBT

)
.

B12E(ν) exp
(

hν

kBT

)
= A21 +B21E(ν)

E(ν) = A21/B12

exp
(

hν
kBT

)
−B21/B12

.

A21

B12
=

8πh

c3
B21

B12
= 1.

≡ A21

B21E(ν) = exp

(
hν

kBT

)
−1.

hν � kBT

hν � kBT
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9

vl vt

c vl vt

gt(ε) =
8πV

v3t h
3
ε2.

gl(ε) =
4πV

v3l h
3
ε2.

g(ε) = gt(ε) + gl(ε) =
4πV

h3

(
1

v3l
+

2

v3t

)
ε2.
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N 3N

hν0

ν0

3N =

∫ hν0

0
g(ε)dε =

4πV

h3

(
1

v3l
+

2

v3t

)∫ hν0

0
ε2dε,

9N

ν30
= 4πV

(
1

v3l
+

2

v3t

)
.

g(ε) =
9N

h3ν30
ε2.

ρ(ε) =
1

M

g(ε)

exp(ε/kBT )− 1

=
9N

Mh3ν30

ε2

exp(ε/kBT )− 1
,

M

ε = hν ν

ϑ(ν)dν = ρ(ε)dε = ρ(hν)hdν,

ϑ(ν) =
9N

Mν30

ν2

exp
(

hν
kBT

)
− 1

.
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9

M

∗

U ≡ M〈ε〉 = Mh〈ν〉 = Mh

∫ ν0

0
νϑ(ν)dν,

U =
9Nh

ν30

∫ ν0

0

ν3

exp
(

hν
kBT

)
− 1

dν.

∗

cV = 9R

(
T

ΘD

)3 ∫ ΘD/T

0

x4 exp(x)

[exp(x)− 1]2
dx,

ΘD ≡ hν0
kB
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ν0

cV

3R

Pj =
gj
N

1

exp(α+ εj/kBT )− 1

ϑ(ν) =
8πV

Nc3
ν2

exp
(

hν
kBT

)
− 1

.

N
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9∫ ∞

0
ϑ(ν)dν = 1.

ϑ(ν) =
9N

Mν30

ν2

exp
(

hν
kBT

)
− 1

.

M

cV = 9R

(
T

ΘD

)3 ∫ ΘD/T

0

x4 exp(x)

[exp(x)− 1]2
dx,

ΘD ≡ hν0
kB

α = 0
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N =
16πV

h3c3
ζ(3)(kBT )

3,

ζ(x) ≡
∞∑
j=1

j−x,

ζ(3) ≈ 1,202056903

exp(−hν/kBT )
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9

n

〈νn〉 = (n+ 2)!

2hn
ζ(n+ 3)

ζ(3)
(kBT )

n.

〈ε〉 = 3
ζ(4)

ζ(3)
kBT ≈ 2,7kBT,

σε ≡
√

(ε) =

√
12

ζ(5)

ζ(3)
− 9

[
ζ(4)

ζ(3)

]2
kBT ≈ 1,75kBT

ζ(3) ≈ 1,202056903 ζ(4) = π4/90 ζ(5) ≈ 1,036927755

ν ∼ 1023 ν ∼ 1015
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cV = 3R

T � ΘD

T � ΘD

cV =
12

5
Rπ4

(
T

ΘD

)3

.

x
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9

cV T 3
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