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Introdução

Equações diferenciais ordinárias lineares

de ordem superior - Fundamentos teóricos.

n

an(x)y(n) + · · · + a1(x)y′ + a0(x)y = g(x)

n

an(x)y(n) + · · · + a1(x)y′ + a0(x)y = g(x)

y(x0) = y0, y
′(x0) = y1, · · · , y(n−1) = yn−1,

x0, y0, y1, · · · , yn−1

an(x), · · · , a0(x)

g(x) I an(x) �= 0

x ∈ I x = x0

y(x)

J ⊂ I x0
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an(x)y(n) + · · · + a1(x)y′ + a0(x)y = g(x),

y(x0) = y0, y(x1) = y1, · · · , y(xn−1) = yn−1

(y′(x0) = y0, y
′(x1) = y1, · · · , y′(xn−1) = yn−1)

y

Dependência e independência linear de funções

f1, f2, · · · , fk

I c1, · · · , cn

c1f1(x) + · · · , cnfn(x) = 0

x ∈ I f1, f2, · · · , fn

I

c1, c2, · · · , cn c1f1(x)+· · ·+cnfn(x)

x ∈ I c1 = c2 = · · · = cn = 0
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f1(x) = sec x f2(x) = tan2 x f3(x) =

1 I = (−π/2, π/2) sec x =

1 + tan2 x x ∈ I sec x − tan2 x − 1 = 0

c1 = 1, c2 = −1, c3 = −1.

f1, f2, · · · , fk k k − 1

I

det

⎛
⎜⎜⎜⎜⎜⎜⎝

f1(x) f2(x) · · · fk(x)

f ′
1(x) f ′

2(x) · · · f ′
k(x)

f
(k−1)
1 (x) f

(k−1)
2 (x) · · · f

(k−1)
k (x)

⎞
⎟⎟⎟⎟⎟⎟⎠

�= 0

x0 ∈ I f1, · · · , fk

W (f1, f2, · · · , fk)

f1, · · · , fk

f1, f2 f1(x) =
eαx cos βx f2(x) = eαxsen βx α, β

β f1, f2

R

W (f1, f2) =

∣∣∣∣∣∣
eαx cos βx eαxsen βx

eαx[α cos βx − βsen βx] eαx[αsen βx + β cos βx]

∣∣∣∣∣∣ = βeαx,
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f1, f2 R

α = 0 f1 f2

cos βx sen βx

R

f1 f2 f1(x) = x3 f2(x) =

|x|3

|x| = x x > 0 |x| = −x x < 0

Soluções de equações diferencias ordinárias lineares.

Equações lineares homogêneas

an(x)y(n) + · · · + a1(x)y′ + a0(x)y = 0

an(x)y(n) + · · · + a1(x)y′ + a0(x)y = g(x),

g(x)

a0, a1, · · · an

I an(x) �= 0
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x ∈ I

y1, y2, · · · , yk

I

y(x) = c1y1(x) + · · · ckyk(x),

c1, · · · , ck I

y1(x) y(x) = c1y1(x)

k

y1, y2, · · · , yk

I y1, y2, · · · , yk

W (y1, · · · , yk) �= 0
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y1, · · · , yn n

n

I

I

y1(x), · · · , yn(x)

I

yc(x) = c1y1(x) + · · · + cnyn(x),

c1, · · · , cn

n = 2 y(x)

a2(x)y′′ + a1(x)y′ + a0(x)y = 0.

y1(x), y2(x)

y1, y2

W (y1, y2) �= 0 x ∈ I x0 ∈ I

W (y1(x0), y2(x0)) �= 0 k1 = y(x0) k2 = y′(x0)

c1y1(x0) + c2y2(x0) = k1

c1y
′
1(x0) + c2y

′
2(x0) = k2

99



c1 c2

W (y1(x0), y2(x0))

G(x) = c1y1(x) + c2y2(x)

G

G(x0) = c1y1(x0) + c2y2(x0) = k1

G′(x0) = c1y
′
1(x0) + c2y

′
2(x0) = k2.

G

a2(x)y′′ + a1(x)y′ + a0(x)y = 0, y(x0) = k1, y
′(x0) = k2.

y(x)

y(x) =

G(x), x ∈ I.

n

I

Equações lineares não homogênea
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I {y1, · · · , yn}

I y(x)

c1, · · · , cn

y(x) = yc(x) + yp(x),

yc(x) = c1y1(x) + · · · + cnyn(x).

n = 2

y(x) yp(x)

a2(x)y′′ + a1(x)y′ + a0(x)y = g(x).

u(x) = y(x) − yp(x)

a2(x)[y′′ − y′′p ] + a1(x)[y′ − y′p] + a0[y − yp] = f(x) − f(x) = 0.

u = y − yp

a2(x)y′′ + a1(x)y′ + a0(x)y = 0.

u(x) = c1y1(x)+c2y2(x), {y1, y2}

y(x) = c1y1(x) + c2y2(x) + yp(x)
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y′′ − 7y′ + 10y = 24ex

yp(x) = 6ex

y′′ − 7y′ + 10y = 0.

ypi i = 1, · · · , k

an(x)y(n) + · · · + a1(x)y′(x) + a0(x)y = fi(x), i = 1, · · · , k.

yp = yp1 + · · · + ypk

an(x)y(n) + · · · + a1(x)y′(x) + a0(x)y = f1(x) + · · · + fk(x)

y′′

4
+ y′ + y = x2 − 2x.

yp1 = x2 − 2x + 3/2

y′′

4
+ y′ + y = x2
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6yp2 = −2x + 2

y′′

4
+ y′ + y = −2x,

yp(x) = x2 −
4x + 7/2

Redução de ordem

an(x)y(n) + · · · + a0y = g(x)

an(x)y(n) + · · · + a0y = 0.

x2y′′ + x3y′ − 2(1 − x2)y = x, x ∈ (0,∞).

y(x) = x2

y(x) = x2u(x)

x2(x2u′′ + 4xu′ + 2u) = x3(x2u′ + 2xu) − 2(1 + x2)x2u = x,
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u′′ +
4 + x2

x
u′ =

1
x3

.

u′

u′(x) =
1
x4

+ c1x
−4e−x2/2

u(x) = − 1
3x3

+ c1

∫
x−4e−x2/2dx + c2.

y(x) = x2u(x) = − 1
3x

+ c1x
2

∫
x−4e−x2/2dx + c2x

2

∫
x−4e−x2/2 x2

a2(x)y′′ + a1(x)y′ + a0(x)y = 0

I y1(x)

I

y1

y1

y2 y1 y2

I y1 y2 I y2/y1
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I

y2(x)
y1(x)

= u(x), x ∈ I

u(x) �= c, c

y2(x) = u(x)y1(x)

y′′ + P (x)y′ + Q(x)y = 0,

P,Q I y1

I

y2(x) = y1(x)u(x)

y′2 = u′y1 + uy′1

y′′2 = u′′y1 + 2u′y′1 + uy′′1 .

y′′2 + Py′2 + Qy2 = 0 ⇔ u′′y1 + 2u′y′1 + uy′′1 + P [u′y1 + uy′1] + Q[uy1] = 0

⇔ u′′y1 + u′[2y′1 + Py1] + u[y′′1 + Py1 + Q] = 0

⇔ u′′y1 + u′[2y′1 + Py1] = 0

y′′1 + Py1 + Q = 0 y1

u′ = w

y1w
′ + [2y′1 + Py1]w = 0 ⇔ w′ + [2y′1/y1 + P ]w = 0.

dw
w + [2y′

1
y1

+ P ]dx = 0 ⇒ dw
w + 2dy1

y1
+ Pdx = 0
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ln|wy2
1| = − ∫

Pdx + c

w =
ce−

∫
P (x)dx

y2
1(x)

.

w = u′

u(x) = c

∫
e−

∫
P (x)dx

y2
1(x)

dx + d.

y2(x) = u(x)y1(x)

y2(x) = cy1

∫
e−

∫
P (x)dx

y2
1(x)

dx + dy1(x).

d = 0 c = 1

y2(x) = y1(x)
∫

e−
∫

P (x)dx

y2
1(x)

dx.

w′ +

[2y′1/y1 + P ]w = 0

xy′′−y′ = 0

y = 1

Conclusão
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6RESUMO

•

•

•

•
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PRÓXIMA AULA

ATIVIDADES

y = c1e
x cos x + c2e

x sin x y′′ − 2y′ +

2y = 0 y(0) = 1, y′(π) = 0.

y = c1 cos x + c2 sin x + x sin x + (cos x)ln(cos x), x ∈ (−π/2, π/2)

y′′ + y = sec x.

y2(x)

y′′ + 16y = 0; y1(x) = cos 4x

y1 y2

xy′ + a0(x)y = g(x) yc = c/x3 yp = x3

yc yp
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y = x3 + c/x3

y(x0) = y0

y = x3 − 1/x3

LEITURA COMPLEMENTAR

Referências Bibliográficas
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