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Introdução

Sistema de equações lineares de primeira

ordem: Fundamentos teóricos

Y ′ = A(x)Y + B(x),

Y = (y1, · · · , yn) ∈ R
n x

B(x) ≡ 0

Y ′ = A(x)Y.

Y ′ = A(x)Y + B(x).
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⎛
⎜⎜⎜⎜⎜⎜⎝

y′1

y′2

y′n

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

a11(x) a12(x) · · · a1n(x)

a21(x) a22(x) · · · a2n(x)

an1(x) an2(x) · · · ann(x)

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

y1

y2

yn

⎞
⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎜⎝

b1(x)

b2(x)

bn(x)

⎞
⎟⎟⎟⎟⎟⎟⎠

y′1 = a11(x)y1 + a12(x)y2 + · · · + a1n(x)yn + b1(x)

y′2 = a21(x)y1 + a22(x)y2 + · · · + a2n(x)yn + b2(x)

y′n = an1(x)y1 + an2(x)y2 + · · · + ann(x)yn + bn(x).

n

an(x)y(n) + · · · a0(x)y = g(x),

an(x) �= 0

y(n) =
1

an(x)
[−an−1(x)y(n−1) − · · · − a0(x)y + g(x)]

y1 = y, y2 = y′, y3 = y′′, · · · , yn = y(n−1)

y′1 = y2

y′2 = y3

y′n−1 = yn

y′n = 1
an(x) [−an−1(x)y(n−1) − · · · − a0(x)y + g(x)].
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⎛
⎜⎜⎜⎜⎜⎜⎝

y′
1

y′
2

y′
n

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0

0 0 1 · · · 0

0 · · · 0 1

− a0(x)
an(x)

− a1(x)
an(x)

· · · −an−2(x)

an(x)
−an−1(x)

an(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

y1

y2

yn

⎞
⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎜⎝

0

0

g(x)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Y ′ = A(x)Y + B(x),

Y = (y1 · · · yn)T , A(x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0

0 0 1 · · · 0

0 · · · 0 1

− a0(x)
an(x)

− a1(x)
an(x)

· · · −an−2(x)

an(x)
−an−1(x)

an(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

B(x) = (0 · · · 0 g(x))T

B = ()T

A(x) 1× 1

n

y′′′ + ln(x)y′′ + 3xy = x2, x ∈ (0,∞)
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I

Y =

⎛
⎜⎜⎜⎜⎜⎜⎝

y1(x)

yn−1(x)

yn(x)

⎞
⎟⎟⎟⎟⎟⎟⎠

Y (x) =

⎛
⎝ e−2x

−e−2x

⎞
⎠ e Y (x) =

⎛
⎝ 3e6x

5e6x

⎞
⎠

Y ′ =

⎛
⎝ 1 3

5 3

⎞
⎠ Y.

Y Y

Y ′ =

⎛
⎝ −2e−2x

2e2x

⎞
⎠ e Y

′ =

⎛
⎝ 18e6x

30e6x

⎞
⎠

⎛
⎝ −2e−2x

2e2x

⎞
⎠ =

⎛
⎝ 1 3

5 3

⎞
⎠

⎛
⎝ e−2x

−e−2x

⎞
⎠ ,

⎛
⎝ 18e6x

30e6x

⎞
⎠ =

⎛
⎝ 1 3

5 3

⎞
⎠

⎛
⎝ 3e6x

5e6x

⎞
⎠ .
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Y ′ = A(x)Y + B(x), Y (x0) = Y0,

x ∈ I, Y ∈ R
n Y0 = (γ1 · · · γn)T

A(x) B(x)

I x0

Y ′ = A(x)Y + B(x), Y (x0) = Y0,

I

Y1, · · · , Yk

n

Y ′ = A(x)Y

I

Y = c1Y1 + · · · cnYn

I
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13Y1(x) = (y11(x) y21(x) · · · yn1(x))T , Y2(x) =

(y12(x) y22(x) · · · yn2(x))T , · · · , Yn(x) = (y1n(x) y2n(x) · · · ynn(x))T

I

I

W (Y1, · · · , Yn) =

∣∣∣∣∣∣∣∣∣∣∣∣

y11(x) y12(x) · · · y1n(x)

y21(x) y22(x) · · · y2n(x)

yn1(x) yn2(x) · · · ynn(x)

∣∣∣∣∣∣∣∣∣∣∣∣

�= 0

x ∈ I

Y1, · · · , Yn

W (Y1, · · · , Yn) �= 0

x0 ∈ I

Y1(x) = (cos x e2x)T , Y2(x) =

(cos x sen 2x)T

n

n

Y1, · · · , Yn

I

I

Yc(x) = c1Y1 + · · · + cnYn,
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c1, · · · , cn

I

Y (x) = Yc(x) + Yp(x) = c1Y1 + · · · + cnYn + Yp(x),

Yp(x)

I

Sistemas de equações lineares de primeira

ordem homogêneo com coeficientes cons-

tantes.

Y ′ = AY,

A =

⎛
⎝ 1 3

5 3

⎞
⎠

Y =

⎛
⎝ e−2x

−e−2x

⎞
⎠ =

⎛
⎝ 1

−1

⎞
⎠ e−2x = Keλx,

K =

⎛
⎝ 1

−1

⎞
⎠ λ = −2.

Y = Keλx,

K n× 1

Y ′ = AY,
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13Y ∈ R
n A

n × n A

Y ′ = AY ⇔ Kλeλx = AKeλx ⇔ (AK − λK)eλx = 0.

0

eλx �= 0 x

eλx

(AK − λK) = 0 ⇔ (AK − λIdK) = 0 ⇔ (A − λId)K = 0,

Id

Y = Keλx,

K

(A − λId)K = 0.

det(A − λId) = 0,

det(A−λId) �= 0 A−λId

B B(A − λId)K = Id K = 0

K

λ A K �= 0

λ
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n × n n

λ1, · · · , λn

K1, · · · , Kn

Y1 = K1e
λ1x, · · · , Yn = Kneλnx

x ∈
(−∞,∞)

Yc(x) = c1K1e
λ1x + · · · + cnKneλnx, x ∈ (−∞,∞).

Y ′ = AY,

A =

⎛
⎜⎜⎜⎝

0 0 1

0 −3 0

2 2 1

⎞
⎟⎟⎟⎠

A

det(A − λId) = 0,

∣∣∣∣∣∣∣∣∣

−λ 0 1

0 −3 − λ 0

2 2 1 − λ

∣∣∣∣∣∣∣∣∣
= 0 ⇔ (λ + 3)(λ + 1)(λ − 2) = 0.

A

λ1 = −3, λ2 = −1 λ3 = 2

218



AULA

13
K1, K2 K3

λ1 = −3 (A − λ1Id)K1 = 0
⎛
⎜⎜⎜⎝

3 0 1

0 0 0

2 2 4

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

κ1

κ2

κ3

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

0

0

0

⎞
⎟⎟⎟⎠ ,

K1 = (κ1 κ2 κ3)T . K1

3κ1 + κ3 = 0

2κ1 + 2κ2 + 4κ3 = 0.

κ1 = κ1, κ2 = 5κ1, κ3 =

−3κ1 κ1

κ1 = 1 K1

λ1 = −3 K1 = (1 5 − 3)T

K2 K3

K2 = (2 0 − 2)T , K3 = (1 0 2)T

Yc(x) = c1

⎛
⎜⎜⎜⎝

1

5

−3

⎞
⎟⎟⎟⎠ e−3x + c2

⎛
⎜⎜⎜⎝

2

0

−2

⎞
⎟⎟⎟⎠ e−x + c3

⎛
⎜⎜⎜⎝

1

0

2

⎞
⎟⎟⎟⎠ e2x,

c1, c2, c3

n × n

λ1 m m ≤ n

219



A m

K1, · · · , Km λ1

c1K1e
λ1x + c2K2e

λ1x + · · · + cmKmeλ1x.

A

K1 λ1 m

m

Y1 = K11e
λ1x

Y2 = K21xeλ1x + K22e
λ1x

Ym = Km1
xm−1

(m−1)!e
λ1x + Km2

xm−2

(m−2)!e
λ1x + · · · + Kmmeλ1x,

Kij n×1

Y ′ = AY

A =

⎛
⎜⎜⎜⎝

1 0 0

2 2 −1

0 1 0

⎞
⎟⎟⎟⎠ .

det(A − λId) = 0

(λ − 1)3 = 0 A λ1 = 1

K1

(A − λ1Id)K1 = 0,
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13K1 = (κ1 κ2 κ3)T

⎛
⎜⎜⎜⎝

0 0 0

2 1 −1

0 1 −1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

κ1

κ2

κ3

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

0

0

0

⎞
⎟⎟⎟⎠ ,

2κ1 + κ2 − κ3 = 0

κ2 − κ3 = 0.

κ1 = 0, κ2 = κ2, κ3 = κ2

K1 =

⎛
⎜⎜⎜⎝

0

1

1

⎞
⎟⎟⎟⎠ κ2

λ1

(0 κ2 κ2)T , κ2

λ1

κ1 − κ2 + κ3 = 0

κ1 = κ2 − κ3, κ2 = κ2 κ3 = κ3

K =

⎛
⎜⎜⎜⎝

κ2 − κ3

κ2

κ3

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

1

1

0

⎞
⎟⎟⎟⎠ κ2 +

⎛
⎜⎜⎜⎝

−1

0

1

⎞
⎟⎟⎟⎠ κ3

λ1
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λ1 κ2 = 1 κ3 = 0 K1 = (1 1 0)T

κ2 = 0 κ3 = 1 K2 = (−1 0 1)T K1, K2

κ2 = 1 K1 =

(0 1 1)T

Y1(x) = K1e
λ1x = K1e

x = (0, 1, 1)T ex.

Y2 Y1

Y2 = K1xeλ1x + K2e
λ1x.

Y2 Y ′ = AY

(AK1 − λ1K1)xeλ1x + (AK2 − λ1K2 − K1)eλ1x = 0.

xeλ1x eλ1x

(A − λ1Id)K1 = 0

(A − λ1Id)K2 = K1.

Y2

K2

K2 = (κ1 κ2 κ3)T

2κ1 + κ2 − κ3 = 1

κ2 − κ3 = 1.

κ1 = 0, κ2 = κ2, κ3 = κ2 − 1

κ2 = 5 K2 = (0 5 4)T
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Y2 = (0 1 1)T xex + (0 5 4)T ex.

Y3

Y3 = K1
x2

2!
eλ1x + K2xeλ1x + K3e

λ1x.

Y3

(A − λ1Id)K1 = 0

(A − λ1Id)K2 = K1

(A − λ1Id)K3 = K2.

Y3

2κ1 + κ2 − κ3 = 5

κ2 − κ3 = 4.

κ1 = 1/2, κ2 = κ2, κ3 =

κ2 − 4 κ2 = 0 K3 = (1
2 0 − 4)T

Y3 = (0 1 1)T x2

2
ex + (0 5 4)T xex + (

1
2

0 − 4)T ex.

Yc(x) = c1Y1 + c2Y2 + c3Y3.
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λ1

(A − λ1Id)K1 = 0

(A − λ1Id)K2 = K1

(A − λ1Id)K3 = K2

(A − λ1Id)K4 = K3

A n×n

λ1 = α + iβ λ2 = α −
iβ A

A

K1

λ1 = α + iβ A

K1e
λ1x e K1e

λ1x,

K1 K1

A
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eiθ = cos θ + isen θ

K1e
λ1x = K1e

αxeiβx = K1e
αx[cos βx + isen βx]

K1e
λ1x = K1e

αxe−iβx = K1e
αx[cos βx − isen βx].

Y1 =
1
2
(K1e

λ1x + K1e
λ1x)

Y2 =
i

2
[−K1e

λ1x + K1e
λ1x]

(−∞,∞)

Y1 Y2

Y1 = eαx[B1 cos βx − B2sen βx]

Y2 = eαx[B2 cos βx + B1sen βx],

B1 =
1
2
[K1 + K1], B2 =

i

2
[−K1 + K1].

c1e
αx[B1 cos βx − B2sen βx] + c2e

αx[B2 cos βx + B1sen βx].
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Conclusão
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13RESUMO

PRÓXIMA AULA

ATIVIDADES

y′1 = ay1 + by2, y′2 = by1 + ay2, a, b ∈ R.

⎛
⎜⎜⎜⎝

y′1

y′2

y′3

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

11 7 10

−4 −2 −4

−7 −5 −6

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

y1

y2

y3

⎞
⎟⎟⎟⎠ .

dx
dt = 3x + 2y + 4z

dy
dt = 2x + 2z

dz
dt = 4x + 2y + 3z

, x(0) = 2, y(0) = 0, z(0) = 1.
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dx
dt = 6x − y

dy
dt = 5x + 2y.

LEITURA COMPLEMENTAR
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