
2

2



R
2

�v1 �v2

�v �v1 �v2

a1, a2 ∈ R

�v = a1 �v1 + a2 �v2

�v1 �v2 �v

�v1 �v2
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2�v

�v1 �v2 �v

a1 a2

a1 = 0 �v = a1 �v1 + a2 �v2

�v = 0 · �v1 + a2 �v2 ⇒ �v = a2 �v2.

�v �v1 �v2

�v

�v1 �v2

a1 a2

�v {�v1, �v2}

{�e1, �e2}
�e1 ⊥ �e2

|�e1| = |�e2| = 1
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β = {�e1, �e2}
�e1 �e2

xOy �v

�v2 �v2

�i �j

(1, 0) =�i (0, 1) = �j.

(x, y) R
2

�v = (x, y)

�v x

y
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2

�i �j

R
2

�v = x�i + y�j

x, y ∈ R

�v

{�i,�j}

�v = 2�i + (−3)�j

�v = (2,−3) ∈ R
2

2�j = (2, 0),

(−3)�i = (0,−3)

�v = 2�i + (−3)�j = (2 + 0, 0 + (−3)) = (2,−3)

�u = (x1, y1) �v = (x2, y2)

x1 = x2 y1 = y2 �u = �v

�u = (2, 1) �v = (2, 1)

�p = (2, 1) �q = (1, 2)

�u = (x1, y1) �v = (x2, y2) λ ∈ R
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�u + �v = (x1 + x2, y1 + y2)

λ�u = (λx1, λy1)

�u = (2,−1) �q = (1, 3)

�u + �q = (2 + 1,−1 + 3) = (3, 2)

3�u = (3 · 2, 3 · (−1)) = (6,−3).

�u + �q = (3, 2) 3�u = (6,−3)

�u �v �w

A1 �u + �v = �v + �u

A2 (�u + �v) + �w = �u + (�v + �w)

A3 �u +�0 = �u

A4 �u + �(−u) = �0

�u �v α, β ∈ R
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2P1 α(β�u) = (αβ)�u

P2 (α + β)�u = α�u + β�u

P3 α(�u + �v) = α�u + α�v

P4 1�v = �v

�0 �0 = (0, 0)

�u = (x1, y1) �v = (x2, y2) �w = (x3, y3)

• A1

�u + �v = (x1, y1) + (x2, y2) = (x1 + x2, y1 + y2).

x1 + x2 = x2 + x1 y1 + y2 = y2 + y1

�u + �v = (x1 + x2, y1 + y2) = (x2 + x1, y2 + y1)

= (x2, y2) + (x1, y1) = �v + �u.

• A4 �w = (a1, a2)

�0 = �u + �w = (x1, y1) + (a1, a2) = (x1 + a1, y1 + a2)

�u+ �w = �0 ⇔ (x1 +a1, y1 +a2) = (0, 0)

x1 + a1 = 0 y1 + a2 = 0 ⇒ a1 = −x1 a2 = −y1,

�w = (−x1,−y1) = −�u
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• P2 α, β ∈ R

(α + β)�u = (α + β) · (x1, y1) = ((α + β)x1, (α + β)y1) .

((α + β)x1, (α + β)y1) = (αx1 + βx1, αy1 + βy1)

= (αx1, αy1) + (βx1, βy1)

(α + β)�u = (αx1, αy1) + (βx1, βy1)

= α(x1, y1) + β(x1, y1) = α�u + β�u.

�u = (3,−1) �v = (−1, 2)

4(�u − �v) +
1
3

�w = 2�u − �w

�w

4(�u − �v) +
1
3

�w = 2�u − �w ⇒
1
3

�w + �w = 2�u − 4(�u − �v) ⇒
4
3

�w = −2�u + 4�v
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2
4
3

�w = −2�u + 4�v ⇒
4�w = −6�u + 12�v ⇒
�w =

−6
4

�u +
12
4

�v ⇒
�w =

−3
2

�u + 3�v.

�w =
−3
2

�u + 3�v ⇒
�w =

−3
2

(3,−1) + 3(−1, 2) ⇒
�w =

(−9
2

,
3
2

)
+ (−3, 6)

�w =
(−9

2
− 3,

3
2

+ 6
)

=
(−15

2
,
15
2

)

�w =
−15
2

(1,−1)

−−→
AB A = (x1, y1)

B = (x2, y2)
−−→
AB

−−→
AB = B − A

−−→
AB = (x2 − x1, y2 − y1).

AB CD OP (3, 1)
−−→
AB = B − A = (1, 4) − (−2, 3) = (3, 1)
−−→
CD = D − C = (4, 3) − (1, 2) = (3, 1)
−−→
OP = P − O = (3, 1) − (0, 0) = (3, 1)
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�AB = B − A

�AB = (x2 −
x1, y2 − y1)

AB CD OP

(3, 1)

R
3

�v1 �v2 �v3 �v

�v1 �v2 �v3

a1, a2, a3 ∈ R

�v = a1 �v1 + a2 �v2 + a3 �v3
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2�v

a1, a2, a3

a1, a2, a3 �v

{�v1, �v2, �v3}

{�i,�j,�k}

{e1, e2, e3}
{�i,�j,�k}

v
�v

�i x

�j y

�k z

�0 �0 = (0, 0, 0)

P R
3

(x1, y1, z1) P
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xy xz yz

P = (x1, y1, z1) P = (2, 4, 3)

A = (2, 0, 0) x y = z = 0

B = (0, 4, 0) y x = z = 0

C = (0, 0, 3) z x = y = 0

D = (2, 4, 0) xy z = 0

E = (0, 4, 3) yz x = 0

F = (2, 0, 3) xz y = 0

�v = x�i + y�j + z�k x, y z

�v {�i,�j,�k}
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2

�v = x�i + y�j + z�k �v = 2�i + 4�j + 3�k

•

•

•

R

R×R = R
2

R
2 = {(x, y); x, y ∈ R}

R×R×R = R
3

R
3 = {(x, y, z); x, y, z ∈ R}

�u = (x1, y1, z1) �v =

(x2, y2, z2) x1 = x2 y1 = y2 z1 = z2
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R
R

2 =

R × R

R
3 =

R × R × R

�u = (x1, y1, z1) �v = (x2, y2, z2) λ ∈ R

• �u + �v = (x1 + x2, y1 + y2, z1 + z2)

• λ�u = (λx1, λy1, λz1)

2�i + 4�j + 3�k

2�i = 2(1, 0, 0) = (2, 0, 0)

4�j = 4(0, 1, 0) = (0, 4, 0)

3�k = 3(0, 0, 1) = (0, 0, 3)

xy

�v = 2�i + 4�j + �k

= (2, 0, 0) + (0, 4, 0)︸ ︷︷ ︸+(0, 0, 3)

= (2, 4, 0) + (0, 0, 3)= (2, 4, 3)

xy

2�i + 4�j

3�k

�v
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2A =

(x1, y1, z1) B = (x2, y2, z2)

−−→
AB = (x2 − x1, y2 − y1, z2 − z1)

�v = 2�i+3�j +4�k

�v = (2, 3, 4)

�i −�j = (1, 1, 0)

2�i − 3�j + �k = (2,−3, 1)

4�k = (0, 0, 4)

{�i,�j,�k} = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}

�u = (x1, y1, z1) �v = (x2, y2, z2)

λ ∈ R �u = λ�v

(x1, y1, z1) = λ(x2, y2, z2)

�u//�v �u �v

m n

�u = (m + 1, 3, 2) �v = (2, 1, 2n)

m n

(m + 1, 3, 2) = λ(2, 1, 2n),

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

m + 1 = 2λ

3 = λ

2 = 2nλ

.

m = 5 n = 1/3
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�w = (1, 1) �u =

(−2, 1) �v = (1,−1)

a b

�u = (2a+1, 1) �v = (3, 2b−3)

�u = (2,−4) �v = (−5, 1) �w = (−12, 6)

k1 k2 �w = k1�u + k2�v

λ1 λ2 �w = λ1�v1 +λ2�v2

�v1 = (1,−2, 1) �v2 = (2, 0, 4) �w = (−4,−4,−10)

ABCD A = (−1,−3) B = (5, 6)

C D
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2{�v1, �v2}

ABCD E

E

A = (x1, y1)
B = (x2, y2)

E =
“x1 + x2

2
,
y1 + y2

2

”
.

AC BD A = (0, 0)

B = (1, 1) C = (0, 2) D = (−1, 1) ABCD

A = (4, 0, 1) B = 5, 1, 3) C = (3, 2, 5)

D = (2, 1, 3)

�u �v

�u + �v �u − �v
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