
5

2



A = (x1, y1, z1) �v =

(a, b, c) r A

�v P = (x, y, z) r
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5−→
AP �v

−→
AP = t�v

t ∈ R

P − A = t�v

P = A + t�v,

(x, y, z) = (x1, y1, z1) + t(a, b, c)

r �v

r t

r A = (1,−1, 4)

�v = (2, 3, 2)

r : (x, y, z) = (1,−1, 4) + t(2, 3, 2)

(x, y, z) r

t

t = 1 ⇒ P1 = (1,−1, 4) + 1 · (2, 3, 2) = (2, 3, 6)

t = 0 ⇒ P0 = (1,−1, 4)

t = −1 ⇒ P−1 = (−1,−4, 2)

t = 3 ⇒ P3 = (7, 8, 10)
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P = A + t�v

r

r A

�v

(x, y, z) = (1,−1, 4) + t(4, 6, 4)

r 2�v =

(4, 6, 4) �v = (2, 3, 2)

(x, y, z) = (x1, y1, z1) + t(a, b, c)

(x, y, z) = (x1 + ta, x2 + tb, x3 + tc),
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5⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = x1 + at

y = y1 + bt

z = z1 + ct

r A = (3,−4, 2)

�v = (2, 1,−3)

r :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 3 + 2t

y = −4 + t

z = 2 − 3t

A B A

B �v =
−−→
AB

r

A = (3,−1,−2) B = (1, 2, 4)

A �v =
−−→
AB = B − A = (−2, 3, 6)

r :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 3 − 2t

y = −1 + 3t

z = −2 + 6t

r
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AB A B

AB BA 0 ≤ t ≤ 1

P = A + t(B − A)

P = B + t(A − B),

P = (x, y, z)

r

t = 0 ⇒ P = A + 0 · (B − A) = A

t = 1 ⇒ P = A + 1 · (B − A) = B

AB BA

t = 0 ⇒ P = B + 0 · (A − B) = B

t = 1 ⇒ P = B + 1 · (A − B) = A

P = tB + (1 − t)A.

P = tA + (1 − t)B

x = x1 + at y = y1 + bt z = z1 + ct

abc �= 0

t =
x − x1

a
t =

y − y1

b
t =

z − z1

c
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5t

x − x1

a
=

y − y1

b
=

z − z1

c

A = (x1, y1, z1)

�v = (a, b, c)

A = (3, 0,−5)

�v = (2, 2,−1)

x − 3
2

=
y

2
=

z + 5
−1

x = 5

5 − 3
2

= 1 =
y

2
=

z + 5
−1

⇒

⎧⎪⎨
⎪⎩

y

2
= 1

z + 5
−1

= 1

y = 2 z = −6 (5, 2,−6)

r

x − x1

a
=

y − y1

b

x − x1

a
=

z − z1

c

y = y1 +
b

a
(x − x1) z = z1 +

c

a
(x − x1).

y z x

y z

y = mx + n z = px + q.
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P =

(x, mx + n, px + q)

m =
b

a
n = y1 − b

a
x1

p =
c

a
q = z1 − c

a
x1

y z abc �= 0

r A = (2,−4,−3)

�v = (1, 2,−3)

x − 2
1

=
y + 4

2
=

z + 3
−3

x − 2
1

=
y + 4

2
x − 2

1
=

z + 3
−3

⇒ y = 2x − 8 z = −3x + 3.

P = (x, 2x − 8,−3x + 3) ∀x ∈ R P

r

R
3

R
2 z
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5

xy xz yz

r ‖ ( − xy)

A = (−1, 2, 4) �v =

(2, 3, 0) �v// − xy

r A =

(1, 5, 0) �v = (−1, 0, 2)

r ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −1 + 2t

y = 2 + 3t

z = 4

r⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 1 −t

y = 5

z = 2t
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A = (2, 3, 4) �v = (0, 0, 3)

eixo−x eixo−y eixo−z

�i = (1, 0, 0) �j =

(0, 1, 0) �k = (0, 0, 1)

r A = (2, 3, 4)

�v = (0, 0, 3) �v

�k �v = 3�k r eixo − z r

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 2

y = 3

z = 4 + 3t

A = (x1, y1, z1) eixo − y eixo − x
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5
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = x1

y = y1 + k · t
z = z1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = x1 + k · t
y = y1

z = z1,

k ∈ R t

A = (x1, y1, z1)

�v = �j

A = (x1, y1, z1)

�v = �k

r1

r2 �v1 �v2

r1 r2 r1

r2 θ

cos θ =
|〈�v1, �v2〉|
|�v1| |�v2| 0 ≤ θ ≤ .

π

2

r1 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 3 + t

y = t

z = −1 − 2t

r2 :
x + 2
−2

=
y − 3

1
=

z

1
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r1 r2

�v1 = (1, 1−2) �v2 = (−2, 1, 1)

cos θ =
|〈�v1, �v2〉|
|�v1| |�v2| =

|〈(1, 1,−2), (−2, 1, 1)〉|
|(1, 1,−2)| |(−2, 1, 1)| =

| − 2 + 1 − 2|√
6
√

6
=

1
2

θ = arc cos
(

1
2

)
=

π

3
= 60o

r1 r2

�v1 �v2

r1 ⊥ r2 ⇔ 〈�v1, �v2〉 = 0

r1 ‖ r2 r1 ⊥ r

r1 r2

r r

r1 r2
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5
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = t

y = −2t + 1

z = 4t

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 3 − 2t

y = 4 + t

z = t

�v1 = (1,−2, 4) �v2 = (−2, 1, 1) r1

r2

〈�v1, �v2〉 = 1(−2) − 2(1) + 4(1) = 0,

r1 r2

r1 r2 �v1 �v2

r r1 r2

�v

⎧⎨
⎩

〈�v,�v1〉 = 0

〈�v,�v2〉 = 0

�v �= �0

�v = �v1 × �v2

r

r

A = (3, 4,−1)

r1 : (x, y, z) = (0, 0, 1) + t(2, 3,−4) r2 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 5

y = t

z = 1 − t.

r1 r2 �v1 = (2, 3,−4)
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�v2 = (0, 1,−1)

�v1 × �v2 =

∣∣∣∣∣∣∣∣∣

�i �j �k

2 3 −4

0 1 −1

∣∣∣∣∣∣∣∣∣
= (1, 2, 2)

r :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 3 + t

y = 4 + 2t

z = −1 + 2t

r1 r2

r1 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 3 + h

y = 1 + 2h

z = 2 − h

r2 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 5 + 3t

y = −3 − 2t

z = 4 + t

r1 :

⎧⎨
⎩

y = x

z = 1 − x
r2 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −t

y = 1 + t

z = 2t

r1 :

⎧⎨
⎩

y = x + 2

z = −x − 1
r2 :

x + 1
−2

=
y − 1
−2

=
z + 1

2
.

(x, y, z)

r1 r2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3 + h = 5 + 3t

1 + 2h = −3 − 2t

2 − h = 4 + t

⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

h − 3t = 2

2h + 2t = −4

−h − t = 2
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5h = t = −1 (2,−1, 3)

r1 r2

⎧⎨
⎩

1 + t = −t

2t = 1 + t

t = − 1
2

t = 1

r1 r2

�v1 = (1, 1,−1) �v2 = (−2,−2, 2) �v2 = −2�v1

(0, 2,−1) ∈ r1 (0, 2,−1) /∈ r2

r1 r2
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r

A = (2,−3, 4) B = (1,−1, 2)

C = (
5
2
,−4, 5) D = (−1, 3, 4) r

r : (x, y, z) = (−1, 2, 3) + t(2,−3, 0)

r

A B

A = (1,−1, 2) B = (2, 1, 0)

A = (0, 0, 0) B = (0, 1, 0)

P = (m, 1, n) A =

(3,−1, 4) B = (4,−3,−1) P

P1 = (5,−5, 6) P2 = (4,−1, 12)

r :
x − 3
−1

=
y + 1

2
=

z − 2
−2

.

r :
x − 1

2
=

y + 3
−1

=
z

4

r1 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x −2 − t

y = t

z = 3 − 2t

r2 :
x

2
=

y + 6
1

=
z − 1

1
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5n 30o

r1 :

⎧⎨
⎩

y = nx + 5

z = 2x − 2
r2 :

x − 2
4

=
y

5
=

z

3

r1 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 2 − t

y = 4 − t

z = −t

r2 :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −3 + 6h

y = 1 + 7h

z = −1 + 13h
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