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φ : R
2 → R

φ(x, y) = Ax2 + 2Bxy + Cy2 + Dx + Ey + F

• P = (x, y) c

c φ φ(x, y) = c c ∈ R

• P = (x, y) φ(x, y) = c

f : R
2 → R f(x, y) = x − 2y

f(x, y) = c

x − 2y = c

x − 2y = c
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12φ(x, y) = x2 + y2

φ(x, y) = c c > 0
√

c

x2 + y2 = c

D = E = F = 0

φ(x, y) = Ax2 + 2Bxy + Cy2.

φ(x, y) = Ax2 + 2Bxy + Cy2, (x, y) ∈ R
2

A, B,C ∈ R
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φ

(s, t) x y θ

x = as − bt, y = bs + at

a2 + b2 = 1

a = cos θ b = sen θ

φ(x, y) = φ (as − bt, bs + at) = A′s2 + 2B′st + C ′t2

A′ = Aa2 + 2Bab + Cb2

B′ = −Aab + B(a2 − b2) + Cab

C ′ = Ab2 − 2Bab + Ca2

θ

B′ = 0

B′ = a(Ba + Cb) − b(Aa + Bb)

B′ = 0 �w = (Aa + Bb, Ba + Cb)
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12�u = (a, b) λ ∈ R

Aa + Bb = λa Ba + Cb = λb,

(A − λ)a + Bb = 0 Ba + (C − λ)b = 0

�u = (a, b)

�u = (cos θ, sen θ) |�u| = 1 �u = (a, b)

a b

⎧⎨
⎩ (A − λ)x + By = 0

Bx + (C − λ)y = 0,

λ

x = −(C − λ)
B

y ⇒ (A − λ)
(
−(C − λ)

B
y

)
+ By = 0

⇒ y
(
B2 − (A − λ)(C − λ)

)
= 0

B2 − (A − λ)(C − λ) = 0,

λ2 − (A + C)λ + AC − B2 = 0

φ

⎛
⎝A B

B C

⎞
⎠ φ

Δ = (A + C)2 − 4 · (1) · (AC − B2) = (A − C)2 + 4B2 ≥ 0
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ϕ(x, y) = 5x2+6xy+

5y2

λ2 − (A + B) λ + (AC − B2) = 0,

A = 5 B = 3 C = 5

λ − (5 + 5)λ + (5 · 5 − 32) = 0 ⇒ λ − 10λ + 16 = 0

λ1 = 2 λ2 = 8

λ1, λ2

φ⎛
⎝A B

B C

⎞
⎠

• λ1 λ2 λ

• (x, y) k ∈
R (kx, ky)

(x, y)

k ∈ R (kx, ky)

�u = (a, b)

B′ = 0

λ1

Ax +

By = λ1x x = 1 y = (λ − A)/B
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12(x, y) a =
x√

x2 + y2

b =
y√

x2 + y2

�u = (a, b)

Aa + Bb = λ1b Ba + Cb = λ1b

�u = (a, b)

λ = λ1

φ

⎛
⎝A B

B C

⎞
⎠ λ1

�u′ = (−b, a)

�u = (a, b) 90o

φ λ2

λ1 λ2 A′ C ′

A′ = λ1 C ′ = λ2

A′ = Aa2 + 2Bab + Cb2 C ′ =

Ab2 − 2Bab + Ca2,

A′ = Aa2 + 2Bab + Cb2

= Aa2 + Bab + Bab + Cb2

= (Aa + Bb)a + (Ba + Cb)b

= λ1a
2 + λ1b

2

= λ1
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C ′ = Ab2 − 2Bab + Ca2

= Ab2 − Bab − Bab + Ca2

= (A(−b) + Ba)(−b) + (B(−b) + Ca)a

= λ2(−b)2 + λ2a
2

= λ2

A′ = λ1 C ′ = λ2

�u = (a, b) φ

φ(s, t) = φ(as − bt, bs + at) = λ1s
2 + λ2t

2

φ(x, y) = c c

λ1 · λ2 = AC −B2

AC − B2 > 0 λ1 λ2

c �= 0 φ(x, y) = c

λ1s
2 + λ2t

2 = c.

c λ1 λ2

λ1s
2 + λ2t

2 = c ⇒ s2

m2
+

t2

n2
= 1

m =
√

c

λ1
n =

√
c

λ2
.
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12c λ1 λ2

λ1s
2 + λ2t

2 = c

c = 0

(0, 0) λ1s
2 +

λ2t
2 = 0

AC − B2 < 0 λ1 λ2

c �= 0

φ(x, y) = c

λ1s
2 + λ2t

2 = c.

c λ1 λ2

λ1s
2 + λ2t

2 = c ⇒ s2

m2
− t2

n2
= 1

m =
√

c

λ1
n =

√
− c

λ2
.

c λ1 c λ2

φ(x, y) = c

λ1s
2 + λ2t

2 = c ⇒ t2

m2
− s2

n2
= 1

m =
√

− c

λ1
n =

√
c

λ2
.

c �= 0

c = 0 λ2

λ1s
2 + λ2t

2 = 0 ⇒ t2 = −λ1

λ2
s2

t = ±ks k = λ1/λ2
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AC−B2 = 0 λ1 ·λ2 = 0

λ2

λ1

A + C = λ1 + λ2 = 0,

AC − B2 ≥ 0 ⇒ AC = B2 ≥ 0 A

C A = C = 0 B =
√

AC ϕ

λ1 λ2

s, t λ1s
2 = c s2 = c/λ1

c λ1

s = ±√c/λ1 c λ1

s = 0 c = 0

(s, t)

ϕ(x, y) = 5x2 + 6xy + 5y2 = 2s2 + 8t2 = ϕ(s, t)

2s2 +8t2 = c c < 0

s = t = 0 c = 0 c > 0

s2

α2
+

t2

β2
= 1,

α =
√

c/2 β =
√

c/8
s2

α2
+

t2

β2
= 1

5x2 + 6xy + 5y2 = c

• c < 0
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12

5x2 + 6xy + 5y2 = c

• O = (0, 0) c = 0

• c > 0

s

P = (x, y)

Ax + By = λ1x

5x + 3y = 2x ⇒ x + y = 0

�u =

(
−
√

2
2

,

√
2

2

)
x + y = 0

O′X ′ s

OX O′X ′

cos θ =
|〈�u,�i〉|
|�u| |�i| =

∣∣∣∣∣〈
(
−
√

2
2

,

√
2

2

)
, (1, 0)〉

∣∣∣∣∣
1 · 1 =

√
2

2
,

θ = 135o �u x

−√
2/2 y

√
2/2

OX O′X ′ 135o

x, y s, t
√

α2 − β2 =√
3c

8
s = ±

√
3c

8
O′X ′Y ′
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�u′ = −�u =
(√

2/2,−√
2/2
)

O′X ′ OX O′X ′

−45o

ϕ(x, y) = x2 +4xy−2y2

λ2 − λ − 6 = 0

λ1 = 3 λ2 = −2

s, t

x2 + 4xy − 2y2 = 3s2 − 2t2.

ϕ(x, y) = c

3s2 − 2t2 = c ⇒ s2

c/3
− t2

c/2
= 1.

s2

c/3
− t2

c/2
= 1 α =

√
c/3

beta =
√

c/2 c > 0

t2

c/3
− s2

c/2
= 1,

α =
√−c/3 β =

√−c/2 c < 0

c �= 0 x2 + 4xy − 2y2 = c

3s2 − 2t2 = 0

(
√

3s +
√

2t) · (
√

3s −
√

2t) = 0.

(s, t)
√

3s +
√

2t = 0
√

3s − √
2t = 0

x2 + 4xy − 2y2 = 0

196



12

x2 + 4xy − 2y2 = c

x2 + 4xy − 2y2 = 0

x2 + 4xy − 2y2 = 0 ⇒ (x + 2y)2 − 6y2 = 0

x + (2 − √
6)y = 0 x + (2 +

√
6)y = 0

x, y

x2 + 4xy − 2y2 = c c �= 0

c = 0
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A′s2 + C ′t2

ϕ(x, y) = x2 + 6xy + y2

ϕ(x, y) = x2 + xy + y2

ϕ(x, y) = xy

�u′ = (−b, a)

�u = (a, b) 90o

φ

λ2

λ2

λ2 = A + C − λ1

Ba + Cb = λ1b λ = λ1

A(−b) + Ba = λ2(−b) B(−b) + Ca = λ2a,

�u′ = (−b, a)

λ2
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12AC − B2 = 0

A ≥ 0 B ≥ 0 C ≥ 0 m =
√

A

n =
√

C

ϕ(x, y) = (mx + ny)2

ϕ(x, y) = c c ≥ 0 c < 0

ϕ

A ≥ 0 C ≥ 0 B < 0

A < 0 C < 0 B ≥ 0

A < 0 C < 0 B < 0
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