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2



ϕ(x, y) = Ax2 + 2Bxy + Cy2 + Dx + Ey + F

ϕ(x, y) = 0

x = s+h y = t+k

ϕ(s, t) = ϕ(s + h, t + k)

⇓

ϕ(s+h, t+k) = A(s+h)2+2B(s+h)(t+K)+C(t+k)2+D(s+h)+E(t+k)+F

⇓

ϕ(s, t) = As2 + 2Bst + Ct2 + D′s + E′t + F ′

202



13
D′ = 2Ah + 2Bk + D

E′ = 2Bh + 2Ck + E

F ′ = Ah2 + 2Bhk + Ck2 + Dh + Ek + F

A B C

F ′ ϕ(x, y) = c

ϕ(s, t) = c′

h k D′ = E′ = 0

⎧⎨
⎩

Ah + Bk = −D
2

Bh + Ck = −E
2

AC −B2 �= 0 (h, k)

x = s + h y = t + k

(s, t)

ϕ(s, t) = As2 + 2Bst + Ct2 + F ′

ϕ(x.y) = 0 ϕ(s, t) = −F ′ ϕ

ϕ

5x2 + 6xy + 5y2 +

2x − 4y + 1 = 0

x = s + h y = t + k 5x2 +

6xy + 5y2 + 2x − 4y + 1 = 0

5(s + h)2 + 6(s + h)(t + k) + 5(t + k)2 + 2(s + h)− 4(t + k) + 1 = 0

⇓
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5s2 + 6st + 5t2 + (10h + 6k + 2)s + (6h + 10k − 4)t + F ′ = 0,

F ′ = 5h2 + 6hk + 5k2 + 2h − 4k + 1

⎧⎨
⎩

5h + 3k = −1

3h + 5k = 2

h = −11/16 k = 13/16 F ′ =

−21/16

5s2 + 6st + 5t2 = 21/16.

135o

p q

2p2 + 8q2 = 21/16.

5x2+6xy+5y2+2x−4y+1 = 0

5x2 + 6xy + 5y2 + 2x − 4y + 1 = 0
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13AC − B2 = 0

AC − B2 = 0
⎧⎨
⎩

Ah + Bk = −D
2

Bh + Ck = −E
2

(h, k)

x = s+h y = t+k D′ = E′ = 0

(s, t)

ϕ(s, t) = As2 + 2Bst + Ct2 + F ′

AC −B2 = 0

As2 + 2Bst + Ct2

λ2 − (A + C)λ = 0 ⇒ λ[λ − (A + B)] = 0,

λ1 = A+C �= 0 λ2 = 0

(p, q)

ϕ(x, y) = ϕ(s, t) = ϕ(p, q) = (A+C)p2+0·q2+F ′ = (A+C)p2+F ′′,

ϕ(p, q) = (A + C)p2 + F ′′,

ϕ ϕ

F ′′ �= 0 F ′′ = 0

x2 + 4xy + 4y2 + 2x + 4y + 1 = 0?
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h k

x = s + h y = t + k 2x −4y

⎧⎨
⎩

h + 2k = −1

2h + 4k = −2

h = 1 k = −1

h + 2k = −1 ⇒ 1 + 2(−1) = −1

x = s + 1 y = t − 1

x2 + 4xy + 4y2 + 2x + 4y + 1 = 0 s2 + 4st + 4t2 = 0

(s + 2t)2 = 0

s + 2t = 0 ⇒ t = −s

2
,

x2 + 4xy + 4y2 + 2x + 4y − 1 = 0

s, t

(s + 2t)2 = 2 ⇒ s + 2t = ±
√

2,

x2 + 4xy + 4y2 + 2x +

4y + 2 = 0 s, t

(s + 2t)2 + 1 = 0 ⇒ (s + 2t)2 = −1

(s, t) (s − 2t)2 = −1
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13

x2 +

4xy+4y2+2x+4y+

1 = 0

x2 +

4xy+4y2+2x+4y−
1 = 0

x2 +

4xy+4y2+2x+4y+

2 = 0

AC − B2 = 0

h, k D′ = E′ = 0

h k E′ = 0

ϕ(x, y) = ϕ(s, t) = As2 + 2Bst + Ct2 + D′s + F ′ D′ �= 0,

As2 + 2Bst + Ct2

λ2 − (A + C)λ = 0 λ1 = A + C �= 0 λ2 = 0

p, q

⎧⎨
⎩

s = ap − bq

t = bp + aq
, a2 + b2 = 1.

ϕ(x, y) = ϕ(s, t) = ϕ(p, q) = (A + C)p2 + D′(ap − bq) + F ′.

ϕ(x, y) = 0 ⇒ (A + C)p2 + D′(ap − bq) + F ′ = 0

⇒ (A + C)p2 + D′ap − D′bq + F ′ = 0
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a �= 0 b �= 0

90o 1800

s t

D′b �= 0

(A + C)p2 + D′ap − D′bq + F ′ = 0

⇒ q =
(A + C)

D′b
p2 +

D′a
D′b

p +
F ′

D′b
.

⇒ q =
(A + C)

D′b
p2 +

a

b
p +

F ′

D′b
.

q =
(A + C)

D′b
p2 +

a

b
p +

F ′

D′b
q = αp2+βp+

γ α =
(A + C)

D′b

β =
a

b
γ =

F ′

D′b

4x2 + 12xy + 9y2 + 8x + 6y + 1 = 0

x = s − 2 y = t + 1

4(s− 2)2 + 12(s− 2)(t + 1) + 9(t + 1)2 + 8(s− 2) + 6(t + 1) + 1 = 0

⇓

4s2 + 12st + 9t2 + 4s − 8 = 0

t

s = ap − bq t = bp + aq

a = 2√
13

b = 3√
13

st

13p2 +
8√
13

p − 12√
13

q − 8 = 0

⇓

q =
√

13
12

(
13p2 +

8√
13

p − 8
)
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13

4x2 + 12xy + 9y2 + 8x + 6y + 1 = 0

ϕ(x, y) = x2+2y2+3x+4y+4

3x 4y h k

x = s + h y = t + k AC − B2 = 2 > 0

ϕ(x, y) = 0

ϕ(s + h, t + k) = (s + h)2 + 2(t + k)2 + 3(s + h) + 4(t + k) + 4

= s2 + 2hs + h2 + 2t2 + 4ht + 2k2

+ 3s + 3h + 4t + 4k + 4

= s2 + 2t2 + (2h + 3)s + (4k + 4)t

+ h2 + 2k2 + 3h + 4k + 4

2h + 3 = 0 4k + 4 = 0

h = −3
2

k = −1 ϕ

ϕ(x, y) = ϕ(s − 3
2
, t − 1) = s2 + 2t2 +

9
4

+ 2 − 9
2
− 4 + 4

⇓

ϕ(s, t) = s2 + 2t2 − 1
4
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x2 + 2y2 + 3x + 4y + 4 = 0

s2

(1/2)2
+

t2

(1/
√

8)2
= 1

1/2 1/
√

8

x y

x2 + 2y2 + 3x + 4y + 4 = 0

2x2 + 12xy + 18y2 + x + y + 1 = 0

AC − B2 = 0

2x2 +

12xy + 18y2 λ1 = 20 λ2 = 0
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13�u = (3/
√

10,−1/
√

10)

x = 3√
10

s + 1√
10

t

y = − 1√
10

s + 3√
10

t,

�i = (1, 0) �u

2x2 +12xy +18y2 +x+ y +1 = 0

(20
√

10)t2 + 2s + 4t +
√

10 = 0

x2 + 3y2 − x + y − 1 = 0

4x2 + 12xy + 9y2 + 4x + 6y + 1 = 0

x2 + 2xy + y2 + x + y − 1 = 0

3x2 + 6xy + 3y2 + 4x + 6y + 1 = 0
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