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R
3

R
3

P (x, y) =
x2y3 + x4y + x5

1o

2o

3o

ϕ : R
3 → R

ϕ(x, y, z) = Ax2 +By2 + Cz2 + 2Dxy + 2Exz + 2Fyz.

R
3

(x, y, z) (r, s, t)

x = a1r + a2s+ a3t

y = b1r + b2s+ b3t

z = c1r + c2s+ c3t

ϕ(x, y, z) = ϕ(a1r + a2s+ a3t, b1r + b2s+ b3t, c1r + c2s+ c3t)

= A′r2 +B′s2 + C ′t2 + 2D′rs+ 2E′rt+ 2F ′st = ϕ(r, s, t)

r s t

D′ = E′ = F ′ = 0

ϕ(x, y, z) = ϕ(r, s, t) = A′r2 +B′s2 + C ′t2
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16ϕ

ϕ(x, y, z) = c, c

c ∈ R P = (x, y, z)

ϕ(x, y, z) = c c ϕ

ψ : R
3 → R

ψ(x, y, z) = Ax2 +By2 + Cz2+

+2Dxy + 2Exz + 2Fyz +Gx+Hy + Iz + J,

ψ(x, y, z) = d A B C D E F G

H z J d

G = H = I = J = 0

ψ(x, y, z) = d

ϕ(−x,−y,−z) =

ϕ(x, y, z) P = (x, y, z) S

ϕ(x, y, z) = d P ′ = (−x,−y,−z) ∈ S

�0 = (0, 0, 0) S

D = E = F = 0

ϕ(x, y, z) = Ax2 +By2 + Cz2
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d �= 0

Ax2 +By2 + Cz2 = d ⇔ A

d
x2 +

B

d
y2 +

C

d
z2 = 1.

A/d > 0 a =
√
d/A

(
A

d

)
x2 =

x2

a2
.

(B/d)y2 = ±y2/d2

(C/d)z2 = ±z2/d2

b =
√±d/B

c =
√±d/C

a > 0 b > 0 c > 0

−x
2

a2
− y2

b2
+
z2

c2
= 1 ⇔ x2

a2
+
y2

b2
− z2

c2
= −1

x2

a2
+
y2

b2
+
z2

c2
= 1

x2

a2
+
y2

b2
+
z2

c2
= −1

x2

a2
+
y2

b2
− z2

c2
= 1

x2

a2
+
y2

b2
− z2

c2
= −1

x2

a2
+
y2

b2
+
z2

c2
= 0

x2

a2
+
y2

b2
− z2

c2
= 0

x2

a2
+
y2

b2
= 1

x2

a2
− y2

b2
= 1

x2

a2
− y2

b2
= 0

x2

a2
= 1

x2

a2
= −1

x2

a2
= 0

x2

a2
+
y2

b2
= 0
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16E

x2

a2
+
y2

b2
+
z2

c2
= 1.

XOY Πxy XOZ Πxz

Y OZ Πyz

x2

a2
+
y2

b2
= 1,

x2

a2
+
z2

c2
= 1

y2

b2
+
z2

c2
= 1.

Πxy ∩ E
x2

a2
+
y2

b2
= 1

Πxz ∩ E
x2

a2
+
z2

c2
= 1

Πyz ∩ E
y2

b2
+
z2

c2
= 1

2a 2b 2c
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b = c
x2

a2
+
y2

b2
+
z2

c2
= 1

x2

a2
+
y2 + z2

b2
= 1

x2

a2
+
y2

b2
= 1

z = 0 −x x2

a2
+
z2

b2
= 1

y = 0 −x −z

z =

0
x2

a2
+
y2

b2
= 1

y =

0
x2

a2
+
z2

c2
= 1

a = b = c x2/a2+y2/a2+z2/a2 =

1

x2 + y2 + z2 = a2.

a
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16
C r

C = (0, 0, 0) r = 2

C = (2, 1,−1) r = 3

x2 + y2 + z2 = 22 ⇒ x2 + y2 + z2 = 4.

C = (2, 1,−1)

C = (h, k, n)

(x′)2 + (y′)2 + (z′)2 = r2,

x′ = x− h y′ = y − k

z′ = z − n

(x− h)2 + (y − k)2 + (z − n)2 = r2.

C = (2, 1,−1) (x − 2)2 + (y − 1)2 + (z + 1)2 = 32

x2 + y2 + z2 − 4x− 2y + 2z − 3 = 0.

H1

x2

a2
+
y2

b2
− z2

c2
= 1,
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Y OZ
y2

b2
− z2

c2
= 1

XOZ
x2

a2
− z2

c2
= 1

XOY

x2

a2
+
y2

b2
= 1 +

d2

c2

z = d

x2

a2
+
y2

b2
− d2

c2
= 1 ⇔ x2

a2
+
y2

b2
= 1+

d2

c2

a = b z = 0

H1

x2

a2
− z2

c2
= 1

XOZ −z y2

b2
− z2

c2
= 1

Y OZ −z

x2

a2
+
y2

b2
− z2

c2
= −1 ⇒ z2

c2
= 1 +

x2

a2
+
y2

b2
.

254



16

Πxy ∩H1

x2

a2
+
y2

b2
= 1

Πxz ∩ E
x2

a2
− z2

c2
= 1

Πyz ∩ E
y2

b2
− z2

c2
= 1

z2 = c2 +
c2

a2
x2 +

c2

b2
y2,

P = (x, y, z) H2

|z| ≥ c

z = c z = −c
z = d |d| > c

x2

a2
+
y2

b2
= −1 +

d2

c2

H2 (Πxz)

z2/c2 − x2/a2 = 1 H2 Πyz

z2/c2 − y2/b2 = 1 H2

a = b H2

z = d

|d| > c x2 + y2 = a2

(
d2

c2
− 1

)

255



z = d ∩ H2

x2

a2
+

y2

b2
= −1 +

d2

c2

|d| > c

Πxz ∩ E
z2

a2
− x2

c2
= 1

Πyz ∩ E
z2

b2
− y2

c2
= 1

H2 z2/c2 −x2/a2 = 1

Πxz −z z2/c2−y2/b2 = 1 Πyz

−z

(0, 0, 0)

x2/a2 + y2/b2 − z2/c2 = 0
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16S z = c

S E x2/a2+y2/b2 =

1 z = c

S O = (0, 0, 0)

E S O = (0, 0, 0)

E

P = (x, y, z)

x2/a2 + y2/b2 = 1

x2/a2 + y2/b2 = 1 Πxy

P =

(x, y, z) x2/a2 − y2/b2 = 1

x2/a2 + y2/b2 = 1

Πxy

x2

a2
− y2

b2
= 0 ⇒

(x
a

+
y

b

) (x
a
− y

b

)
= 0
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Πxy(x
a

+
y

b

)
= 0

(x
a
− y

b

)
= 0

x2/a2 = 1 x = a x = −a
Y OZ

x2/a2 = −1

(x, y, z)
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16

x

a
+

y

b
= 0

x

a
− y

b
= 0

x =

a c = −a
Πyz

x2/a2 = 0 Y OZ x = 0

x2

a2
+
y2

b2
= 0 OZ −z
x = y = 0
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C = (2,−3, 1) 4

C = (4,−1,−2) P = (2, 3,−1)

C = (0,−4, 3) Π : x+ 2y −
2z − 2 = 0

x2 + y2 = 9 z = 0

−x
x2

4
+
y2

16
= 1 z = 0

y = x z = 0 −y

z = 0 x2+
y2

4
= 1

(0, 1,
√

6)

C O =

(0, 0, 0) E x2/a2 + y2/b2 = 1

z = c

P = (x, y, z) ∈ C
t ∈ R P ′ = (tx, ty, tz)

C

25x2 + 100y2 + 36z2 − 900 = 0
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16z = 3 −
√
x2 + y2

12x2 + 4y2 − 3z2 + 12

P = (x, y, z)

x2/a2 + y2/b2 = 1 z = c
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