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Ax2 +By2 + Cz2 + 2Dxy + 2Fxz + 2Eyz = d,

ϕ(x, y, z)

ϕ(x, y, z) > 0

ϕ(x, y, z) < 0 (x, y, z) �= (0, 0, 0)

x, y, z ϕ(x, y, z) ≤ 0

ϕ(x, y, z) �= 0 ϕ

R
3 P1 = (x1, y1, z1)

P2 = (x2, y2, z2)

ϕ(x1, y1, z1) > 0 ϕ(x2, y2, z2) < 0 ϕ

ϕ

ϕ(x, y, z) = d

d ϕ

ϕ
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17ϕ

P = (x, y, z) �= (0, 0, 0) ϕ(x, y, z) = 0

ϕ(x, y, z) = d

ϕ

ϕ(x, y, z) = d

ϕ(x, y, z) = Ax2 +By2 + Cz2 + 2Dxy + 2Fxz + 2Eyz,

A B C

A �= 0 xy

xz A = B = C = 0

x

Ax2 + 2Dxy + 2Exz = A

[
x2 + 2x

(
D

A
y +

E

A
z

)]
= A

[(
x+

D

A
y +

E

A
z

)2

−
(
D

A
y +

E

A
z

)2
]
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s = x+
(
D

A
y +

E

A
z

)

ϕ(x, y, z) = Ax2 +By2 + Cz2 + 2Dxy + 2Exz + 2Fyz

= (Ax2 + 2Dxy + 2Exz) +By2 + Cz2 + 2Fyz

= As2 −A

(
D

A
y +

E

A
z

)2

+By2 + Cz2 + 2Fyz

= As2 −
(
D2

A
y2 +

E2

A
z2 + 2

DE

A
yz

)
+By2 + Cz2 + 2Fyz

= As2 +
(
B − D2

A

)
y2 +

(
C − E2

A

)
z2 + 2

(
F − DE

A

)
yz

= As2 + ψ(y, z)

ψ(y, z)

A = B = C = 0

ϕ(x, y, z) = 2Dxy + 2Exz + 2Fyz,

D E F D �= 0

x = r + s y = r − s

xy = r2 − s2,

xz = rz + sz

yz = rz − sz,

ϕ(x, y, z) = 2Dr2 − 2Ds2 + 2Erz + 2Esz + 2Frz − 2Fsz

⇓

ϕ(x, y, z) = 2Dr2 − 2Ds2 + 2(E + F )rz + 2(E − F )sz
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ϕ(x, y, z) = ϕ(r, s, t) = A′r2 +B′s2 + C ′t2,

ϕ

A′

B′ C ′

A′ B′ C ′ ≥ 0 ≤ 0

A′ B′ C ′

ϕ(x, y, z) = x2+2y2+4z2−xy−2xz−3yz

xy xz

ϕ(x, y, z) = x2 − 2x
(

1
2
y + z

)
+2y2 + 4z2 − 3yz

=

︷ ︸︸ ︷(
x− 1

2
y − z

)2

−
(

1
2
y + z

)2

+2y2 + 4z2 − 3yz

s = x− 1
2
y − z ϕ(x, y, z)

ϕ(x, y, z) = s2 + (2 − 1
4
)y2 + (4 − 1)z2 + 2

(
−3

2
− 1

2

)
yz

⇓

ϕ(x, y, z) = s2 +
7
4
y2 + 3z2 − 4yz
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ϕ = s2 +
7
4
y2 + 3z2 − 4yz

= s2 + 3
(
z2 − 2z · 2

3
y +

7
12
y2

)2

= s2 + 3

[(
z − 2

3
y

)2

− 4
9
y2 +

7
12
y2

]

t = z − 2
3
y

ϕ = s2 + 3
[
t2 +

5
36
y2

]
⇒ ϕ = s2 + 3t2 +

5
12
y2.

A′ B′ C ′

ϕ(x, y, z) = d d > 0

ϕ(x, y, z) = 2x2 + 3y2 − 4xy − 4yz

ϕ(x, y, z) = 2(x2 − 2xy) + 3y2 − 4yz

= 2(x− y)2 − 2y2 + 3y2 − 4yz

s = x− y

ϕ = 2s2 + y2 − 4yz,

ϕ = 2s2 + (y2 − 4yz) ⇒ ϕ = 2s2 + (y − 2z)2 − 4z2,

t = y−2z ϕ = 2s2+t2−4z2

2s2 + t2 − 4z2 = d 2(x− y)2 + (y − 2z)2 = d+ 4z2
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17d = 0 → 2(x− y)2 + (y − 2z)2 = 4z2

d < 0 → 2(x−y)2+(y−2z)2−d = 4z2

4z2 ≥ |d|
|z| ≥ √|d|/2 d

ϕ(x, y, z) = d

z = −√|d|/2 z =
√|d|/2

d > 0 → 2(x − y)2 + (y − 2z)2 − d = 4z2

z = n (x, y, n),

2x2 + 3y2 − 4xy − 4yn = d.

x y

x = s+2n y = t+2n

s, t

2s2 + 3t2 − 4st = d+ 4n2.

z = n d+ 4n2 > 0

2s2 + 3t2 − 4st

ϕ(x, y, z) = d

z = n
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d =

0

d >

0

d <

0

ϕ(x, y, z) = x2+5y2+z2−4xy+2xz−4yz

ϕ = x2 + y2 + 2z2 − 2xy − 2xz − 2yz

= (x2 − 2xy − 2xz) + y2 + 2z2 + 2yz

= (x− y − z)2 − (y + z)2 + y2 + 2z2 + 2yz

= (x− y − z)2 − y2 − z2 − 2yz + y2 + 2z2 + 2yz

= s2 + z2 s = x− y − z.

ϕ = s2 + z2

ϕ(x, y, z) = d

d < 0 →

d = 0 → P = (x, y, z)

(x− y − z)2 + z2 = 0 d = 0.

z = 0 x = y r

(x, x, 0) x ∈ R

d < 0 → S y = 0

(x− z)2 + z2 = d ⇒ x2 − 2xz + 2z2 = d,
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17E P = (x, y, z)

S (x − y − z)2 + z2 = d

P0 = (x−z, 0, z) E

P = P0 + �v �v = (y, y, 0) (y, y, 0)

r S

r E

S E r

d = −5/2

ϕ(x, y, z) = x2 + 3y2 + z2 +

4xy + 2xz + 4yz

ϕ = x2 + 3y2 + z2 + 4xy + 2xz + 4yz

= (x2 + 4xy + 2xz) + 3y2 + z2 + 4yz

= (x+ 2y + z)2 − (2y + z)2 + 3y2 + z2 + 4yz

= (x+ 2y + z)2 − 4y2 − z2 − 4yz + 3y2 + z2 + 4yz

= s2 − y2 s = x+ 2y + z.

ϕ
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s2 − y2 = d

d = 0 → (s+ y)(s− y) = 0

0 = s+ y = x+ 3y + z

0 = s− y = x+ y + z
⇒ Π1 : x+ 3y + z = 0

Π2 : x+ y + z = 0

Π1 Π2 Π1 ∩Π2

g g : (x, 0,−x), x ∈ R

d �= 0 → S ϕ(x, y, z) = 0

z = 0 (x + 2y)2 − y2 = d ⇒ x2 + 4xy +

3y2 = d H P = (x, y, z) ∈ S

(x + 2y + z)2 − y2 = d P0 =

(x+ z, y, 0) ∈ H P = P0 + �v �v = (−z, 0, z)
(−z, 0, z) ∈ g

ϕ(x, y, z) = d, ∀d �= 0 H

g g

H

ϕ(x, y, z) = x2 +y2 +4z2 +2xy−4xz−
4yz

ϕ = x2 + y2 + 4z2 + 2xy − 4xz − 4yz

= (x2 + 2xy − 4xz) + y2 − 4z2 − 4yz

= (x+ y − 2z)2 − (y − 2z)2 + y2 + 4z2 − 4yz

= (x+ y − 2z)2 − y2 − 4z2 + 4yz + y2 + 4z2 − 4yz

= s2 s = x+ y − 2z.

ϕ(x, y, z) = d
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17d = 0 → x+ y − 2z = 0

d > 0 → x+ y − 2z =
√
d x+ y − 2z =

−√
d

d < 0 → s2 = d ⇒ (x + y − 2z)2 = d

ϕ = d

d =

0

d >

0

d <

0

ϕ(x, y, z) = Ax2+By2+Cz2+2Dxy+2Fxz+2Eyz = d, d

x2 + y2 + z2 = 25
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3x2 + 2y2 + 3z2 + 2xz = 2

y2 + 2z2 + 2
√

3yz = 0

−5y2 + 2xy − 8xz + 2yz = 0

3x2 + 3z2 + 4xy + 8xz + 4yz = 1

3x2 + 2y2 + 3z2 + 2xz

−5y2 + 2xy − 8xz + 2yz

4x2 + 3y2 − z2 − 12xy + 4xz − 8yz

−x2 − y2 − 7z2 + 16xy + 8xz + 8yz

ϕ(x, y, z) = d ϕ

d

ϕ(x, y, z) = d

d
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