
5



∗

N

∗ ε ∈ [0,∞[

ρ(ε)
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5
ε ε + dε ρ(ε)dε

∫ ∞

0
ρ(ε)dε = 1.

ρ(ε)

ρ(ε)

N

U

〈ε〉
U = N〈ε〉

u ≡ 〈ε〉 =
∫ ∞

0
ερ(ε)dε,

u = U/N

ρ(ε)

ρ

ρ
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ρ

W

W

a b Na Nb

N = Na +Nb.

W = WaWb,

Wa Wb a b

ρ

W
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5dW = 0

dW = d(WaWb) = Wb dWa +Wa dWb = 0.

W
d ln(x) = dx/x

d lnW = d lnWa + d lnWb = 0.

Sa Sb

S = Sa + Sb,

dS = dSa + dSb = 0.

S lnW
S lnW

S = kB lnW,

kB B

W
kB

kB = 1,3806504(24)× 10−23J/K.
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ε ∈ {εj}Lj=1

L

nj εj

N =

L∑
j=1

nj

{nj}Lj=1

Pj εj

Pj =
nj

N
.

P1 = 3/12 = 1/4

ρ(ε) =
L∑

j=1

Pjδ(ε− εj).

{nj}Lj=1 {Pj}Lj=1

ρ(ε)
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5
ρ(ε) {nj}Lj=1

{nj}Lj=1

W(n1, . . . , nL)

{nj}Lj=1

W(n1, . . . , nL) = W(n2, . . . , nL|n1)W(n1).

W(n2, . . . , nL|n1) = W(n3, . . . , nL|n2, n1)W(n2|n1).

W(n1, . . . , nL) = W(nL|nL−1, . . . , n1) . . .W(n3|n2, n1)

W(n2|n1)W(n1),

W(n1) n1 N

ε1 W(nk|nk−1, . . . , n1)

nk εk nk−1, . . . , n1
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εk−1, . . . , ε1

N L

ε1

εL

ε1 W(n1 = 1) = N

N(N − 1) = N !
(N−2)!

W(n1 = 2) = N !
2!(N−2)!

W(n1) =
N !

n1!(N − n1)!
.

∗

gj

j
�r �p

p2/2m = (p2x+p2y+p2z)/2m

�r �p

gj

∗ εj

gj × gj = g2j

ε g
nj

i

nj εj

W(n1) = gn1
1

N !

n1!(N − n1)!
.
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5n1 n1

W(n2|n1) W(n1)

N − n1

n2 g2 ε2

W(n2|n1) = gn2
2

(N − n1)!

n2!(N − n1 − n2)!
.

∗

N !

W(nk|nk−1, . . . , n1) = gnk
k

(N − n1 − . . .− nk−1)!

nk!(N − n1 − . . .− nk−1)!
.

W(n1, . . . , nL) ∝ gnL
L

nL!

nL!0!
. . . gn3

3

(N − n1 − n2)!

n3!(N − n1 − n2 − n3)!

gn2
2

(N − n1)!

n2!(N − n1 − n2)!
gn1
1

N !

n1!(N − n1)!
.

W(n1, . . . , nL) = N !
L∏

j=1

g
nj

j

nj !

N

∗ W →
W/N !

W(n1, . . . , nL) =
L∏

j=1

g
nj

j

nj !
.

W
lnW lnW

lnW =
L∑

j=1

(nj ln gj − lnnj !) .
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nj 	 1

lnm! ≈ m lnm−m, m 	 1

lnW ≈ N −
L∑

j=1

(
nj ln

nj

gj

)
.

W d lnW = 0

nj =
N

Z
gj exp(−βεj).

β

Z ≡
L∑

j=1

gj exp(−βεj).

Pj =
gj
Z

exp(−βεj),

εj

ρ(ε) =
g(ε)

Z
exp(−βε),

g(ε) ∗ g(ε)dε

ε ε+ dε

Z =

∫ ∞

0
g(ε) exp(−βε)dε.
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5

g(ε)

(�r, �p)

ε ∫
d3�r

∫
d3�p. g(ε)

δ

g(ε) =

∫
d3�r

∫
d3�pδ[ε− ε′(�r, �p)].

ε′(�r, �p)

(�r, �p)

W

kBβ =
∂S

∂U
.

d̄Q = dU + P dV.

dS = d̄Q/T

dS =
1

T
dU +

P

T
dV
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1

T
=

∂S

∂U
.

β =
1

kBT
.

T β

ρ(ε) =
g(ε)

Z
exp

(
− ε

kBT

)
,

Z =

∫ ∞

0
g(ε) exp

(
− ε

kBT

)
dε.

u = kBT
2 ∂

∂T
lnZ.

ε1 = ε ε2 = −ε

g1 =

94



5g2 = 1

Z = exp

(
− ε1
kBT

)
+ exp

(
− ε2
kBT

)

= exp

(
− ε

kBT

)
+ exp

(
ε

kBT

)

= 2 cosh

(
ε

kBT

)
.

u ≡ 〈ε〉 =
ε1 exp

(
− ε1

kBT

)
+ ε2 exp

(
− ε2

kBT

)
Z

=
ε exp

(
− ε

kBT

)
− ε exp

(
ε

kBT

)

2 cosh
(

ε
kBT

)

=
−2ε

(
ε

kBT

)

2 cosh
(

ε
kBT

) .

u = −ε tanh

(
ε

kBT

)
.

u

cV =
∂u

∂T
= kB

(
ε

kBT

)2 [
1− tanh2

(
ε

kBT

)]

u

ε2 = −ε

ε2 = −ε
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P2 =
exp

(
− ε2

kBT

)
Z

=
exp

(
ε

kBT

)

2 cosh
(

ε
kBT

) =

[
1 + exp

(
− 2ε

kBT

)]−1

ε1 =

ε

P1 =
exp

(
− ε1

kBT

)
Z

=

[
1 + exp

(
2ε

kBT

)]−1

ε
kBT 	 1

P2 	 P1

P1

P2

P1 + P2 = 1

ε
kBT � 1 P2 ≈ P1
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5u ≈ (ε1 + ε2)/2 = 0

(�r, �p) p2/2m

g(ε) =

∫
d3�r

∫
d3�p δ

(
ε− p2

2m

)
.

V =
∫
d3�r

p2 dp dφ d cos θ

g(ε) = V

∫ ∞

0
dp p2δ

(
ε− p2

2m

)∫ 2π

0
dφ

∫ 1

−1
d cos θ.

ε′ = p2/2m

g(ε) = 4πV

∫ ∞

0
dε′(2m3ε′)1/2δ(ε− ε′).

= 4πV (2m3ε)1/2.

Z = 4πV (2m3)1/2
∫ ∞

0
ε1/2 exp

(
− ε

kBT

)
dε.

Iβ ≡
∫ ∞

0
ε1/2 exp (−βε) dε.
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y = ε1/2

Iβ = 2

∫ ∞

0
y2 exp

(−βy2
)
dy.

−∞ ∞

Iβ =

∫ ∞

−∞
y2 exp

(−βy2
)
dy = − ∂

∂β

∫ ∞

−∞
exp

(−βy2
)
dy.

∫∞
−∞ exp

(−βy2
)
dy =

√
π/β

Iβ = − ∂

∂β

√
π

β
=

1

2

√
π

β3
.

β = 1
kBT

I1/kBT =

∫ ∞

0
ε1/2 exp

(
− ε

kBT

)
dε =

1

2

√
π(kBT )3.

Z = V (2πmkBT )
3/2.

u =
3

2
kBT.

U = Nu

U =
3

2
NkBT.

N
N = NNA NA = 6,0225 × 1023 −1

U =
3

2
NRT,
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5R = kBNA

ρ(ε) =
2π

(πkBT )3/2
ε1/2 exp

(
− ε

kBT

)
.

ξ(v)dv

v v+ dv ρ(ε)dε

ε ε+dε ε = mv2/2

ξ(v)dv = ρ(ε)dε = ρ(
m

2
v2)

m

2
dv2 = ρ(

m

2
v2)mvdv.

ξ(v) = 4π

(
m

2πkBT

)3/2

v2 exp

(
− mv2

2kBT

)
,
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S = kB lnW.

ρ(ε)

ρ(ε) =
g(ε)

Z
exp

(
− ε

kBT

)
,

g(ε)

Z =

∫ ∞

0
g(ε) exp

(
− ε

kBT

)
dε

Z

u ≡ 〈ε〉 = kBT
2 ∂

∂T
lnZ.

100



5
W → W/N !

ρ(ε)

N

u
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25 0
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5

0, ε, 2ε, 3ε, . . .

Z =

[
1− exp

(
− ε

kBT

)]−1

.

ε � kBT
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<

>
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