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S =
U

T
+ kBN ln

Z

N
+ kBN.

dN = 0

dS =
dU

T
− U

T 2
dT + kBNd lnZ.

T

d̄Q = TdS

d̄Q = dU − U

T
dT +NkBTd lnZ.

d̄Q = dU +PdV

NkBTd lnZ =
U

T
dT + PdV.

U = NkBT
2 ∂

∂T
lnZ,
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6P = NkBT
∂

∂V
lnZ.

Z = V (2πmkBT )
3/2,

U =
3

2
NkBT, U =

3

2
NRT.

PV = NkBT, PV = NRT,

N/V

P ≈ NkBT

V
.

N/V

107



P =
NkBT

V
+A

N2

V 2
+B

N3

V 3
+ C

N4

V 4
+ · · ·

A B C

. . . ∗
∗

E({�pi, �ri}Ni=1) =
∑
i

K(�pi) +
∑
i<j

U(�ri, �rj).

Ki ≡ K(�pi) =
p2i
2m

i �pi

Uij ≡ U(�ri, �rj)

i �ri j �rj

E =
∑
i

Ki +
∑
i<j

Uij .
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6i < j i �= j

i

j j i Uij = Uji

∑
i<j

Uij = U12 + U13 + · · ·+ U23 + · · · .

Z =

∫ ∞

0
dε′

∫
d3�r

∫
d3�pδ[ε′ − ε(�r, �p)] exp(−βε′).

δ

Z =

∫
d3�r

∫
d3�p exp[−βε(�r, �p)],

exp[−βε(�r, �p)] ε(�r, �p)

Z =
1

N !

∫
d3�r1

∫
d3�p1 · · ·

∫
d3�rN

∫
d3�pN exp[−βE({�pi, �ri}Ni=1)].
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N !

Z =
1

N !

⎛
⎝ N∏

j=1

∫
d3�rj

∫
d3�pj

⎞
⎠ exp(−βE),

E

E =

ε1 + · · ·+ εN

Z =
1

N !

⎛
⎝ N∏

j=1

∫
d3�rj

∫
d3�pj

⎞
⎠ exp

(
−β

N∑
i=1

εi

)

=
1

N !

⎛
⎝ N∏

j=1

∫
d3�rj

∫
d3�pj

⎞
⎠ N∏

i=1

exp(−βεi)

=
1

N !

N∏
j=1

∫
d3�rj

∫
d3�pj exp(−βεj)

=
1

N !

N∏
j=1

Zj

Zj j

Zj = Z

j

Z =
ZN

N !
.
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6

U = kBT
2 ∂

∂T
lnZ,

P = kBT
∂

∂V
lnZ.

Z =
1

N !

⎛
⎝∏

j

∫
d3�rj

∫
d3�pj

⎞
⎠ exp

⎡
⎣−β

⎛
⎝∑

i

Ki +
∑
i<j

Uij

⎞
⎠
⎤
⎦ ,

=
1

N !

[∏
k

∫
d3�pk exp (−βKk)

]⎡⎣(∏
l

∫
d3�rl

)∏
i<j

exp (−βUij)

⎤
⎦

=
1

N !

(
Z

V

)N
(∏

l

∫
d3�rl

)∏
i<j

exp (−βUij)

=
ZN

N !

(
1

V N

∏
l

∫
d3�rl

)∏
i<j

exp (−βUij)

Z

d3�pi (2πmkBT )
3/2 = Z /V N

k

N

Z = Z Z

Z

Z =
V N

N !
(2πmkBT )

3N/2,

Z =

(
1

V N

∏
l

∫
d3�rl

)∏
i<j

exp (−βUij) .
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Uij Z

exp (−βUij) = 1− βUij +
1

2
β2U2

ij + · · · = 1 + fij ,

fij ≡
∞∑
k=1

1

k!
(−βUij)

k = exp (−βUij)− 1

Uij � kBT βUij � 1
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6fij � 1

∏
i<j

exp (−βUij) =
∏
i<j

(1 + fij) ≈ 1 +
∑
i<j

fij .

Z ≈
(

1

V N

∏
l

∫
d3�rl

)⎛
⎝1 +

∑
i<j

fij

⎞
⎠

= 1 +

(
1

V N

∏
l

∫
d3�rl

)⎛
⎝∑

i<j

fij

⎞
⎠

︸ ︷︷ ︸
I1

,

V =
∫
d3�ri

I1 ≡
(

1

V N

∏
l

∫
d3�rl

)⎛
⎝∑

i<j

fij

⎞
⎠

=
1

V N

∫
d3�r1

∫
d3�r2 · · ·

∫
d3�rN (f12 + f13 + · · ·+ fN−1 N )

=
1

V N

∫
d3�r1

∫
d3�r2f12

(∫
d3�r3

∫
d3�r4 · · ·

∫
d3�rN

)
+

1

V N

∫
d3�r1

∫
d3�r3f13

(∫
d3�r2

∫
d3�r4 · · ·

∫
d3�rN

)
+ · · ·+

1

V N

∫
d3�rN−1

∫
d3�rNfN−1 N

(∫
d3�r1

∫
d3�r2 · · ·

∫
d3�rN−2

)
.

=
1

V N

∫
d3�r1

∫
d3�r2f12V

N−2 +
1

V N

∫
d3�r1

∫
d3�r3f13V

N−2 + · · ·+
1

V N

∫
d3�rN−1

∫
d3�rNfN−1 NV N−2

= V −2 1

2
N(N − 1)

∫
d3�r1

∫
d3�r2f12.
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∫
d3�r1

∫
d3�r2f12 =

∫
d3�ri

∫
d3�rjfij ,

i < j

N

N !

2!(N − 2)!
=

1

2
N(N − 1),

f12, f13, . . . , fN−1 N︸ ︷︷ ︸
1
2
N(N−1)

Z ≈ 1 +
V −2

2
N(N − 1)

∫
d3�r1

∫
d3�r2f12︸ ︷︷ ︸

I2

.

I2

I2 ≡
∫

d3�r1

∫
d3�r2f12

=

∫
d3�r1

(∫ ∞

0
dr r2f12(r)

∫ 2π

0
dφ

∫ 1

−1
d cos θ

)

=

∫
d3�r1η,

η(T ) ≡ 4π

∫ ∞

0
dr r2f12(r),

I2 = V η.
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6

fij

η

Z ≈ 1 +
N(N − 1)

2V
η.

N(N − 1) ≈ N2 N � 1

Z ≈ 1 +N
Nη

2V
.

(1 + x)n ≈ 1 + nx, x � 1.

Z ≈
(
1 +

Nη

2V

)N

.

Z ≈ 1

N !

{
V (2πmkBT )

3/2

[
1 +

Nη(T )

2V

]}N

,

f12 = 0 ⇒
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η = 0

lnZ ≈ − lnN ! +N lnV +N ln(2πmkBT )
3/2 +N ln

[
1 +

Nη(T )

2V

]

lnN ! ≈ N lnN − N

Nη(T )/V � 1

ln(1 + x) ≈ x, x � 1.

lnZ ≈ N lnV +
N2η(T )

2V
+N ln

[
(2πmkBT )

3/2

N

]
+N.

∂

∂V
lnZ =

N

V
− N2η(T )

2V 2

∂

∂T
lnZ = N

3

2T
+

N2

2V

∂η

∂T
.

P ≈ NkBT

V
− N2kBTη(T )

2V 2
.

A(T ) = −1

2
kBTη(T ),

η(T ) A(T )
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6

U ≈ 3

2
NkBT +

N2kBT
2

2V

∂η

∂T
.

r0

U12(r) =

⎧⎨
⎩ ∞, r ≤ 2r0;

0, r > 2r0,

r

f12(r) ≡ exp

[
−U12(r)

kBT

]
− 1 =

⎧⎨
⎩ −1, r ≤ 2r0;

0, r > 2r0.

η = 4π

∫ ∞

0
dr r2f12(r)

= 4π

⎛
⎝∫ 2r0

0
dr r2 f12(r)︸ ︷︷ ︸

−1

+

∫ ∞

2r0

dr r2 f12(r)︸ ︷︷ ︸
0

⎞
⎠

= −4π
r3

3

∣∣∣∣2r0
0

= −32πr30
3

.

A = kBT

(
16πr30

3

)
=

1

NA
kBTb,

117



NA

b ≡ NA

(
16πr30

3

)
,

P

V T

P ≈ NkBT

V
+

N2kBTb

V 2NA
,

R = NAkB

P ≈ NRT

V
+

N 2RTb

V 2
.

η

118



6

P V T

N/V

P =
NkBT

V
+A

N2

V 2
+B

N3

V 3
+ C

N4

V 4
+ · · · ,

A B C

Z = Z Z

Z

Z =
V N

N !
(2πmkBT )

3N/2,

Z ≡
(

1

V N

∏
l

∫
d3�rl

)∏
i<j

exp (−βUij) ,

β =
1

kBT
,

Uij ≡ U(�ri, �rj).

P U

U = kBT
2 ∂

∂T
lnZ,
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P = kBT
∂

∂V
lnZ.

Z

Z ≈ 1

N !

{
V (2πmkBT )

3/2

[
1 +

Nη(T )

2V

]}N

,

η(T ) ≡ 4π

∫ ∞

0
dr r2f12(r),

r ≡ |�r2 − �r1|

f12(r) ≡ exp [−βU12(r)]− 1.

P ≈ NkBT

V
− N2kBTη(T )

2V 2
,

A(T ) = −1

2
kBTη(T )

U ≈ 3

2
NkBT +

N2kBT
2

2V

∂η

∂T
.
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6r > 2r0

exp(−βU12)

(
P +

N 2a

V 2

)
(V −N b) = NRT.

V1 V2

3×10−2 3

5 × 10−2 3
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a
(
10−3 Jm3

mol2

)
b
(
10−3 m3

mol

)

a/Rb
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