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Introdução

Equações separáveis

1a

dy

dx
= g(x)h(y)

dy
dx = y2x e3x+4y;

x y

x2dy + (y − 1)dx = 0⇔ dy
dx = − (y−1)

x2 ; ( )

dy
dx = y+ sinx ( )

x y

dy

dx
= g(x)h(y)

h g I J

h J

p(y)
dy

dx
= g(x),
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AULA

3p(y) = 1
h(y)

d

dx
F (y(x)) = g(x),

y = y(x) F (y) =
∫
p(y)dy

d

dx
F (y(x)) = g(x)⇔ F ′(y)

dy

dx
= g(x),

F ′(y) = p(y)⇒ F (y) =
∫
p(y)dy

x

F (y(x)) = G(x) + c,

G(x) =
∫
g(x)dx c

y = y(x)

y(x) = F−1(G(x) + c),

∫
1

h(y)
dy =

∫
g(x) dx

F

F ′ = p p �= 0 F

F

dy

dx
= g(x)h(y), y(x0) = y0.
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F (y(x)) = G(x)+c

c F (y(x0))−
G(x0)

F (y(x))− F (y(x0)) = G(x)−G(x0)

∫ y

y0

1

h(y)
dy =

∫ x

x0

g(x)dx.

dy

dx
= g(x)h(y), y(x0) = y0

∫ y

y0

1

h(y)
dy =

∫ x

x0

g(x)dx.

dy

dt
=

t2

y2
.

y2 dydt = t2 ⇔ d
dt

(
y3

3

)
=

t2, y = y(t) y t

t

∫
d

dt

(
y3

3

)
dt =

∫
t2dt⇔ y(t) = (t3 + c)1/3.

dy/dx = −y/x xdy + ydx = 0

46



AULA

3y(x) = c/x

xdy+ ydx = 0

xdy + ydx = 0⇔ 1

y
dy = −1

x
dx.

ln|y| = −ln|x|+ c1 = ln|x|−1 + c1.

|y| = eln|x|−1+c1 =

eln|x|−1 · ec1 = c2 |x|−1, c2 = ec1

y(x) = ±c2x−1

y(x) = c x−1.

dy

dx
= −x

y
, y(
√
20) = 4.

y
dy

dx
= −x⇔ d

dx

(
y2

2

)
= −x.

x x2 + y2 = c2

dy
dx = −x

y

x2 + y2 = c2

G(x, y, c) = 0 G(x, y, c) = x2 + y2 − c2

dy

dx
= −x

y
, y(
√
20) = 4.
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y(
√
20) = 4 (

√
20)2+(4)2 = c2 c = ±6

x2 + y2 =

36 y(x) =
√
36− x2

y(
√
20) = −4

y(x) = −√36− x2

1
h(y)dy = g(x)dx y = y0

h(y) h(y0) = 0

y(x) = y0
dy
dx = g(x)h(y)

1
h(y)

y = y0

dy

dx
= y2 − 1, y(0) = 0.

∫ y

0

dy

y2 − 1
=

∫ x

0
dx,

y �= ±1

1
y2−1 = A

y−1 + B
y+1

1

y2 − 1
=

1

2(y − 1)
− 1

2(y + 1)
.
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3
∫

1
y2−1dy =

∫
[ 1
2(y−1) − 1

2(y+1) ]dy = 1
2 ln|y − 1| − 1

2 ln|y + 1|+ c1

= 1
2 ln

∣∣∣y−1y+1

∣∣∣+ c1.

∫ y

0

1

y2 − 1
=

∫ x

0
dx⇔ 1

2
ln

∣∣∣∣y − 1

y + 1

∣∣∣∣− 1

2
ln1 = x− 0.

ln
∣∣∣y−1y+1

∣∣∣ = 2x.

dy
dx = y2 − 1∫ dy

y2−1 =
∫
dx.

y−1
y+1 = ce2x

y(x) =
1 + c e2x

1− c e2x
.

y(0) = 0

c

y = −1

4y′ − x3 = 0
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Equações exatas

z = f(x, y)

R xy

dz =
∂f

∂x
dx+

∂f

∂y
dy.

f(x, y) = c, c ∈ R

0 =
∂f

∂x
dx+

∂f

∂y
dy.

f(x, y) = c

f(x, y) = c f(x, y) = 4x + x3y2

(4 + 3x2y2)dx+ (2x3y)dy = 0

dy

dx
= −4 + 3x2y2

2x3y
.

dy

dx
= −4 + 3x2y2

2x3y
,
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3
(4 + 3x2y2)dx+ (2x3y)dy = 0,

d(4x+ x3y2) = 0.

dy
dx = −4+3x2y2

2x3y
.

M(x, y)dx+N(x, y)dy

R xy

f(x, y)

M(x, y)dx+N(x, y)dy = dz z = f(x, y)

M(x, y)dx+N(x, y)dy = 0

(1 + cos(t+ x))dt+ cos(t+ x)dx = 0

(1 + cos(t+ x))dt+ cos(t+ x)dx = d(t+ sin(t+ x))

M(x, y)dx + N(x, y)dy = 0

z = f(x, y) M(x, y)dx+N(x, y)dy =

dz

M(x, y)dx+N(x, y)dy = 0⇔ dz = 0.
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dz = 0 f(x, y) = c, c

f(x, y) = c

M(x, y) N(x, y)

R

α < x < β, γ < y < δ M(x, y)dx + N(x, y)dy

∂M

∂y
=

∂N

∂x

M(x, y) = ∂f
∂x f(x, y)

f(x, y) =

∫
M(x, y)dx+ h(y),
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3h(y) y

y

∂f

∂y
=

∫
∂M(x, y)

∂y
dx+ h′(y).

∂f/∂y N(x, y)

N(x, y) =

∫
∂M(x, y)

∂y
dx+ h′(y)

h′(y) = N(x, y)−
∫

∂M(x, y)

∂y
dx.

h′(y) y

x y

y

∂

∂x

[
N(x, y)−

∫
∂M(x, y)

∂y
dx

]
=

∂N

∂x
− ∂M

∂y
= 0.

∂M
∂y �= ∂N

∂x f(x, y) ∂f
∂x = M

∂f
∂y = N ∂M

∂y = ∂N
∂x

h(y) =

∫ [
N(x, y)−

∫
∂M(x, y)

∂y
dx

]
dy,

∂f
∂x = M ∂f

∂y = N

f(x, y) =

∫
M(x, y)dx+

∫ [
N(x, y)−

∫
∂M(x, y)

∂y
dx

]
dy.

3t2y2
dy

dt
+ 2ty3 = 0.
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2ty3 dt+ 3t2y2 dy = 0.

∂

∂y
(2ty3) =

∂

∂x
(3t2y2).

z = f(t, y)

∂f

∂t
= 2ty3

∂f

∂y
= 3t2y2.

f

t

f(t, y) = t2y3 + h(y).

y

∂f

∂y
(t, y) = 3t2y2 + h′(y),

3t2y2+

h′(y) = 3t2y2 h′(y) = 0 h(y) = a a

t2y3 = c c

Obtendo solução de uma equação de pri-

meira ordem não exata

M(x, y)dx+N(x, y)dy = 0

54



AULA

3
μ(x, y)

μ(x, y)M(x, y)dx+ μ(x, y)N(x, y)dy = 0

∂

∂y
(μ(x, y)M(x, y)) =

∂

∂x
(μ(x, y)N(x, y))

M
∂μ

∂y
+ μ

∂M

∂y
= N

∂μ

∂x
+ μ

∂N

∂x
.

x, y

μ(x, y)

μ(x, y)

μ

μ x

dμ

dx
=

∂M
∂y − ∂N

∂x

N
μ.

x y x
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∂M
∂y − ∂N

∂x

N
= G(x).

μ(x) = e
∫
G(x) dx.

μ

(3.19)

μ y

μ(y) = e
∫
H(y)dy,

H(y) =
∂N
∂x
− ∂M

∂y

M

μ(x, y)

μ

μ(x, y) �= 0 (x, y)

∂M
∂y − ∂N

∂x

N

x y

M(x, y) N(x, y)

x

μ y
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3
(
y2

2
+ 2yex)dx+ (y + ex)dy = 0.

∂M
∂y = y + 2ex �= ∂N

∂x = ex

1

N

(
∂M

∂y
− ∂N

∂x

)
=

y + ex

y + ex
= 1.

μ(x) = e
∫
dx = ex

(
y2

2
+ 2yex)dx+ (y + ex)dy = 0

ex(
y2

2
+ 2yex)dx+ ex(y + ex)dy = 0

z =

f(x, y)

dz = 0

f(x, y) = c, c ∈ R

z = f(x, y) f(x, y) = y2

2 e
x + ye2x.

f(x, y) = c y

y(x) = −ex ± [e2x + 2ce−x]1/2.

μ(x)

μ(x, y)

57



μ

x μ

y

Conclusão

58



AULA

3RESUMO

μ(x, y)

PRÓXIMA AULA

ATIVIDADES

y′ + xy = x
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(e2y − y cosxy)dx+ (2xe2y + 2y − x cosxy)dy = 0

dy/dt+ y
√
tsen t = 0

y(x + y + 1)dx + (x + 2y)dy = 0

t → ∞

dy

dt
+ ay = 0, a ∈ R.

dy

dt
=
√
y, y(3) = 0.

dy
dt =

√
y, y(−4) = 5

(t0, y0)

dy

dt
=
√
y, y(t0) = y0

y = y(x)

(1, 1)

(x, y) x2+2y
y−2x .
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3
dy
dx + 2y = f(x), y(0) = 0

f(x) =

⎧⎪⎪⎨
⎪⎪⎩

1, 0 ≤ x ≤ 3

0, x > 3

(y3 + kxy4 − 2x)dx+ (3xy2 + 20x2y3)dy = 0

6xydx+ (4y + 9x2)dy = 0, μ(x, y) = y2.

LEITURA COMPLEMENTAR
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