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Introdução

Resolvendo equações lineares não homo-

gêneas.

an(x)y
(n) + · · ·+ a1(x)y

′ + a0(x)y = g(x),

an(x), · · · , a0(x) g(x)

I an(x) �= 0 I n = 1

y′ + P (x)y = f(x),

P (x) = a0(x)/a1(x) f(x) = g(x)/a1(x)

y′ + P (x)y = 0

yc(x) = c1y1(x) = c1e
− ∫

P (x)dx

yp(x)

u1(x) yp(x) = u1(x)y1(x) y1
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8yp(x) = u1(x)y1(x)

d

dx
[u1y1] + P (x)[u1y1] = f(x)⇔ y1u

′
1 + u1[y

′
1 + P (x)y1] = f(x),

y1

y1u
′
1 = f(x)⇒ u1(x) =

∫
f(x)

y1(x)
dx.

yp(x) = y1

∫
f(x)

y1(x)
dx.

y(x) = c1e
− ∫

P (x)dx + e−
∫
P (x)dx

∫
f(x)e

∫
P (x)dxdx.

n = 2

y′′ + P (x)y′ +Q(x)y = f(x),

P (x) = a1(x)/a2(x) Q(x) = a0(x)/a2(x) f(x) = g(x)/a2(x)

y1(x) y2(x)

y′′ + P (x)y′ +Q(x)y = 0.

yp

u1(x) u2(x) yp(x) = u1(x)y1(x) +
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u2(x)y2(x)

y′′ + P (x)y′ +Q(x)y = f(x) yp

y′p = u1y
′
1 + u2y

′
2 + u′1y1 + u′2y2

y′′p = u′′1y1 + 2u′1y
′
1 + 2u′2y

′
2 + u1y

′′
1 + u′′2y2 + u2y

′′
2 .

y′′p + P (x)y′p +Q(x)yp = f(x)

u′′
1y1 + 2u′

1y
′
1 + 2u′

2y
′
2 + u1y

′′
1 + u′′

2y2 + u2y
′′
2 + P (x)[u1y

′
1 + u2y

′
2 + u′

1y1 + u′
2y2]

+Q(x)[u1y1 + u2y2] = f(x).

u1[y
′′
1 + P (x)y′

1 +Q(x)y1] + u2[y
′′
2 + P (x)y′

2 +Q(x)y2] + P (x)[u′
1y1 + u′

2y2]

+u′′
1y1 + u′

1y
′
1 + u′′

2y2 + u′
2y

′
2 + u′

1y
′
1 + u′

2y
′
2 = f(x).

P (x)[u′1y1 + u′2y2] +
d
dx [u

′
1y1 + u′2y2] + u′1y′1 + u′2y′2 = f(x).

y1

y2 y′′1 +

P (x)y′1 +Q(x)y1 = 0 y′′2 + P (x)y′2 +Q(x)y2 = 0

u1 u2

u′1y1 + u′2y2 = 0.
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8
u′1y

′
1 + u′2y

′
2 = f(x).

u1 u2

u′1y1 + u′2y2 = 0

u′1y′1 + u′2y′2 = f(x).

u′1 =
W1

W
,u′2 =

W2

W
,

W y1 y2

W = det

⎛
⎝ y1 y2

y′1 y′2

⎞
⎠ .

W1 = det

⎛
⎝ 0 y2

f(x) y′2

⎞
⎠ , W2 = det

⎛
⎝ y1 0

y′1 f(x)

⎞
⎠ .

u′1 u′2

u1, u2

y′′ + 4y = sec(x),−π/2 < x < π/2.
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y(x) = yc(x) + yp(x) yc

yp

y′′ + 4y = 0

m2 + 4 = 0.

m1 = 2i,m2 = −2i

yc(x) = c1 cos 2x+ c2sen 2x.

secx

yp(x) = u1y1 + u2y2, y1, y2

y1 = cos 2x y2 = sen 2x yp

u′1 cos 2x+ u′2sen 2x = 0

−2u′1sen 2x+ 2u′2 cos 2x = secx.

u′1 =
W1

W
=
−sen 2x secx

2
, u′2 =

W2

W
=

cos 2x secx

2
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8
W1 = det

⎛
⎝ 0 sen 2x

secx 2 cos 2x

⎞
⎠ = −sen 2x secx,

W2 = det

⎛
⎝ cos 2x 0

−2sen 2x secx

⎞
⎠ = cos 2x secx

W = det

⎛
⎝ cos 2x sen 2x

−2sen 2x 2 cos 2x

⎞
⎠ = 2 cos2 2x+ 2sen2 2x = 2.

u1 = −
∫

sen 2x secx

2
dx = −

∫
sen xdx = cosx

u2 =

∫
cos 2x secx

2
dx =

∫
1

2
cosxdx−

∫
1

2

sen2 x

cosx
dx =

1

2
[2sen x−ln| secx+tanx|].

y(x) = c1 cos 2x+c2sen 2x+cos 2x cosx+sen 2x[sen x−1

2
ln| secx+tanx|].

Equações de ordem superior

y(n) + Pn−1(x)y(n−1) + · · ·+ P1(x)y
′ + P0(x)y = f(x).

yc(x) = c1y1(x) + · · ·+ cnyn(x)

yp(x) = u1y1+ · · ·+unyn

ui, i = 1, · · · , n
u′1y1 + · · ·+ u′nyn = 0

u′1y′1 + · · ·+ u′ny′n = 0

u′1y′′1 + · · ·+ u′ny′′n = 0

u′1y
(n−1)
1 + · · ·+ u′ny

(n−1)
n = f(x).
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u′i =
Wi

W
, i = 1, · · · , n

Wi = det

⎛
⎜⎜⎜⎜⎜⎜⎝

y1 · · · 0 · · · yn

y′1 0 y′n

0

y
(n−1)
1 · · · f(x) · · · y

(n−1)
n

⎞
⎟⎟⎟⎟⎟⎟⎠

, i = 1, · · · , n.

↑

W = det

⎛
⎜⎜⎜⎜⎜⎜⎝

y1 · · · yi · · · yn

y′1 y′i y′n

y
(n−1)
1 · · · y

(n−1)
i · · · y

(n−1)
n

⎞
⎟⎟⎟⎟⎟⎟⎠

, i = 1, · · · , n.

y′′′ + 4y′ = sec 2x.

y′′′ + 4y′ = 0

m3 + 4m = 0,

m1 = 0,m2 = 2i,m3 = −2i

yc(x) = c1 + c2 cos 2x+ c3sen 2x.
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yp yp = u1y1+u2y2+u3y3,

y1 = 1, y2 = cos 2x, y3 = sen 2x

u′1 + u′2 cos 2x+ u′3sen 2x = 0

0− 2u′2sen 2x+ 2u′3 cos 2x = 0

0− 4u′2 cos 2x− 4u′3sen 2x = sec 2x

.

W1 =

∣∣∣∣∣∣∣∣∣

0 cos 2x sen 2x

0 −2sen 2x 2 cos 2x

sec 2x −4 cos 2x −4sen 2x

∣∣∣∣∣∣∣∣∣
, W2 =

∣∣∣∣∣∣∣∣∣

1 0 sen 2x

0 0 2 cos 2x

0 sec 2x −4sen 2x

∣∣∣∣∣∣∣∣∣
,

W3 =

∣∣∣∣∣∣∣∣∣

1 cos 2x 0

0 −2sen 2x 0

0 −4 cos 2x sec 2x

∣∣∣∣∣∣∣∣∣
, W =

∣∣∣∣∣∣∣∣∣

1 cos 2x sen 2x

0 −2sen 2x 2 cos 2x

0 −4 cos 2x −4sen 2x

∣∣∣∣∣∣∣∣∣

u′1 =
sec 2x

4
, u′2 = −1/4, u′3 = −

tan 2x

4
.

u1 =
1

8
ln| sec 2x+ tan 2x|, u2 = −x/4, u3 = 1

8
ln| cos 2x|.

y(x) = c1+c2 cos 2x+c3sen 2x+
1

8
ln| sec 2x+tan 2x|−x

4
cos 2x+

1

8
sen (2x)ln| cos 2x|.
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Modelagemmatemática em E.D.O. lineares

de ordem superior com coeficientes cons-

tantes

O oscilador harmônico

m

ẍ = − k

m
x,

k m

m

k

s

Frest = ks s

mg = ks
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t

x(t)

mg− k(s+ x) = mẍ mg

k(s+x)

s ks = mg

x(t)

m
d2x

dt2
= mg − k(x+ s) = −kx

d2x

dt2
+ w2x = 0,

w2 = k/m

m1 = wi,m2 = −wi

x(t) = c1 coswt+ c2senwt, w =
√

k/m.
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x(t) T = 2π
w

f = 1/T = w
2π

w2 = k/m w = ±√k/m

w

w

c1 = 0 c2 = 0

c1 �= 0 c2 �= 0

x(t) = Asen (wt+ w0),

A =
√
c21 + c22 senw0 = c1

A , cosw0 = c2
A

Asen (wt + w0) = A[senwt cosw0 + senw0 coswt]

c1 coswt+ c2senwt = A[senwt cosw0 + senw0 coswt]

A cosw0 = c2, Asenw0 = c1.

A w0

A =
√
c21 + c22 senw0 =

c1
A , cosw0 =

c2
A

A

m k

T = 2π
√
m/k A =

√
c21 + c22
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2π

w0 = 2

w0 = 0

t

m

x = 0

t

t
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γ dx
dt , γ

m
d2x

dt2
= −kx− γ

dx

dt
.

d2x

dt2
+ 2δ

dx

dt
+ w2x = 0, 2δ = γ/m, w2 = k/m.

m2 + 2δm+ w2 = 0,

m1 = −δ+
√
δ2 − w2 m2 = −δ−

√
δ2 − w2

δ2−w2
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8δ2 − w2 > 0

δ2 − w2 > 0

δ2−w2 > 0 m1 = −δ+
√
δ2 − w2 m2 = −δ−

√
δ2 − w2

x(t) = e−δt[c1e
√
δ2−w2t + c2e

−√δ2−w2t].

y(x) =

e−x + e−2x
y(x) =

4e−x − 3e−2x
y(x) =

−e−x + 2e−2x

δ2 − w2 = 0

δ2 − w2 = 0 m1 = m2 = −δ

x(t) = c1e
−δt + c2te

−δt.

δ2 − w2 < 0

δ2−w2 < 0 m1 = −δ+ i
√
w2 − δ2,m2 = δ− i

√
w2 − δ2
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y(x) = e−x +

xe−x
y(x) = 4e−x −

3xe−x
y(x) = −e−x +

2xe−x

x(t) = e−δt[c1 cos
√

w2 − δ2t+ c2sen
√

w2 − δ2t].

y(x) = e−x[− cos 4x−
sen 4x]

y(x) =

e−x[cos 4x+2sen 4x]

146



AULA

8

m

md2x
dt2

= −kx− γ dx
dt + f(t)

d2x

dt2
+ 2δ

dx

dt
+ w2x = F (t),

2δ = γ/m, w2 = k/m, F (t) = f(t)/m.

d2x

dt2
+ w2x = F (t).

F (t)

sen ax, cos ax
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Conclusão
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8RESUMO

PRÓXIMA AULA

ATIVIDADES

y′′ + y = secx

y′′ + y = cos2x

y′′ − 4y = e2x

x

y′′ + 2y′ − 8y = 2e−2x − e−x, y(0) = 1, y′(0) = 0

y′′′ + y′ = tgx
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0, 5

f(t) = 68e−2t cos 4t

t = 0

f(t) = 10 cos 3t

LEITURA COMPLEMENTAR
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