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Introdução

Equação de Cauchy-Euler

Equação de Cauchy-Euler de segunda ordem

a2x
2 d

2y

dx2
+ a1x

dy

dx
+ a0y = g(x),

a2, a1, a0 a2 �= 0

y(x) = yc(x) + yp(x)

a2x
2 d

2y

dx2
+ a1x

dy

dx
+ a0y = 0.
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9
a2x

2 d2y
dx2 x = 0

x ∈ I I

R I =

(0,∞)

ym(x) = xm

a2x
2 d

2ym
dx2

+a1x
dym
dx

+a0ym = 0⇔ a2x
2m(m−1)xm−2+a1xmxm−1+a0x

m = 0.

ym(x) = xm

[a2m(m− 1) + a1m+ a0]x
m = 0.

x ∈ I I

ym(x) = xm

m

[a2m(m− 1) + a1m+ a0] = 0.

� = (a1 − a2)
2 − 4a2a0

m1 m2

y(x) = c1x
m1 + c2x

m2 .
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� = (a1 − a2)
2 − 4a2a0 = 0

m1 = m2 = −(a1 − a2)/2a2

y1(x) = xm1

y2(x)

y2(x) = xm1
∫

e
− ∫ a1

a2x
dx

x2m1
dx

= xm1
∫

e
−a1

a2
lnx

x2m1
dx

= xm1
∫
x
−a1

a2 x−2m1dx = xm1
∫
x
−a1

a2 x
− 2(a2−a1)

2a2 dx

= xm1
∫
x−1dx = xm1 lnx.

x ∈ I = (0,∞)

y(x) = c1x
m1 + c2x

m1 lnx,

m1 =
a2−a1
2a2

.

y2 y1

� = (a1−a2)
2−4a2a0 < 0

m1 = α+ iβ m2 = α− iβ α, β ∈ R

y(x) = c1x
α+iβ + c2x

α−iβ .

156



AULA

9xiβ = (elnx)iβ = eiβlnx,

eiβlnx = cos(βlnx) + isen (βlnx)

xiβ + x−iβ = 2 cos(βlnx)

xiβ − x−iβ = 2isen (βlnx).

c1x
α+iβ+c2x

α−iβ

c1 c2

c1 = 1 = c2

c1 = 1 c2 = −1

y1 = xα+iβ + xα−iβ = xα2 cos(βlnx)

y2 = xα+iβ − xα−iβ = xα2isen (βlnx).

ỹ1 = y1/2 = xα cos(βlnx) ỹ2 = y2/2i =

xαsen (βlnx) ỹ1 ỹ2

ỹ(x) = xα[c̃1 cos(βlnx) + c̃2sen (βlnx)].
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2x2y′′ + xy′ = x, y(0) = 1, y′(1) = −1.

x

xny(n)

2m2 −m = 0,

m1 = 0,m2 = 1/2

2x2y′′ + xy′ = 0

yc(x) = c1 + c2x
1/2.

yp(x) = u1(x) + u2(x)x
1/2, u1 u2

u′1 = −1, u′2 = x−1/2.

yp(x) = −x+ 2x = x

y(x) = c1 + c2x
1/2 + x.

y(0) = c1 = 1 y′(1) = c2/2 + 1 = −1.
c1 = 1 c2 = −4

y(x) = 1− 4x1/2 + x.
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9Equação de Cauchy-Euler de ordem superior

n

anx
n d

ny

dxn
+ · · ·+ a1x

dy

dx
+ a0y = g(x),

an, · · · , a1, a0 an �= 0

anx
n d

ny

dxn
+ · · ·+ a1x

dy

dx
+ a0y = 0,

ym(x) = xm

m

anm(m− 1)(m− 2). · · · .(m− n+ 1) + an−1m(m− 1). · · · .(m− (n− 1) + 1)

+a2m(m− 1) + a1m+ a0 = 0.

n = 10

m1 = m2 = m3 = m4 = m5

m6 = α + iβ,m7 = α − iβ,m8 = α + iβ,m9 = α − iβ

m10

y1(x) = xm1 , y2(x) = xm1 lnx, y3(x) = xm1(lnx)2,

y4(x) = xm1(lnx)3, y5(x) = xm1(lnx)4,

y6(x) = xα cos(βlnx), y7(x) = xαsen (βlnx);

y8(x) = xα cos(βlnx), y9(x) = xαsen (βlnx)

y10 = xm10 .
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y(x) = c1x
m1 + c2x

m1 lnx+ c3x
m1(lnx)2 + c4x

m1(lnx)3

+c5x
m1(lnx)4 + xα[c6 cos(βlnx) + c7sen (βlnx)]+

xα[c8 cos(βlnx) + c9sen (βlnx)] + c10x
m10 .

u = lnx u

Conclusão
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9RESUMO

PRÓXIMA AULA

ATIVIDADES

xy′′ + y′ = x

2x2y′′ + 5xy′ + y = x2 − x

LEITURA COMPLEMENTAR
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