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Introdução

any
(n) + · · ·+ a0y = g(x)

g(x)

A transformada de Laplace

f

[a, b]

f [a, b]

f(x+0 ) = limh→0+ f(x0 + h),

f(x−0 ) = limh→0+ f(x0 − h)
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11x0 [a, b]

f

f(x) =

⎧⎪⎪⎨
⎪⎪⎩

1, x ≥ 5

−1, x < 5

(−∞,∞)

h

h(x) =

⎧⎪⎪⎨
⎪⎪⎩

1,−2 ≤ x ≤ 0

ln(x), 0 < x ≤ 5

[−2, 5] h(x+0 )

f t ≥ 0

L{f(t)} =
∫ ∞

0
e−stf(t)dt

f

f s

L{f(t)} = F (s).

f(t) = sen t
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L{sen t} = ∫∞
0 e−stsen tdt = lim

x→∞

∫ x

0
e−stsen tdt∫

e−stsen tdt = −e−st cos t− s
∫
cos te−stdt.

∫
cos te−stdt = e−stsen t+ s

∫
e−stsen tdt,

∫
e−stsen tdt = −e−st cos t− s

[
e−stsen t+ s

∫
e−stsen tdt

]

= −e−st cos t− se−stsen t− s2
∫
e−stsen tdt

.

∫
e−stsen tdt =

1

1 + s2
[−e−st cos t− se−stsen t

]
,

lim
x→∞

∫ x

0
e−stsen tdt =

1

1 + s2
, s > 0.

L{sen t} = 1

1 + s2
, s > 0.

L{1} F (s) =

1/s, s > 0.

|∞0 limx→∞()|x0
L{ekt}, k ∈ R

L{ekt} =
∫ ∞

0
e−stektdt.
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11∫∞
0 e−stektdt = 1

−s+ke
(−s+k)t|∞0

L{ekt} = 1

s− k
, s > k.

k

1)L{1} = 1/s 5)L{ekt} = 1
s−k , s > k

2)L{tn} = n!
sn+1 , n = 1, 2, 3, · · · 6)L{cos kt} = s

s2+k2

3)L{sen kt} = k
s2+k2

7)L{cosh kt} = s
s2−k2

4)L{senh kt} = k
s2−k2

L

f

α α, c > 0 T > 0

|f(t)| ≤ ceαt t > T

f

α T

ceαt
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f

[0,∞) λ

∫ ∞

0
e−stf(t)

s λ

s

f(t), g(t) t ≥ 0

a

L{f(t) + g(t)} = L{f(t)}+ L{g(t)},

L{af(t)} = aL{f(t)}.

L{f(t) + g(t)} =
∫∞
0 e−st(f(t) + g(t))dt

=
∫∞
0 e−stf(t)dt+

∫∞
0 e−stg(t)dt

= L{f(t)}+ L{g(t)},
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11
L{af(t)} =

∫∞
0 e−st(af(t))dt

= a
∫∞
0 e−st(f(t))dt

= aL{f(t)}.

f(t) = 4t3 + 5 + cos 7t + e2t

L{f(t)} =
∫ ∞

0
e−st(4t3 + 5 + cos 7t+ e2t)dt.

f

L{f(t)} = 4L{t3}+ 5L{1}+ L{cos 7t}+ L{e2t}

4 3!
s4

+ 51
s +

s
s2+49

+ 1
s−2 , s > 2.

f(t) =

⎧⎨
⎩

0, 0 < t ≤ 1

t, t > 1

L{f(t)} =
∫∞
0 e−stf(t)dt

=
∫ 1
0 e−st(0)dt+

∫∞
1 e−sttdt

= e−s

s + e−s

s2
.
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f(t) = t2−1
t−1

L{f(t)} = F (s) a

L{eatf(t)} = F (s− a)

L{eatf(t)} =
∫ ∞

0
e−steatf(t)dt =

∫ ∞

0
e−(s−a)tf(t)dt = F (s− a).

f(e3t cos 4t) s−3
(s−3)2+16

L{cos 4t} = s
s2+16

F (s) = L{f(t)} a > 0

L{f(t− a)U(t− a)} = e−asF (s),

U

U(t−a)

U(t− a) =

⎧⎪⎪⎨
⎪⎪⎩

0, 0 ≤ t < a

1, t ≥ a
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11
g(t) =

⎧⎪⎪⎨
⎪⎪⎩

0, 0 ≤ t < 3

sen (t− 3), t ≥ 3

g(t) = U(t− 3)sen (t− 3).

L{g(t)} = L{U(t− 3)sen (t− 3)} = e−3s
1

s2 + 1
,

L{f(t)} = F (s)

L{tnf(t)} = (−1)n dn

dsn
F (s).

F (s) =
∫∞
0 e−stf(t)dt

n s

d
dsF (s) = d

ds

∫∞
0 e−stf(t)dt =

∫∞
0

∂
∂s [e

−stf(t)]dt

= − ∫∞
0 e−sttf(t)dt

= −L{tf(t)}.

A transformada inversa de Laplace

F (s) f(t)

f(t) F (s)
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L−1{F (s)}

k

1)L−1{1/s} = 1 5)L−1{ 1
s−k} = ekt, s > k

2)L−1{ n!
sn+1 } = tn, n = 1, 2, 3, · · · 6)L−1{ s

s2+k2
} = cos kt

3)L−1{ k
s2+k2

} = sen kt 7)L−1{ s
s2−k2 } = cosh kt

4)L−1{ k
s2−k2 } = senh kt

F (s) G(s)

f(t) g(t) a, b

L−1

L−1{aF (s) + bG(s)} = aL−1{F (s)}+ bL−1{G(s)}

L−1{F (s− a)} = eatf(t)

L−1{e−as F (s)} = f(t− a)U(t− a), a > 0.

L{f(t)} = F (s)

L−1{ dn

dsn
F (s)} = (−1)ntnL−1{F (s)}.

L−1{ 3
s2−5} 3

s2−5 = 3√
5

√
5

s2−5

L−1{ 3
s2−5} = 3√

5
L−1{

√
5

s2−5} = 3√
5
senh

√
5t
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L−1{ 1

(s−3)(s+1)}
1

(s−3)(s+1)

A B

1

(s− 3)(s+ 1)
=

A

s− 3
+

B

s+ 1
.

(s − 3)(s + 1)

s A = 1/4 B = −1/4 L−1{ 1
(s−3)(s+1)} =

L−1{ 1
4(s−3) − 1

4(s+1)} = 1
4L−1{ 1

s−3} − 1
4L−1{ 1

s+1} = e3t

4 − e−t

4

L−1{ 2s+3
s2−4s+20

}

2s+3
s2−4s+20

= 2s+3
(s−2)2+16

= 2(s−2)+7
(s−2)2+16

= 2
[

s−2
(s−2)2+16

]
+ 7

4

[
4

(s−2)2+16

]
.

L−1{ s− 2

(s− 2)2 + 16
} = e2t cos 4t

L−1{ 4

(s− 2)2 + 16
} = e2tsen 4t

L−1{ 2s+ 3

s2 − 4s+ 20
} = 2e2t cos 4t+

7

4
e4tsen 4t.
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1
(t−1)3(t+4)

A,B,C D

1

(t− 1)3(t+ 4)
=

A

t− 1
+

B

(t− 1)2
+

C

(t− 1)3
+

D

t+ 4
.

1
x2+1

A,B

1

x(x2 + 1)
=

Ax+B

x2 + 1
+

C

x
.

Conclusão
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11RESUMO

PRÓXIMA AULA

ATIVIDADES

5
s2(s−5)2

1
s2+4s+29

2s
2s2+1

e−s

(s−1)(s−2)
ln

(
s+3
s+2

)
d
ds ln

(
s+3
s+2

)
= − 1

(s+2)(s+3)

e2tsen 3t

e−3t cos(2t+ 4)
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t2et cos t

f(t) =

⎧⎪⎪⎨
⎪⎪⎩

0, t < 1/2

1 + t, t ≥ 1/2

LEITURA COMPLEMENTAR
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