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Introdução

Equações lineares

a1(x)
dy

dx
+ a0(x)y = g(x),

a1(x) �= 0

g(x) ≡ 0

dy

dx
+ P (x)y = f(x),

P (x) = a0(x)
a1(x) , f(x) = g(x)

a1(x)

P (x), f(x)

dy + (P (x)y − f(x))dx = 0.

∂M
∂y = P (x)

∂N
∂x = 0 ((∂M/∂y)− (∂N/∂x))/N = P (x)

μ(x) = e
∫

P (x) dx

e
∫

P (x)dxdy + e
∫

P (x)dx(P (x)y − f(x))dx = 0.
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4

μ(x) μ(x) = e
∫

P (x)dx

μ(x)

e
∫

P (x)dx

(
dy

dx
+ P (x)y

)
= e

∫
P (x)dxf(x)

e
∫

P (x)dxdy + e
∫

P (x)dx(P (x)y − f(x))dx = 0.

μ

μ(x) = e
∫

P (x)dx

e
∫

P (x)dx

(
dy

dx
+ P (x)y

)
= e

∫
P (x)dxf(x).

d

dx
(ye

∫
P (x)dx) = e

∫
P (x)dxf(x).

x

ye
∫

P (x)dx =
∫

e
∫

P (x)dxf(x)dx + c, c ∈ R

y(x) = e−
∫

P (x)dx

[∫
e
∫

P (x)dxf(x)dx + c

]
.
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μ(x) μ(x)

dμ/dx = P (x)μ

μ

μ

f(x) ≡ 0 μ(x)

f(x)

y(x) = ce−
∫

P (x)dx.

2y′ + y =
1

1 + x2
, y(2) = 3.

y′ +
1
2
y =

1
2(1 + x2)

.

P (x) = 1
2 μ(x) = e

∫
1/2 dx = ex/2.

ex/2y′ +
ex/2

2
y =

ex/2

2(1 + x2)
⇔ d

dx
(ex/2y) =

ex/2

2(1 + x2)
.

∫ x

2

d

ds
(es/2y(s))ds =

∫ x

2

es/2

2(1 + s2)
ds ⇔ ex/2y(x)−3e =

∫ x

2

es/2

2(1 + s2)
ds.

y(x) = e−x/2

(
3e +

∫ x

2

es/2

2(1 + s2)
ds

)
.

Equações Homogêneas

f

f(tx, ty) = tnf(x, y)
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4n ∈ R f

n

f(x, y) = x2 +5xy−4y2

f(tx, ty) = (tx)2 +5(tx)(ty)− 4(ty)2 =

t2(x2 + 5xy − 4y2)

f(x, y) = (x2 + y2)1/3 2/3

f(x, y) =

x + y + lnx

f(x, y)

n f(x, y) = f(x·1, y
x ·x) = xnf(1, y

x)

f(x, y) = f(x
y y, y) = ynf(x

y , 1)

M(x, y)dx + N(x, y)dy = 0

M N

M(x, y)dx + N(x, y)dy = 0

y = ux x = vy
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n

M(x, y)dx + N(x, y)dy = 0.

y = ux u = u(x) dy = udx + xdu

dy

y = ux

M(x, ux)dx + N(x, ux)[udx + xdu] = 0

xnM(1, u)dx + xnN(1, u)[udx + xdu] = 0

(xnM(1, u) + xnuN(1, u))dx + xn+1N(1, u)du = 0

xn

(M(1, u) + uN(1, u))dx + xN(1, u)du = 0.

dx

x
=

−N(1, u)du

M(1, u) + uN(1, u)
.

x = vy

(2
√

xy − y)dx − xdy = 0, x > 0, y > 0.

y = ux

(2
√

ux2 − ux)dx − x(udx + xdu) = 0

(2
√

u − 2u)dx + xdu = 0
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4
−dx

x
=

du

2(
√

u − u)
.

t = u1/2 dt = 1
2u1/2 du

−ln|x| =
1
4

[
− 1

u1/2
+ ln

∣∣∣∣∣ u1/2

1 − u1/2

∣∣∣∣∣
]

−ln|x| =
1
4

[
− 1

(y/x)1/2
+ ln

∣∣∣∣∣ (y/x)1/2

1 − (y/x)1/2

∣∣∣∣∣
]

.

x = vy

M(x, y)

y = ux x = vy

dy

dx
= F

(y

x

)
.

n

M(x, y)dx + N(x, y)dy = 0.

dy

dx
= −M(x, y)

N(x, y)
= −xnM(1, y/x)

xnN(1, y/x)
= −M(1, y/x)

N(1, y/x)
= F (y/x).

69



x
dy

dx
= y + xey/x, y(1) = 1.

dy

dx
=

y

x
+ ey/x.

y = ux

du

dx
x + u = u + eu.

−e−u = ln|x| + c ⇔ −e−y/x = ln|x| + c.

y(1) = 1 −e−1 = ln1 + c ⇒ c =

−1/e.

dy

dx
= f(x, y),

x, y ax + by + c

a, b, c

u = ax + by + c, b �= 0.

y′ = (−2x + y)2 − 7.

u = −2x+y du/dx = −2+dy/dx

du

dx
= u2 − 9,
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4

y(x) =
(−2x + 3)ce6x + (2x + 3)

1 − ce6x
.

Equação de Bernoulli, Equação de Riccati

e Equação de Clairaut

dy

dx
+ P (x)y = f(x)yn, n ∈ R

n = 0 n = 1

n �= 0 n �= 1

u = y1−n

y′ + 3xy = xy3.

u = y−2 du/dx =

−2u3/2dy/dx

− u′

2u3/2
+ 3xu−1/2 = xu−3/2 ⇔ −1

2
u′ + 3xu = x,

u x

u(x) = e3x2

∫
−2xe−3x2

dx + ce3x2
.
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y(x) =
(

e3x2

∫
−2xe−3x2

dx + ce3x2

)−1/2

.

dy

dx
+ b2(x)y2 + b1(x)y + b0(x) = 0,

b0, b1 b2 I b2(x) �= 0,

x ∈ I

y1(x)

y1(x)

y = y1 + 1/z

x z

y′ − xy2 + (2x − 1)y = x − 1.

y = 1

y = 1+1/z z = z(x)

y′ = −z−2z′

z′ + z + x = 0,

z(x) = −x + 1 + ce−x.
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4
1

y(x) − 1
= −x + 1 + ce−x

y(x) =
1

−x + 1 + ce−x
+ 1.

y′ + ay2 + by + c = 0

y = c c

c am2 + bm + c = 0

y = xy′ + f(y′)

f

y′ = p

x

[x + f ′(p)]
dp

dx
= 0,

dp/dx = 0 x + f ′(p) = 0

dp/dx = 0 p = c c p = y′

y′ = c

y = cx + f(c),

73



x + f ′(p) = 0

p

x + f ′(p) = 0 y = px + f(p).

y = cx + f(c)

y = xy′ +
1
2
(y′)2

y = cx +
c2

2

y = −x2/2

y = cx + c2

2

y′ = f(x, y) x y

y(1 + 2xy)dx + x(1 − 2xy)dy = 0.

u = 2xy

y
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4x

dy

dx
=

1
x + y2

.

dx

dy
= x + y2,

Conclusão
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RESUMO

• a1(x)y′ + a0(x) = g(x) ;

• M(x, y)dx+N(x, y)dy = 0, M(tx, ty) = tnM(x, y) N(tx, ty) =

tnN(x, y) ;

• dy
dx + P (x)y = f(x)yn, n ∈ R ;

• dy
dx + b2(x)y2 + b1(x)y + b0(x) = 0 ;

• y = xy′ + f(y′)

PRÓXIMA AULA

ATIVIDADES
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4
y′ + x−1y = x−2y4, y(−1) = −2

y′ =
yx

x2 − y2

3y + et + (3t + cosy)dy
dt = 0

y′ = 1 + ey−x+3

y′ + x−1y − cos(x)y−2 = 0, y(1) = 1

x2y′ + xy = 1

y(1 + 2xy)dx + x(1 − 2xy)dy = 0 u = 2xy

dy/dt + y = g(t), y(0) = 0,

g(t) =

⎧⎨
⎩ 2, 0 ≤ t ≤ 1

0, t > 1

LEITURA COMPLEMENTAR
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