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Introdução

Resolvendo equações lineares homogêneas

com coeficientes constantes.

n

any(n) + · · · + a1y
′ + a0y = 0,

a0, · · · , an n = 1

a1y
′ + a0y = 0

y(x) = ce
− ∫ a0

a1
dx

, x ∈ R.
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7n = 2 n = 2

a2y
′′ + a1y

′ + a0y = 0,

a0, a1, a2 y(x) = emx

a2m
2emx + a1memx + a0e

mx = (a2m
2 + a1m + a0)emx = 0.

emx �= 0 x ∈ R y = emx

m

a2m
2 + a1m + a0 = 0,

m1, m2

� = a2
1 − 4a2a0

m = m1 = m2

� = a2
1 − 4a2a0

m1 = α + iβ,m2 = α − iβ

� = a2
1 − 4a2a0

m1 m2

y1(x) = em1x y2(x) = em2x.
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y1, y2

x ∈ R

W (y1, y2) = (m2 −
m1)e(m1+m2)x m1 �= m2

y(x) = c1e
m1x + c2e

m2x, x ∈ R.

m1 = m2 = m

y1(x) = emx m = −a1/2a2

y2 y1, y2

y2 y2(x) = u(x)emx

y2(x) = emx

∫
e−

∫
a1/a2dx

e2mx
dx = emx

∫
e2mx

e2mx
dx = xemx.

y(x) = c1e
mx + c2xemx, x ∈ R.

m1 m2 m1 = α + iβ m2 =

α − iβ α, β ∈ R
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7y1(x) = e(α+iβ)x y2(x) = e(α−iβ)x

W (y1, y2) =�= 0

y(x) = c1e
(α+iβ)x + c2e

(α−iβ)x.

eiθ = cos θ + isen θ.

eiβx = cos β + isen βx e−iβx =

cos β − isen βx

y(x) = c1e
(α+iβ)x+c2e

(α−iβ)x

c1 c2

c1 = 1 = c2 c1 = 1 c2 = −1

y1(x) = e(α+iβ)x + e(α−iβ)x = eαx[eiβx + e−iβx] = eαx2 cos βx

y2(x) = e(α+iβ)x − e(α−iβ)x = eαx[eiβx − e−iβx] = eαx2isen βx

.

y1(x) = y1(x)
2 = eαx cos βx

y2(x) = y2(x)
2i = eαxsen βx

W (y1, y2) �= 0

y1, y2

y(x) = c1e
αx cos βx + c2e

αxsen βx.
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2
d2y

dt2
− 10

dy

dt
+ 12y = 0, y(0) = −1, y′(0) = 2.

2m2 − 10m + 12 = 0,

m1 = 3, m2 = 2.

y(t) = c1e
3t + c2e

2t.

y(0) = c1 + c2 = −1 y′(0) = 3c1 + 2c2 = 2

c1 = 4, c2 = −5 y(x) = 4e3t−5e2t.

−d2y

dx2
+ 4

dy

dx
− 4y = 0.

−m2 + 4m − 4 = 0,

m1 = m2 = 2

y2 y1(x) = e2x

y2(x) = e2x

∫
e
∫

4dx

e4x
dx = xe2x.

− d2y
dx2 + 4 dy

dx − 4y = 0

y(x) = c1e
2x + c2xe2x.
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7
d2x

dt2
+ w2y = 0.

m2 + w2 = 0,

m1 = wi, m2 = −wi

y(x) = c1 cos wt + c2sen wt.

Equações de ordem superior

n = 2

n

n

anmn + an−1m
n−1 + · · · + a1m + a0 = 0.

•

y(x) = c1e
m1x + · · · + cnemnx.

• m1

m1

em1x, xem1x, x2em1x, x3em1x, x4em1x
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y(x) = c1e
m1x + c2xem1x + c3x

2em1x + c4x
3em1x

+c5x
4em1x + c6e

m6x + · · · + cnemnx.

• m1 = α + iβ

k

m2 = α − iβ k

e(α+iβ)x, xe(α+iβ)x, · · · , xk−1e(α+iβ)x

e(α−iβ)x, xe(α−iβ)x, · · · , xk−1e(α−iβ)x.

y(x) = eαx[c1 cos βx + c2sen βx] + xeαx[c3 cos βx + c4sen βx]+

· · · + xk−1eαx[c2k−1 cos βx + c2ksen βx] + c2k+1e
m2k+1x+

· · · + cnenx.

y′′′ + 2y′′ + y′ = 0.

m3 + 2m2 + m = 0,

m1 = 0, m2 = m3 = −1

y(x) = c1 + c2e
−x + c3xe−x.
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7Resolvendo uma E.D.O. linear não homogênea

com coeficientes constantes.

an(x)y(n) + · · · + a1(x)y′ + a0(x)y = g(x)

y(x) = yc(x) + yp(x),

yc(x) yp

yc(x)

ai(x), i = 0, · · · , n

yp yp

any(n) + · · · + a1y
′ + a0y = g(x),

119



ai, i = 0, · · · , n g(x)

c cos βx csen βx

g(x)

c cos βx c sen βx

y′′ − 4y = x2 − x + 2.

y′′ −
4y = 0

m2 − 4 = 0

m1 = 2, m2 = −2

yc(x) = c1e
2x + c2e

−2x.

yp

g(x)

yp

yp(x) = Ax2 + Bx + C.

yp

2A− 4(Ax2 +Bx+C) = x2 −x+2

x −4Ax2−4Bx+

(2A − 4C) = x2 − x + 2.

−4A = 1, −4B = −1, 2A − 4C = 2.
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7A = −1/4, B = 1/4 C = −5/8

yp(x) = −x2/4 + x/4 − 5/8

y′′ − 4y = x2 − x + 2

y(x) = c1e
2x + c2e

−2x + −x2/4 + x/4 − 5/8.

g(x)

y′′ − 4y = e5x.

yp

yp(x) = Ae5x.

yp 25Ae5x−4Ae5x = e5x.

21Ae5x = e5x

21A = 1

yp(x) =
1
21

e5x.

y′′ − 4y =

e5x

y(x) = c1e
2x + c2e

−2x +
1
21

e5x.

g(x) = 3 cos 4x

y′′ − 4y = 3 cos 4x

yp(x)

yp(x) = A cos 4x + Bsen 4x.

yp yp
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g(x)

yp

−16A cos 4x − 16Bsen 4x − 4(A cos 4x + Bsen 4x) = 3 cos 4x.

−20A cos 4x−
20Bsen 4x = 3 cos 4x

−20A = 3 −20B = 0

A = −3/20 B = 0

yp(x) = − 3
20

cos 4x.

y′′ − 4y =

3 cos 4x

y(x) = c1e
2x + c2e

−2x − 3
20

cos 4x.

g(x)

g(x)

y′′ − 4y = x3 + xe6x + xsen3x.

yp

yp(x) = Ax3+Bx2+Cx+D+(Ex+F )e6x+(Gx+H) cos 3x+(Ix+J)sen 3x.

yp

y′′p yp

−4Ax3 − 4Bx2 + (6A − 4C)x + (2B − 4D) + (12E + 32F )e6x + 32Exe6x

+(−6G − 13J)sen 3x − 13Ixsen 3x + (6I − 13H) cos 3x − 13Gx cos 3x

= x3 + xe6x + xsen 3x.
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7
x3, x2, x, 1, xe6x, e6x, cos 3x,

x cos 3x, sen 3x, xsen 3x

−4A = 1 32E = 1

−4B = 0 −6G − 13J = 0

6A − 4C = 0 −13I = 1

2B − 4D = 0 6I − 13H = 0

12E + 32F = 0 −13G = 0

.

yp

yp(x) = −x3

4
− 3

8
x +

(
x

32
− 3

256

)
e6x − 6

169
cos 3x − x

13
sen 3x.

y(x) = c1e
2x + c2e

−2x − x3

4
− 3

8
x +

(
x

32
− 3

256

)
e6x − 6

169
cos 3x − x

13
sen 3x.

y′′ − 4y = e2x.

e2x Ae2x

yp yp(x) = Ae2x

yp

4Ae2x − 4Ae2x = e2x ⇔ 0 = e2x.
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e2x

Ae2x

yp

yp xn n

yp(x) = Ae2xx xe2x

yp(x) = Ae2xx2

yp

yp yc

g(x) yp(x)

3x − 1 Ax + B

x2 Ax2 + Bx + C

x3 − 3 Ax3 + Bx2 + Cx + D

sen 7x Asen 7x + B cos 7x

cos 3x Asen 3x + B cos 3x

e−2x Ae−2x

5xe3x (Ax + B)e3x

2x2e4x (Ax2 + Bx + C)e4x

e4x cos 2x Ae4x cos 2x + Be4xsen 2x

x2sen5x (Ax2 + Bx + C)sen 5x + (Ex2 + Fx + G) cos 5x

xex cos 2x (Ax + B)ex cos 2x + (Dx + E)exsen 2x
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7Conclusão
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RESUMO

PRÓXIMA AULA

ATIVIDADES

4y′′ + y′ = 0 y(4) + y′′′ + y′′ = 0

y′′ − 4y′ + 5y = 0 y(5) + 5y(4) − 2y(3) − 10y′′ + y′ + 5y = 0

y′′ + 9y = 0, y(0) = 0, y′(0) = 1

12y′′ − 5y′ − 2y = 0

y′′′ − 4y′′ − 5y′ = 0

126



AULA

7y′′ + 3y′ + 2y = 6

y′′ − 10y′ + 25y = 30x + 3
y′′
4 + y′ + y = x2 − 2x

y′′ − 8y′ + 20y = 100x2 − 26xex

y′′ + 4y = 3sen2x, y(1) = 1, y′(1) = −1

y′′ + y = 2xsenx

y′′ + 2y′ + y = senx + 3cos2x

y′′′ − 2y′′ − 4y′ + 8y = 6xe2x

y′′′ − 3y′′ + 3y′ − y = x − 4ex

y(4) + 2y′′ + y = (x − 1)2

LEITURA COMPLEMENTAR
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