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Introdução

Séries de potências

an, n ≥ 0 x0

∞∑
n=0

an(x − x0)n

an

x0 x0 = 0
∞∑

n=0

anxn.
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10
∞∑

n=0

an(x − x0)n,

R > 0

x (x0 − R, x0 + R)

∞∑
n=0

an(x − x0)n L =

limn→∞
∣∣∣ cn+1

cn

∣∣∣ , cn = an(x − x0)n

L < 1

L > 1

∞∑
n=0

an(x− x0)n an �= 0 n ≥ p

p R

R = lim
n→∞

∣∣∣∣ an

an+1

∣∣∣∣

∞∑
n=0

xn

n + 2
,

L

L = limn→∞ |x|n+2
n+3 = |x|

x |x| < 1
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x (−1, 1)

(−1, 1)

x = 1
∞∑

n=0

1
n + 2

x = −1∞∑
n=0

(−1)n

n + 2

limn→∞ 1
n+2 = 0 x

[−1, 1)

f(x) =
∞∑

n=0

an(x − x0)n,

x

f

f(x) =
∞∑

n=0

an(x − x0)n e g(x) =
∞∑

n=0

bn(x − x0)n
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10R > 0

f(x) ± g(x) =
∞∑

n=0

(an ± bn)(x − x0)n

f(x) · g(x) =
∞∑

n=0

cn(x − x0)n, cn = (anb0 + an−1b1 + · · · +
a0bn)

x (x0−R, x0+R)

∞∑
n=0

an(x− x0)n

R > 0 f

f(x) = a0 + a1(x − x0) + a2(x − x0)2 + · · ·

(x0 −R, x0 + R)

f ′(x) = a1 + 2a2(x − x0) + · · · + nan(x − x0)n−1 + · · ·
g(x) =

∫ x
x0

f(x)dx =
∞∑

n=0

∫ x

x0

an(x − x0)ndx f ′ g

f

f a

a

R > 0

ex, cos x, sen x, 1
1−x ,

ln|x − 1|

a
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C∞

Soluções em série em torno de um ponto

ordinário

x = x0

y′′ + P (x)y′ + Q(x)y = 0

P (x), Q(x) x = x0

x = 0

exy′′ + (cos x)y′ + (sen x)y = 0,

P (x) = cos x
ex , Q(x) = sen x

ex

x = 0 x = 0

xy′′ + x(lnx)y′ + (sen x)y = 0,

P (x) = ln(x) x = 0

(x3 − 1)y′′ + 3xy′ + 2y = 0

x3 − 1

P (x) = 3x
x3−1

, Q(x) =
2

x3−1
x3 − 1
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10x = 1

(x3 − 4x)y′′ + 3xy′ + 5x(x − 2)y = 0

x3 − 4x x = 0, x = 2, x = −2

P (x) = 3x
x3−4x

= 3
x2−4

Q(x) = 5x(x−2)
x3−4x

=
5

(x+2) x3 − 4x

x = 2 x = −2 x = 0

2x2y′′ + 7xy′ − y = 0?

dny

dxn
+ an−1(x)

dn−1y

dxn−1
+ · · · + a1(x)y′ + a0(x)y = g(x)

n

an(x), · · · , a0(x) g(x)

I x0 I x0
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a0(x), · · · , an(x) g(x)

|x − x0| < R, R > 0

x0

x0

|x − x0| < R

y′′ + xy′ + y = 0.

x ∈ R R

x = 0

x = 0

x

y(x)

y(x) =
∞∑

k=0

akx
k.

y′(x) =
∞∑

k=1

kakx
k−1, y′′(x) =

∞∑
k=2

k(k − 1)akx
k−2.

∞∑
k=2

k(k − 1)akx
k−2 + x

∞∑
k=1

kakx
k−1 +

∞∑
k=0

akx
k = 0
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10
∞∑

k=2

k(k − 1)akx
k−2 +

∞∑
k=1

kakx
k +

∞∑
k=0

akx
k = 0.

x

n = k − 2

∞∑
k=2

k(k − 1)akx
k−2 =

∞∑
n=0

(n + 2)(n + 1)an+2x
n,

n = k

∞∑
n=0

(n + 2)(n + 1)an+2x
n +

∞∑
n=1

nanxn +
∞∑

n=0

anxn = 0.

x

a0 + 2a2 +
∞∑

n=1

(n + 1)[(n + 2)an+2 + an]xn = 0,

a0 + 2a2 = 0,

(n + 2)an+2 + an = 0, n ≥ 1.

a2 = −a0
2 an+2 = − an

n+2 , n ≥ 1
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n n

a0 a1

a2 = −a0/2 a3 = −a1/3

a4 = a0
4·2 a5 = a1

5·3
a6 = − a0

6·4·2 a7 = − a1
7·5·3

a2n = (−1)n a0
(2n)(2n−2)···4·2 a2n+1 = (−1)n a1

(2n+1)(2n−1)···5·3

y(x)

y(x) = a0

[
1 − x2

2 + x4

4·2 − x6

6·4·2 + · · ·
]

+a1

[
x − x3

3 + x5

5·3 − x7

7·5·3 + · · ·
] ,

a0, a1

y0(x) = 1 − x2

2
+

x4

4 · 2 − x6

6 · 4 · 2 + · · ·

y1(x) = x − x3

3
+

x5

5 · 3 − x7

7 · 5 · 3 + · · ·

x (−∞,∞)

y0, y1
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(1 − x2)y′′ − 2xy′ + λ(λ + 1)y = 0, y(0) = 1, y′(0) = 2,

λ

λ

x = ±1

x = 0

(−1, 1) y(x) =
∞∑

k=0

akx
k

(1−x2)
∞∑

k=2

k(k−1)akx
k−2−2x

∞∑
k=1

kakx
k−1+λ(λ+1)

∞∑
k=0

akx
k = 0

∞∑
k=2

k(k − 1)akx
k−2 −

∞∑
k=2

k(k − 1)akx
k

−
∞∑

k=1

2kakx
k +

∞∑
k=0

λ(λ + 1)akx
k = 0.

k − 2 = n

k = n

∞∑
n=0

(n + 2)(n + 1)akx
n −

∞∑
n=2

n(n − 1)anxn

−
∞∑

n=1

2nanxn +
∞∑

n=0

λ(λ + 1)anxn = 0.
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−2a1x + λ(λ + 1)[a0 + a1x] +
∞∑

n=0

(n + 2)(n + 1)an+2x
n

+
∞∑

n=2

[−n(n − 1) − 2n + λ(λ + 1)]anxn = 0.

−n(n − 1) − 2n + λ(λ + 1) = (λ + n + 1)(λ − n),

2a2 + λ(λ + 1)a0 + [(λ + 2)(λ − 1)a1 + (3 · 2)a3]x

+
∞∑

n=2

[(n + 2)(n + 1)an+2 + (λ + n + 1)(λ − n)an]xn = 0.

2a2 + λ(λ + 1)a0 = 0, (λ + 2)(λ − 1)a1 + (3 · 2)a3 = 0

(n + 2)(n + 1)an+2 + (λ + n + 1)(λ − n)an = 0, n ≥ 2.

n n

a0 a1

a2 = − (λ+1)λ
2 a0 a3 = − (λ+2)(λ−1)

3! a1

a4 = (λ+3)(λ+1)λ(λ−2)
4! a0 a5 = (λ+4)(λ+2)(λ−1)(λ−3)

5! a1

a2n =??? a2n+1 =???

y(x)

y(x) = a0

[
1 − λ(λ+1)

2! x2 + (λ+3)(λ+1)λ(λ−2)
4! x4 − · · ·

]
+

a1

[
x − (λ+2)(λ−1)

3! x3 + (λ+4)(λ+2)(λ−1)(λ−3)
5! x5 − · · ·

]
.
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10y(0) = a0 = 1 y′(0) = a1 = 2

y(x) =
[
1 − λ(λ+1)

2! x2 + (λ+3)(λ+1)λ(λ−2)
4! x4 − · · ·

]
+

2
[
x − (λ+2)(λ−1)

3! x3 + (λ+4)(λ+2)(λ−1)(λ−3)
5! x5 − · · ·

]
, x ∈ (−1, 1).

a2n a2n+1

a2n = (−1)n (λ + 2n − 1)(λ + 2n − 3) · · · (λ + 1)λ(λ − 2) · · · (λ − 2n + 2)

(2n)!
a0

a2n+1 = (−1)n (λ + 2n)(λ + 2n − 2) · · · (λ + 2)(λ − 1) · · · (λ − 2n + 1)

(2n + 1)!
a1

Soluções em série em torno de pontos singulares-

Método de Frobenius

y′′ + P (x)y′ + Q(x)y = 0

x0

(x − x0)P (x) (x − x0)2Q(x)

x0

x2(x + 1)3(x − 1)y′′ + xy′ − 2y = 0.
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x = 0, x = 1 x = −1

x = 0 x = 1

xP (x) = x x
x2(x+1)3(x−1)

x2Q(x) = −x2 2
x2(x+1)3(x−1)

x = 0 (x−1)P (x) = (x−1) x
x2(x+1)3(x−1)

(x − 1)2Q(x) = −(x − 1)2 2
x2(x+1)3(x−1)

x = 1

(1 − x2)y′′ − 2xy′ + λ(λ + 1)y = 0.

x2y′′ + xy′ + (x2 − λ2)y = 0.

xy′′ + (1 − x)y′ + λy = 0.

x = x0

a2(x)y′′ + a1(x)y′ + a0(x)y = 0,

y(x) = (x − x0)r
∞∑

k=0

ak(x − x0)k,

r

0 < x − x0 < R
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x2y′′ + x(x − 1/2)y′ + y/2 = 0, x ∈ (0,∞).

x = 0

y(x) =
∞∑

k=0

akx
k+r.

ak, k = 0, 1, 2, · · ·
a0 �= 0 r

y(x)

x2
∞∑

k=0

(k + r)(k + r − 1)akx
k+r−2

+x(x − 1/2)
∞∑

k=0

(k + r)akx
k+r−1+

1
2

∞∑
k=0

akx
k+r = 0,

∞∑
k=0

(k + r)(k + r − 1)akx
k+r +

∞∑
k=0

(k + r)akx
k+r+1

−1
2

∞∑
k=0

(k + r)akx
k+r +

1
2

∞∑
k=0

akx
k+r = 0.

n+r = k+r n+r = k+r+1

∞∑
n=0

(n + r)(n + r − 1)anxn+r +
∞∑

n=1

(k + r)an−1x
n+r

−1
2

∞∑
n=0

(n + r)anxn+r +
1
2

∞∑
n=0

anxn+r = 0.
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[r(r − 1) − 1
2r + 1

2 ]a0x
r +

∞∑
n=1

[
(n + r)(n + r − 1) − 1

2
(n + r) +

1
2

]
anxn+r

+
∞∑

n=1

(n + r − 1)an−1x
n+r = 0.

a0 �= 0

x

r(r − 1) − 1
2r + 1

2 = 0

[
(n + r)(n + r − 1) − 1

2(n + r) + 1
2

]
an + (n + r − 1)an−1 = 0, n ≥ 1.

x r1 = 1/2, r2 = 1

r1 = 1/2

an = − 1
n

an−1.

a1 = −a0, a2 =
a0

2!
, a3 = −a0

3!
, · · · , an = (−1)n a0

n!
.

r2 = 1

an = − 2
2n + 1

an−1.

a1 = −2
3a0, a2 = 22

5·3a0, a3 = − 23

7·5·3a0, · · · ,

an = (−1)n 2n

(2n+1)(2n−1)···5·3a0.
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10a0 = 1

y1(x) = x1/2
∞∑

n=0

(−1)n xn

n!
,

y2(x) = x

∞∑
n=0

(−1)n (2x)n

(2n + 1)(2n − 1) · · · 5 · 3 .

y1(x) y2(x)

ρ1 =

∣∣∣∣∣
xn+3/2

(n + 1)!

∣∣∣∣∣
∣∣∣∣ n!
xn+1/2

∣∣∣∣ =
|x|

n + 1
,

ρ2 =
∣∣∣∣ 2n+1xn+2

(2n + 3) · · · 5 · 3
∣∣∣∣
∣∣∣∣(2n + 1) · · · 5 · 3

2nxn+1

∣∣∣∣ =
2|x|

2n + 3
.

lim
n→∞ ρ1 = lim

n→∞ ρ2 = 0,

x ∈ (0,∞)

y1(x) y2(x)

y(x) = c1y1(x) + c2y2(x)

x ∈ (0,∞) c1 c2
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x

r1, r2 r1 > r2

r1 − r2 �∈ Z

r1 − r2 ∈ Z

r1 − r2 ∈ Z r1 �= r2

r1 − r2 ∈ Z r1 = r2

y =
∞∑

n=0

anxn+r

r1 = r2 y1

y2

y2(x) = y1(x)
∫

e−
∫

P (x)dx

y2
1(x)

dx.
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y1(x) =

∞∑
n=0

anxn+r1 , a0 �= 0

y2(x) = Cy1(x)lnx +
∞∑

n=0

bnxn+r2 , b0 �= 0,

C

r1 = r2

y1(x) =
∞∑

n=0

anxn+r1 , a0 �= 0

y2(x) = y1(x)lnx +
∞∑

n=1

bnxn+r1 .

Conclusão
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RESUMO

PRÓXIMA AULA

ATIVIDADES

x3y′′ + 4x2y′ + 3y = 0

(x2 − 9)2y′′ + (x + 3)y′ + 2y = 0

(x3 + 4x)y′′ − 2xy′ + 6y = 0

x = 0

(x2 + 2)y′′ + 3xy′ − y = 0
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y′′ − 2xy′ + 8y = 0, y(0) = 3, y′(0) = 0.

y′′ − xy = 1

y′′ − 2xy + 2ny = 0

n ≥ 0

n = 1 n = 2

x0 = 0 (0,∞)

2xy′′ − y′ + 2y = 0

4xy′′ + 1
2y′ + y = 0

x0 = 0 (0,∞)

xy′′ + 2y′ − xy = 0

LEITURA COMPLEMENTAR
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