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Introdução

A transformada de uma derivada

L{dy/dx}

f ′ t ≥ 0

L{f ′(t)} =
∫ ∞
0 e−stf ′(t)dt = e−stf(t)|∞0 + s

∫ ∞
0 e−stf(t)dt

= −f(0) + sL{f(t)} = sF (s) − f(0),

F (s) = L{f(t)} e−stf(t) →
0 t → ∞

L{f ′′(t)} = s2F (s) − sf(0) − f ′(0)

L{f ′′′(t)} = s3F (s) − s2f(0) − sf ′(0) − f ′′(0).

f, f ′, · · · , f (n−1) [0,∞)

f (n)(t)
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L{f (n)(t)} = snF (s) − sn−1f(0) − sn−2f ′(0) − · · · − f (n−1)(0),

F (s) = L{f(t)}

Resolvendo equações diferenciais utilizando

a transformada de Laplace

y′′ + 4y = 3, y(0) = 0, y′(0) = 0.

L{y′′} + 4L{y} = L{3}.

s2F (s) − sy(0) − y′(0) + 4F (s) =
3
s
,

F (s) = L{y(t)}

F (s) =
3

s(s2 + 4)
.

3
s(s2 + 4)

=
3
4

1
s
− 3

4
s

s2 + 4
.
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F (s) = 3
4

1
s − 3

4
s

s2+4
F (s) = L{y(t)} ⇔ y(t) =

L−1{F (s)}

y(t) = L−1{3
4

1
s − 3

4
s

s2+4
}

= 3
4 − 3

4 cos 2t

an
d(n)y

dtn
+ · · · + a0y = g(t),

y(0) = y0, y
′(0) = y1, · · · , y(n−1) = yn−1.

anL{d(n)y

dtn
} + · · · + a0L{y} = L{g(t)}.

an[snF (s) − sn−1y(0) − · · · − y(n−1)(0)]

+an−1[sn−1F (s) − sn−2y(0) − · · · − y(n−2)] + · · · + a0F (s) = G(s),

F (s) = L{y(t)} G(s) = L{g(t)}
P (s)F (s) = Q(s)+G(s)

F (s) =
Q(s)
P (s)

+
G(s)
P (s)

,

P (s) = ansn + an−1s
n−1 + · · · + a0 Q(s)

s n − 1

y(t) = L−1{F (s)}.
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y′′ + 4y′ + 13y = 2t + 3e−2t cos 3t, y(0) = 0, y′(0) = −1.

s2F (s) + 1 + 4sF (s) + 13F (s) =
2
s2

+
3(s + 2)

(s + 2)2 + 9
,

F (s) = L{y(t)}

F (s) = − 1
s2 + 4s + 13

+
2

s2(s2 + 4s + 13)
+

3(s + 2)
(s2 + 4s + 13)2

.

1
s2 + 4s + 13

=
1

(s + 2)2 + 9
=

1
3

3
(s + 2)2 + 9

.

L−1{− 1
s2 + 4s + 13

} = −1
3
e−2tsen 3t.

2
s2(s2 + 4s + 13)

=
A

s
+

B

s2
+

Cs + D

s2 + 4s + 13
.

A = −8/169, B = 2/13, C =

8/169, D = 6/169

2
s2(s+4s+13)

= − 8
169

1
s + 2

13
1
s2 + 1

169
8s+6

s2+4s+13

= − 8
169

1
s + 2

13
1
s2 + 8

169
s+2

(s+2)2+9
− 10

3·169
3

(s+2)2+9
,

L−1{ 2
s2(s2 + 4s + 13)

} = − 8
169

+
2
13

t+
8

169
e−2t cos 3t− 10

507
e−2tsen 3t.
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3(s + 2)
(s2 + 4s + 13)2

= −3
2

d

ds

(
1

s2 + 4s + 13

)
= −1

2
d

ds

(
3

(s + 2)2 + 9

)
.

L−1{ 3(s + 2)
(s2 + 4s + 13)2

} =
1
2
te−2tsen 3t.

y(t) = −1
3e−2tsen 3t − 8

169 + 2
13 t+

8
169e−2t cos 3t − 10

507e−2tsen 3t + 1
2 te−2tsen 3t

= −179
507e−2tsen 3t + 8

169e−2t cos 3t + 1
2 te−2tsen 3t + 2

13 t − 8
169 .

O teorema da convolução e a transformada

de funções periódicas

f g

L{f(t)} = F (s), L{g(t)} = G(s).

L
{∫ t

0
f(t − ξ)g(ξ)dξ

}
= F (s)G(s).

L−1{F (s)G(s)} =
∫ t

0
f(t − ξ)g(ξ)dξ,

202



AULA

12
f g F G

F (s)G(s) f g

∫ t

0
f(t − ξ)g(ξ)dξ

f g f ∗ g

L−1
{

1
s(s2+1)

}

L−1
{

1
s(s2+1)

}
= L−1

{
1
s

1
(s2+1)

}

=
∫ t
0 1 · sen ξdξ = 1 − cos t.

f(t)

[0,∞) T

L{f(t)} =
1

1 − esT

∫ T

0
e−stf(t)dt.

y′′ + 4y = h(t), y(0) = 0, y′(0) = 0,
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h(t) =

⎧⎪⎪⎨
⎪⎪⎩

0, 0 < t ≤ 1

1, t > 1

F (s) =
e−s

s(s2 + 4)
,

F (s) = L{y(t)}. y(t) = L−1{ e−s

s(s2+4)
} = L−1{( 1

2s)(e
−s 2

s2+4
)}.

L−1{e−s 2
s2 + 4

} = sen 2(t − 1)U(t − 1)

L−1{ 1
2s

} = 1/2.

y(t) = L−1{( 1
2s)(e

−s 2
s2+4

)} =
∫ t
1

1
2sen (2ξ − 2)dξ

= 1
4 [1 − cos(2t − 2)].

Conclusão
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12RESUMO

PRÓXIMA AULA

ATIVIDADES

y′′ − 3y′ + 2y = 0, y(0) = 3, y′(0) = 4

y′′ + y = t, y(0) = −1, y′(0) = 3

y′′ − y′ − 6y = 3t2 + t − 1, y(0) = −1, y′(0) = 6

L
di

dt
+ Ri = E(t), i(0) = 0

R = 1 Ohm; L = 1 henry E(t)
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T = 2a

E(t) =

⎧⎪⎪⎨
⎪⎪⎩

1, 0 < t ≤ a

−1, a < t ≤ 2a

E(t)

s
(s2+1)2

3s2

(s2+1)2

y′′ + 9y = cos 3t, y(0) = 2, y′(0) = 5.

LEITURA COMPLEMENTAR
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