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Introdução

Resolvendo um sistema de equações li-

neares de primeira ordem não homogê-

neo

Variação de parâmetros

Y1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

y11

y21

yn1

⎞
⎟⎟⎟⎟⎟⎟⎠

, · · · , Yn =

⎛
⎜⎜⎜⎜⎜⎜⎝

y1n

y2n

ynn

⎞
⎟⎟⎟⎟⎟⎟⎠

I

Yc(x) = c1Y1(x) + · · · cnYn(x)

Yc(x) =

⎛
⎜⎜⎜⎜⎜⎜⎝

c1y11 + c2y12 + · · · + cny1n

c1y21 + c2y22 + · · · + cny2n

c1yn1 + c2yn2 + · · · + cnynn

⎞
⎟⎟⎟⎟⎟⎟⎠

nx1

⇔ Yc(x) = Φ(x)C,

C =

⎛
⎜⎜⎜⎝

c1

cn

⎞
⎟⎟⎟⎠ Φ(x)
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Φ(x) =

⎛
⎜⎜⎜⎜⎜⎜⎝

y11 y12 · · · y1n

y21 y22 · · · y2n

yn1 yn2 · · · ynn

⎞
⎟⎟⎟⎟⎟⎟⎠

. Φ(x)

Φ(x)

• Φ(x)

detΦ(x) �= 0 Φ Φ−1

detΦ(x)

W (Y1, · · · , Yn) {Y1, · · · , Yn}
detΦ(x) �= 0

• Φ(x) Y ′ = A(x)Y

Φ′(x) = A(x)Φ(x).

Φ(x) Y ′ = A(x)Y

A(x)

A
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Y ′ = AY + B(x)

Φ(x)

U(x) =

⎛
⎜⎜⎜⎝

u1(x)

un(x)

⎞
⎟⎟⎟⎠

Yp(x) = Φ(x)U(x)

x

Φ(x)U ′(x) + Φ′(x)U(x) = AΦ(x)U(x) + B(x).

Φ′(x) = AΦ(x)

Φ(x)U ′(x) = B(x)

Φ−1

Φ−1(x)Φ(x)U ′(x) = Φ−1(x)B(x) ⇔ U ′(x) = Φ−1(x)B(x).

U(x) =
∫

Φ−1(x)B(x)dx

Yp(x) =

Φ(x)U(x)

Yp(x) = Φ(x)
∫

Φ−1(x)B(x)dx.

Y (x) = Yc(x) + Yp(x) = Φ(x)C + Φ(x)
∫

Φ−1(x)B(x)dx.
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Y ′ = AY + B(x), Y (1) = Y0,

A =

⎛
⎝ 2 −1

3 −2

⎞
⎠ , B(x) =

⎛
⎝ 0

4x

⎞
⎠ Y0 =

⎛
⎝ 4

0

⎞
⎠ .

Φ(x)

det(A − λId) = 0 λ1 = 1 λ2 = −1

λ1 = 1 K1 =

⎛
⎝ κ1

κ2

⎞
⎠

(A − λ1Id)K1 = 0,

κ1 − κ2 = 0, 3κ1 − 3κ2 = 0.

κ1 = κ1 κ2 = κ1 κ1 = 1

K1 =

⎛
⎝ 1

1

⎞
⎠ .

λ2 = −1 λ2 K2 =

⎛
⎝ κ1

κ2

⎞
⎠

(A − λ2Id)K2 = 0,

3κ1 − κ2 = 0 3κ1 − κ2 = 0

κ1 = κ1

κ2 = 3κ1 κ1 = 5 K2 =

⎛
⎝ 5

15

⎞
⎠
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Yc(x) = c1

⎛
⎝ 1

1

⎞
⎠ ex + c2

⎛
⎝ 5

15

⎞
⎠ e−x.

Φ(x)

{Y1, Y2}

Y1 = K1e
x =

⎛
⎝ ex

ex

⎞
⎠ Y2 = K2e

−x =

⎛
⎝ 3e−x

15e−x

⎞
⎠

Φ(x) =

⎛
⎝ ex 3e−x

ex 15e−x

⎞
⎠ .

Φ−1(x) =
1
12

⎛
⎝ 15e−x −3e−x

−ex ex

⎞
⎠ .

Yp(x) =

⎛
⎝ ex 3e−x

ex 15e−x

⎞
⎠ ∫

⎛
⎝ −xe−x

xex/3

⎞
⎠ dx

=

⎛
⎝ ex 3e−x

ex 15e−x

⎞
⎠

⎛
⎝

∫ −xe−xdx∫
xex/3dx

⎞
⎠ ,

Yp(x) =

⎛
⎝ (x + 1)(1 − e−2x)

(x + 1)(1 − 5e−2x)

⎞
⎠ .
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Y (x) = c1

⎛
⎝ 1

1

⎞
⎠ ex + c2

⎛
⎝ 5

15

⎞
⎠ e−x +

⎛
⎝ (x + 1)(1 − e−2x)

(x + 1)(1 − 5e−2x)

⎞
⎠ .

Conclusão
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RESUMO

PRÓXIMA AULA

ATIVIDADES

Y ′ = AY + B(x),

A =

⎛
⎝ 2 −1

4 2

⎞
⎠ B(x) =

⎛
⎝ sen 2x

2 cos 2x

⎞
⎠ e2x

A =

⎛
⎝ 0 2

−1 3

⎞
⎠ B(x) =

⎛
⎝ 2

e−3x

⎞
⎠

A =

⎛
⎝ 3 2

−2 −1

⎞
⎠ B(x) =

⎛
⎝ 1

1

⎞
⎠

A =

⎛
⎝ 2 −2

8 −6

⎞
⎠ B(x) =

⎛
⎝ 1

3

⎞
⎠ e2x

x
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Y ′ =

⎛
⎝ 1 −1

1 −1

⎞
⎠ Y +

⎛
⎝ 1/x

1/x

⎞
⎠ , Y (1) =

⎛
⎝ 2

−1

⎞
⎠

LEITURA COMPLEMENTAR
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