
{1, x, x2, x3, . . .}

A0 + A1x + A2x
2 + A3x

3 + . . . = 0

A0 = A1 = A2 = A3 = . . . = 0 .

x

x xk i

Akx
k + Ak+1x

k+1 + Ak+2x
k+2 + . . . = 0

x
Ak Ak+1

xk+i i = 0, 1, 2, . . .
xk xk+1 xk+2

xk+2

Ak

Ak+1 Ak+2

x
xk

xk

xk

x
i = 0

Ak = a0(k + 0)(k + 0 − 1) + a0(k + 0) − n2a0 = 0 .

Ak xk+2

20



1Ak

Ak = a0(k
2 − n2) = 0

xk+1

Ak+1 = a1(k + 1)(k + 1 − 1) + a1(k + 1) − n2a1 = 0

Ak+1 = a1[(k + 1)2 − n2] = 0 .

Ak+2

k = +n k = −n a0 �= 0
k = +n

k = −n k = n−1

a1 = 0 a0 �= 0
k = +n a1 = 0 a0 �= 0 k = −n a1 = 0

k = ±n = ±1/2
n

Ak+j j ≥ 2
xk+2

k + i + 2 = k + j i + 2 = j i = j − 2

∞∑
i=0

ai x
k+i+2 =

∞∑
j=2

aj−2x
k+j .

i = j

∞∑
j=2

(k + j − 1)(k + j) aj xk+j +
∞∑

j=2

(k + j) aj xk+j +

+

∞∑
j=2

aj−2 xk+j − n2

∞∑
j=2

aj xk+j = 0 .

21



j
2

i = 0 i = 1 Ak Ak+1

∞∑
j=2

{
(k + j − 1)(k + j) aj + (k + j) aj + aj−2 − n2aj

}
xk+j = 0

{xk+2, xk+3, xk+4, . . .}

Ak+j = (k + j − 1)(k + j) aj + (k + j) aj + aj−2 − n2aj = 0 .

aj =
−1

(k + j)2 − n2
aj−2 (j ≥ 2)

a1 = 0
j = 3

a3 =
−1

(k + 3)2 − n2
a3−2︸︷︷︸
a1=0

= 0

a3 a1

a5 a3 a3 = 0 a5 = 0

a1 = a3 = a5 = . . . = 0 .

k = ±n

a0 �= 0 k = +n a1 = 0
j = 2

a2 =
−1

(n + 2)2 − n2
a0 =

−1

2 (2 + 2n)
a0 ;

22



1j = 4

a4 =
−1

(n + 4)2 − n2
a2 =

−1

4 (4 + 2n)

−1

2 (2 + 2n)
a0

=
(−1)2

4 2 (4 + 2n) (2 + 2n)
a0 .

j = 6, 8, 10, . . .

a2j =
(−1)j

[2j (2j − 2) . . . 2] [(2j + 2n) . . . (2 + 2n)]
a0

a2j =
(−1)j (2n)!! a0

(2j)!! (2j + 2n)!!

j = 1, 2, . . .
6!! = 6.4.2 = 48

y(x) =

∞∑
j=0

a2j x2j+n

=
∞∑

j=0

(−1)j (2n)!! a0

(2j)!! (2j + 2n)!!
x2j+n

= Jn(x)

Jn(x)

a0 �= 0 k = −n a1 = 0

y(x) =

∞∑
j=0

a2j x2j−n

=
∞∑

j=0

(−1)j (−2n)!! a0

(2j)!! (2j − 2n)!!
x2j−n

= J−n(x)

23



ÿ +
1

x2
ẏ − a2

x2
y = 0 ,

x = 0

k = 0

aj+1 =
j(j − 1) − a2

j + 1
aj .

∣∣∣∣aj+1

aj

∣∣∣∣ −→ 1

ÿ − 6

x2
y = 0 .

y(x) =

∞∑
i=0

ai x
k+i ,

∞∑
i=0

(k + i − 1)(k + i) ai x
k+i−2 − 6

∞∑
i=0

ai x
k+i−2 = 0

x i = 0

[k(k − 1) − 6]a0 = 0
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1a0 �= 0 k = −2 k = 3
i > 0

[(k + 1)k − 6]a1 = 0 =⇒ a1 = 0 ,

[(k + 2)(k + 1) − 6]a2 = 0 =⇒ a2 = 0 ,

y(x) =
∞∑
i=0

ai x
k+i =︸︷︷︸

a1=a2=...=0

a0x
k =

{
a0x

−2

a0x
3

(ÿ)2 − 2xy = 0

x2ÿ + xẏ + (x2 − n2)y = 0

x2ẏ − 2x(y − 1) = 0

5ẏ − 2y = 4 .

y(0) = 1

ÿ − 2ẏ + y = 2

ÿ − ẏ − 6y = 18

ÿ − 2ẏ + 2y = 0

ÿ−6ẏ+9y = 0
y1(x) = e3x y1

xẏ + 5y = 8x3

25



ÿ − 2ẏ + 3y = 2x2 + 1

ÿ − 12ẏ − 3y = sen x

2ẏ − ÿ + 4y = 2e3x

ÿ + ω2y = 0

k = 1 a1 = 0

07

(1 − x2) ÿ − 2x ẏ + �(� + 1) y = 0 .

yG = −2 + Ae+2x/5

y = −2 + 3e+2x/5

yG = 2 + c1 ex + c2 x ex

yG = −3 + c1 e−2x + c2 e+3x

yG = yGH = ex[c1 eix + c2 e−ix]
y = xe3x

yP = Ax2 + Bx + C

1 x x2 A, B, C
y = A sen x + B cos x y = A e3x
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1k a1

07 03
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2

29



30



2

m
x

F (t)

m a = F (t)

m
d2x

dt2
− F (t) = 0 .

x(t)

x(t)

v(t) = ẋ(t) =
dx

dt
.

L

Lϕ(x) = a(x)
d2ϕ

dx2
+ b(x)

dϕ

dx
+ c(x)ϕ ,

a(x) b(x) c(x)
x1 ≤ x ≤ x2 c db/dx

d2a/dx2 a(x)
(x1, x2) ϕ(x)

H

H =

{
ϕ(x) tal que

∫ ∞

−∞
|ϕ(x)|2 dx = M < ∞

}
.

31



L
L†

(Lϕ, ψ) = (ϕ,L†ψ), ∀ϕ, ψ ∈ H .

(., .)

(Lϕ, ψ) =

(
a(x)

d2ϕ

dx2
+ b(x)

dϕ

dx
+ c(x)ϕ , ψ

)

=

∫ ∞

−∞

[
a(x)

d2ϕ

dx2
+ b(x)

dϕ

dx
+ c(x)ϕ

]
ψ(x) dx .

ϕ, ψ

(Lϕ, ψ) =

∫ ∞

−∞
a
d2ϕ

dx2
ψ dx +

∫ ∞

−∞
b
dϕ

dx
ψ dx +

∫ ∞

−∞
cϕψ dx

=

(
a
d2ϕ

dx2
, ψ

)
+

(
b
dϕ

dx
, ψ

)
+ (cϕ, ψ) ,

(cϕ, ψ) =

∫ ∞

−∞
cϕψ dx =

∫ ∞

−∞
ϕcψ dx = (ϕ, cψ) ;

(
b
dϕ

dx
, ψ

)
=

∫ ∞

−∞
b
dϕ

dx
ψ dx =

∫ ∞

−∞

[ ︷︸︸︷
d

dx
ϕ
]

[bψ] dx

d/dx
ϕ

∫ ∞

−∞

[
dϕ

dx

]
[bψ] dx = [ϕbψ]∞−∞ −

∫ ∞

−∞
ϕ

d

dx
[bψ] .

ϕ, ψ
±∞

(
b
dϕ

dx
, ψ

)
=

∫ ∞

−∞
ϕ

[
− d

dx
(bψ)

]
dx =

(
ϕ,− d

dx
[bψ]

)
.
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2
(

a
d2ϕ

dx2
, ψ

)
=

∫ ∞

−∞
a
d2ϕ

dx2
ψ dx

=

∫ ∞

−∞

[
d2ϕ

dx2

]
[aψ] dx

=
[ dϕ

dx
aψ︸ ︷︷ ︸

0

]∞
−∞

−
∫ ∞

−∞

dϕ

dx

d

dx
[aψ] dx

=
[
ϕ

d

dx
(aψ)︸ ︷︷ ︸
0

]∞
−∞

+

∫ ∞

−∞
ϕ

d2

dx2
(aψ) dx

=

(
ϕ,

d2

dx2
[aψ]

)
.

(Lϕ, ψ) =

(
ϕ,

{
d2

dx2
[aψ] − d

dx
[bψ] + cψ

})

=
(
ϕ,L†ψ

)
L

L†ψ =
d2

dx2
(aψ) − d

dx
(bψ) + cψ

= a
d2ψ

dx2
+

(
2
da

dx
− b

)
dψ

dx
+

(
d2a

dx2
− db

dx
+ c

)
.

Lψ = a
d2ψ

dx2
+ b

dψ

dx
+ cψ ,

Lψ = L† ψ

ȧ =
da

dx
= b .

33



L

Lψ(x) + λ ω(x) ψ(x) = 0 .

λ
ψλ(x)

ω(x)
1

Lψ + λωψ = 0

Lψ = a
d2ψ

dx2
+ b

dψ

dx
+ cψ ,

b = da/dx L
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2
a(x) b(x) c(x) λ ω(x)

1 0 0 ω2 1

1 − x2 −2x 0 �(� + 1) 1

1 − x2 −2x − m2

1−x2 �(� + 1) 1

x 1 −n2

x
�2 x

e−x2 −2xe−x2
0 2α e−x2

xe−x (1 − x)e−x 0 α e−x

xk+1e−x (k + 1 − x)xke−x 0 α − k xke−x

b = da/dx

Lψ + λωψ = 0

a
d2

dx2
ψ + b

d

dx
ψ + cψ + λωψ = 0

x.
d2

dx2
ψ + 1.

d

dx
ψ − n2

x
ψ + �2xψ = 0

x2 d2

dx2
ψ + x

d

dx
ψ − n2ψ + �2x2ψ = 0

x2 ÿ + x ẏ + (x2 − n2) y = 0
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� = 1

(Lϕ, ψ) = (ϕ,L†ψ)

ϕ ∈ D(L) ⊂ H
L L†

H
L L†

L = L†

L H

d2x

dt2
+ ω2x = 0 .

ω2

ω = n =

sen t, cos t, sen 2t, cos 2t, . . . , sen nt, cos nt, . . .

L = d2/dt2

xG(t) =

∞∑
n=0

(an cos nt + bn sen nt)
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2
L = d2/dt2

ω
L

ψi ←→ λi

ψj ←→ λj

}
λi �= λj ⇒

∫ +∞

−∞
ψi(x) ψj(x) dx = δi,j .

ω

∫ ∞

0

Ln(x) Lm(x) e−x︸︷︷︸
ω(x)

dx = δm,n .

ω
{L1(x), L2(x), . . .}

R3

	v1 = 	i

	v2 = 	i +	j

	v3 = 	i +	j + 	k .
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{	v1, 	v2, 	v3}

	v.	w = (vx
	i + vy

	j + vz
	k).(wx

	i + wy
	j + wz

	k)

= vxwx + vywy + vzwz

= |	v| |	w| cos θ .

	v1

R3

{	w1, 	w2, 	w3} {	v1, 	v2, 	v3}
	w

	w1 = 	v1 =	i .

	v2

	w1 =	i

	w2 = 	v2 −
(

	v2.
	w1

|	w1|
)

	w1

|	w1|
= 	v2 −

(
	v2.	i

)
	i

= (	i +	j) −	i

= 	j

	w1 |	w1| =
√

	w1. 	w1 =
√

	i.	i = 1

	w3 	v3

	w1 =	i 	w2 = 	j

	w3 = 	v3 −
(

	v3.
	w1

|	w1|
)

	w1

|	w1| −
(

	v3.
	w2

|	w2|
)

	w2

|	w2|
= (	i +	j + 	k) −	i −	j

= 	k .
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2
	w1 = 	i ,

	w2 = 	j ,

	w3 = 	k .

	ui =
	wi

|	wi| , i = 1, 2, 3

{	u1, 	u2, 	u3}

{1, x, x2, x3, . . .}

(f, g) =

∫ +1

−1

f(x) g(x) dx ,

v1 = 1 ; v2 = x ; v3 = x2 ;

w1 = v1 = 1 ;

w2 = v2 − (v2,
w1

|w1|)
w1

|w1|
= x − (x, 1)

1√
(1, 1)

1√
(1, 1)

w3 = v3 − (v3,
w1

|w1|)
w1

|w1| − (v3,
w2

|w2|)
w2

|w2|
= x2 − (x2, 1)

1√
(1, 1)

1√
(1, 1)

− (x2, x)
1√

(x, x)

x√
(x, x)
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(1, 1) =

∫ +1

−1

1 dx = 2 ;

(1, x) = (x, 1) =

∫ +1

−1

x dx = 0 ;

(1, x2) = (x2, 1) =

∫ +1

−1

x2 dx = 2/3 ;

(x, x) =

∫ +1

−1

x2 dx = 2/3 ;

(x, x2) = (x2, x) =

∫ +1

−1

x3 dx = 0 .

w2 = x ,

w3 = x2 − 2

3
.
1

2

= x2 − 1

3
.

w1 = P0(x) ; w2 = P1(x) ; w3 =
2

3
P2(x) .

1

{1, x, x2, x3, . . .}

(f, g) =

∫ +1

−1

f(x) g(x) e−x dx ,

40



2
w1 = 1 w2 = x − 1 w3 = x2 − 4x + 2
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