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6
∇2Ψ = 0 ,

Ψ(ρ, ϕ, z) = R(ρ) Φ(ϕ) Z(z) ,

∇2 =
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
+

∂2

∂z2
.

ρ, ϕ, z

ΦZ

(
d2

dρ2
+

1

ρ

d

dρ

)
R + RZ

1

ρ2

d2

dϕ2
Φ + RΦ

d2

dz2
Z = 0

RΦZ

1

R

(
d2

dρ2
+

1

ρ

d

dρ

)
R +

1

Φ

1

ρ2

d2

dϕ2
Φ +

1

Z

d2

dz2
Z = 0 .
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1

R

(
d2

dρ2
+

1

ρ

d

dρ

)
R +

1

Φ

1

ρ2

d2

dϕ2
Φ = − 1

Z

d2

dz2
Z = ±μ2 .

Z̈ ± μ2Z = 0 ,

1

R

(
d2

dρ2
+

1

ρ

d

dρ

)
R ∓ μ2 = − 1

Φ

1

ρ2

d2

dϕ2
Φ .

ρ2

+ν2

ρ2

R

(
d2

dρ2
+

1

ρ

d

dρ

)
R ∓ μ2ρ2 = − 1

Φ

d2

dϕ2
Φ = ν2

Φ̈ + ν2Φ = 0 ,

ρ2R̈ + ρṘ + (∓μ2ρ2 − ν2)R = 0 .

Φ

Φ(ϕ) = A cos νϕ + B sen νϕ .

−μ2 Z(z)
Z(z)

Z(z) = Ce+μz + De−μz ,

ρ x = μρ
R(ρ) y(x)

x2ÿ + xẏ + (x2 − ν2)y = 0 ,

ν

+μ2 Z(z)

Z(z) = F cos μz + G sen μz ,

ν

x2ÿ + xẏ − (x2 + ν2)y = 0 .
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6Jν

ν ν

x2ÿ + xẏ + (x2 − ν2)y = 0 .

y =

∞∑
i=o

aix
k+i ;

a0

[
k(k − 1) + k − ν2

]
= 0 ,

a1

[
(k + 1)k + (k + 1) − ν2

]
= 0 ,

k = ν k = −ν a1 = 0
i ≥ 2

ai =
−1

(k + i)2 − ν2
ai−2 .

a1 = 0
i

k = ν a0 �= 0 a1 = 0

ai =
−1

(ν + i)2 − ν2
ai−2 .

a2 a4

a2 =
−1

(2 + ν)2 − n2
a0 =

−1

4 (ν + 1)
a0 .

Γ(ν + 1) = νΓ(ν) ,

Γ(ν + 2) = (ν + 1) Γ(ν + 1) ,
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(ν + 1) a2

a2 =
(−1) a0 Γ(ν + 1)

1 . 22 . Γ(ν + 2)
.

a4

a4 =
−1

(ν + 4)2 − ν2
a2 =

−1

8 (ν + 2)
a2 ,

Γ(ν + 3) = (ν + 2) Γ(ν + 2) ,

a4 =
(−1) Γ(ν + 2)

23 Γ(ν + 3)
a2 .

a2

a4 =
(−1) Γ(ν + 2)

23 Γ(ν + 3)

(−1) a0 Γ(ν + 1)

22 Γ(ν + 2)

=
(−1)2 a0 Γ(ν + 1)

1.2 . 24 . Γ(ν + 3)
.

a2j =
(−1)j a0 Γ(ν + 1)

j! 22j Γ(ν + j + 1)
.

a0

a0 =
(−1)0 a0 Γ(ν + 1)

0! 20 Γ(ν + 1)
.

y(x) =

∞∑
i=0

ai x
k+i

k = +ν
a2j

y(x) =

∞∑
j=0

(−1)j a0 Γ(ν + 1)

j! 22j Γ(ν + j + 1)
xν+2j .
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6a0

a0 =
1

2ν Γ(ν + 1)

y(x) =

∞∑
j=0

(−1)j (x/2)ν+2j

j! Γ(ν + j + 1)
= Jν(x)

ν Jν(x) ν
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J n
(x

)

X

J0

J1

J2 J5

J0(x) J1(x) J2(x) J5(x)

Jn

n Jn(x)

J0
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x
J1, J2, . . .

Jn(x)
x

k = −ν a0 �= 0 a1 = 0

J−ν(x) =
∞∑

j=0

(−1)j(x/2)−ν+2j

j! Γ(−ν + j + 1)
.

J−ν(x)
Jν(x) ν = m

J−m(x) = (−1)mJm(x) .

ν = 1/2

J1/2(x) =

√
2

πx
sen x .

g1(x, t) = e
x
2 (t− 1

t )

e
x
2 (t− 1

t ) =

+∞∑
m=−∞

Jm(x) tm .

m
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6

Jm

∂

∂x
e

x
2 (t− 1

t ) =
+∞∑

m=−∞

∂

∂x
Jm(x) tm .

1

2

(
t − 1

t

)
e

x
2 (t− 1

t ) =
+∞∑

m=−∞
J ′

m(x) tm

J

1

2

(
t − 1

t

) +∞∑
m=−∞

Jm(x) tm =

+∞∑
m=−∞

J ′
m(x) tm ;

+∞∑
m=−∞

Jm(x) tm+1 −
+∞∑

m=−∞
Jm(x) tm−1 = 2

+∞∑
m=−∞

J ′
m(x) tm .

m+1 = n m = n − 1
m − 1 = n m = n + 1

+∞∑
n=−∞

Jn−1(x) tn −
+∞∑

n=−∞
Jn+1(x) tn = 2

+∞∑
n=−∞

J ′
n(x) tn ,

+∞∑
n=−∞

{Jn−1(x) − Jn+1(x) − 2 J ′
n(x)} tn = 0

t

Jn−1(x) − Jn+1(x) = 2J ′
n(x) .
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Jm−1(x) + Jm+1(x) =
2m

x
Jm(x) ;

Jm−1(x) − m

x
Jm(x) = J ′

m(x) ;

Jm+1(x) − m

x
Jm(x) = −J ′

m(x) ;

d

dx
[xmJm(x)] = xmJm−1(x) ;

d

dx

[
x−mJm(x)

]
= −x−mJm+1(x) .

ν m

∫ +1

−1

Pn(x) Pm(x) dx =
2

2n + 1
δn,m

Pn(x) Pm(x)
n �= m

Jν(x)

x2y′′ + xy′ + (x2 − ν2)y = 0 ,

x (xy′)′ + (x2 − ν2)y = 0 .

x → bx

x (xy′)′ + (b2x2 − ν2)y = 0 .

y = Jν(bx)
x → cx

x (xw′)′ + (c2x2 − ν2)w = 0
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6w = Jν(cx)

d

dx
[wxy′ − yxw′] + (b2 − c2)xyw = 0 .

0 1

[wxy′ − yxw′]10 + (b2 − c2)

∫ 1

0

xyw dx = 0 ;

x
b �= c

y(1) = Jν(b × 1) = Jν(b) = 0

w(1) = Jν(c × 1) = Jν(c) = 0

b c Jν

∫ 1

0

xyw dx = 0

∫ 1

0

Jν(bx)Jν(cx) x dx = 0 ,

Jν(bx)
Jν(cx)

(0, 1) x
b c Jν

m �= n
∫ a

0

Jν(μνm
x)Jν(μνn

x) x dx = 0 ,

μ
νm

μ
νn

Jν(μνm
a) = Jν(μνn

a) = 0 .

m = n
Jν J ′

ν∫ a

0

[Jν(μνm
x)]2 x dx =

a2

2
[J ′

ν(μνm
a)]

2
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∫ a

0

Jν(μνm
x)Jν(μνn

x) x dx =
a2

2
[J ′

ν(μνm
a)]

2
δm,n .

f(r) (0, a)

f(r) =
∞∑

m=0

aν,m Jν

(
μ

νm

r

a

)
,

μ
νm

Jν

aν,m =
2

a2[J ′
ν(μνm

)]2

∫ a

0

Jν

(
μ

νm

r

a

)
f(r) r dr .

x2ÿ + xẏ + (x2 − ν2)y = 0 ,

y(x) = z/
√

x

z̈ +

[
1 − ν2 − 1/4

x2

]
z = 0 .

x � ν

z̈ + z = 0 ,

z = A cos x + B sen x ,

y 	 A
cos x√

x
+ B

sen x√
x

.

Jν(x) ∼
√

2

πx
cos

(
x − 2ν + 1

4
π

)
.
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6Nν

Jν J−ν

Jν

ν

Nν =
Jν(x) cos νπ − J−ν(x)

sen νπ
.

Yν

Y�,m

Jν J−ν

Nν J−ν

x = 0 Nν

ν = m

Nn = lim
ν→n

Nν

=

{
(∂/∂ν) [cos νπ Jν(x) − J−ν(x)]

(∂/∂ν) sen νπ

}
ν=n

=
−π sen nπJn(x) + [cos nπ ∂Jν(x)/dν − ∂J−ν(x)/dν]ν=n

π cos nπ

=
1

π

[
∂Jν(x)

dν
− (−1)n ∂J−ν(x)

dν

]
ν=n

.

Jν(x) Nν(x)

y = A Jν(x) + B Nν(x) .

x = 0
Ni(x)
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N
i(x

)

X

N0 N1 N2

N5

N0(x) N1(x) N2(x) N5(x)

N0(x)

N0(x) =
2

π
J0(x) ln

(x

2

)
− 2

π

∞∑
m=0

(−1)m

(m!)2
ψ(m + 1)

(x

2

)2

m

ψ(z) =
Γ′(z)

Γ(z)

Nn(x) n > 0

x = 0 (−∞)

ν = 1/2

N1/2(x) = −
√

2

πx
cos x .
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6Nν

Nν(x) ∼
√

2

πx
sen

(
x − 2ν + 1

4
π

)
.

x2ÿ + xẏ − (x2 + ν2)y = 0 ,

Iν(x) =
∞∑
i=0

1

i! Γ(i + ν + 1)

(x

2

)2i+ν

.

Iν

ν
Jν(x)

Iν

Jν

Iν(x) = e−iνπ/2Jν(x) .

I−ν

I−ν(x) =

∞∑
i=0

1

i! Γ(i − ν + 1)

(x

2

)2i−ν

.

Jν

Iν(x) I−ν(x) ν
ν = m

I−m(x) = Im(x) .

Iν(x) I−ν(x)

Nν

Kν

Kν(x) =
π [I−ν(x) − Iν(x)]

2 sen νπ
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Kn =
(−1)n

2

[
∂I−ν(x)

dν
− ∂Iν(x)

dν

]
ν=n

.

Jν Nν Iν Kν

ν

y = A Iν(x) + B Kν(x) .

Jν(x) Nν(x)

H(1)
ν (x) = Jν(x) + iNν(x) ,

H(2)
ν (x) = Jν(x) − iNν(x) .

Jν Nν

Iν

Kν

∇2Ψ + λΨ = 0

Ψ(r, θ, ϕ) = R(r)Y (θ, ϕ)
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6
1

r2

∂

∂r

(
r2∂Ψ

∂r

)
+

1

r2 sen θ

∂

∂θ

(
sen θ

∂Ψ

∂θ

)
+

1

r2 sen2 θ

∂2Ψ

∂ϕ2
+ λΨ = 0 .

λ = 0

θ ϕ

(r2 R′)′ +
[
λr2 − l(l + 1)

]
R = 0 ,

r2R̈ + 2rṘ +
[
λr2 − l(l + 1)

]
R = 0 ;

r

y =
√

r R ,

x =
√

λr ,

x2 ÿ + x ẏ +
[
x2 − l(l + 1) − 1/4

]
y = 0

Jν Nν ν

ν2 = l(l + 1) + 1/4 = (l + 1/2)2 .

1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2
+ l(l + 1)Y = 0 ,

Y

Ψl,λ,m(r, θ, ϕ) =
1√
r

[
A Jl+1/2(

√
λr) + B Nl+1/2(

√
λr)

]
Y m

l (θ, φ) .
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jl(x) =

√
π

2x
Jl+1/2(x) ,

ηl(x) =

√
π

2x
Nl+1/2(x) = (−1)l+1

√
π

2x
J−l−1/2(x) ,

l ηl

Ψ

Ψl,λ,m(r, θ, ϕ) = [A jl(x) + B ηl(x)] Y m
l (θ, φ) .
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j n
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X

j0
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j0(x) j1(x) j5(x)

J1/2 N1/2

j0 =
sen x

x
,

η0 = −cos x

x
,

jl(x) = xl

(
−1

x

d

dx

)l
sen x

x
,
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6
ηl(x) = −xl

(
−1

x

d

dx

)l
cos x

x
,

Jν

∫ a

0

r2 jl(μl,m
r) jl(μl,n

r) dr =
πa2

4μ
l,m

[
J ′

l+1/2(μl,m
a)

]2
δm,n ,

μ
l,m

jl

Jm Nm

x
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u(r, θ, z)
r = 1
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0◦

xy 100◦

z

u

∇2u =
1

K

∂u

∂t
,

∂u/∂t

∇2u = 0 .

u = u(r, θ, z) = R(r)Φ(ϕ)Z(z)

1

R

1

r

d

dr

(
r
dR

dr

)
+

1

Φ

1

r2

d2

dϕ2
+

1

Z

d2Z

dz2
= 0 .

Φ̈ + m2Φ = 0 ⇒ Φ = C sen mϕ + D cos mϕ ,

ν = m = Φ
Φ(ϕ+2π) = Φ(ϕ)

Z

Z̈ − k2Z = 0 ⇒ Z = Aekz + Be−kz ,

z
A = 0

ϕ m = 0

r2R̈ + rṘ + k2r2R = 0 ,

x = kr

R = J0(kr)
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6N0(kr) r = 0

R(1) = 0 ⇒ J0(k.1) = J0(k) = 0

k = μ0n J0

n = 1, 2, . . . J0

u = u(r, θ, z) =

∞∑
n=1

c0n J0(μ0n
r) e−μ0n

z

u = 100◦ z = 0

100 = u(r, θ, 0) =
∞∑

n=1

c0n J0(μ0n
r) .

r J0(μ0N
r)

r (0, 1)

100

∫ 1

0

J0(μ0N
r) rdr =

∞∑
n=1

c0n

∫ 1

0

J0(μ0n
r) J0(μ0N

r) rdr .

∫ 1

0

J0(μ0n
r) J0(μ0N

r) rdr =
1

2
[J ′

0(μ0N
)]

2
δn,N

c0N =
2

[J ′
0μ0N

)]2
× 100

∫ 1

0

J0(μ0N
r) rdr .

x = μ
0N

r

I =

∫ 1

0

J0(μ0N
r) rdr =

1

μ2
0N

∫ μ
0N

0

J0(x) xdx

d

dx
[xmJm(x)] = xmJm−1(x) ⇒ d

dx
[xJ1(x)] = xJ0(x) ,
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I =
1

μ2
0N

∫ μ
0N

0

d

dx
[x J1(x)] dx

=
1

μ2
0N

[μ
0N

J1(μ0N
) − 0]

=
1

μ
0N

J1(μ0N
) ,

c0N =
200

[J1(μ0N
)]2

1

μ
0N

J1(μ0N
)

=
200

μ
0N

J1(μ0N
)
.

u = u(r, θ, z) =

∞∑
n=1

200

μ
0n

J1(μ0n
)
J0(μ0n

r) e−μ0n
z .

r = a
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6

P
r θ

z = z(r, θ, t) P
P

r, θ P

z

a

z(a, θ, t) = 0 ;

t = 0
ψ ϕ

z(r, θ, 0) = ψ(r, θ) ,

ż(r, θ, 0) = φ(r, θ) ,

ż = ∂z/∂t

v2 ∇2z =
∂2z

∂t2
.

v
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z(r, θ, t) = u(r, θ) T (t)

1

u
v2 ∇2u =

1

T

∂2T

∂t2
= −ω2 ,

T̈ + ω2T = 0 ⇒ T = A sen ωt + B cos ωt

T = sen (ωt + δ)
u

∇2u +
ω2

v2
u = 0

∇2u + k2 u = 0 ;

k = 2π/λ = ω/v

u(r, θ) = R(r)Θ(θ)

1

R

1

r

d

dr

(
r
dR

dr

)
+

1

r2

1

Θ

d2Θ

dθ2
+ k2 = 0 .

Θ̈ + m2 Θ = 0

Θ = C sen mθ + D cos mθ .

Θ

Θ(θ) = Θ(θ + 2π) ⇒ eimθ = eim2π eimθ ⇒ eim2π = 1

m

r2 R̈ + r Ṙ + (k2 r2 − m2)R = 0 .

x = kr

x2R̈ + xṘ + (x2 − m2)R = 0
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6
R(r) = F Jm(x) + G Nm(x) = F Jm(kr) + G Nm(kr) .

R r = 0 Nm G = 0
m

J−m

R(r) = Jm(x) (m ≥ 0) .

z(a, θ, t) = 0 ⇒ R(r = a) = 0 ⇒ Jm(ka) = 0

ka = μmna Jm

n = 1, 2, . . .

z(r, θ, t) =

∞∑
m=0

∞∑
n=1

Jm(μ
mn

r) [Cmn sen mθ + Dmn cos mθ] sen (ωt + δ)

z(r, θ, 0)=ϕ(r, θ)=
∞∑

m=0

∞∑
n=1

Jm(μ
mn

r) [Cmnsen mθ+Dmn cos mθ] sen (δ)

ż(r, θ, 0)=ψ(r, θ)=
∞∑

m=0

∞∑
n=1

Jm(μ
mn

r) [Cmnsen mθ+Dmn cos mθ] ω cos(δ).

δ, Cmn, Dmn

sen Nθ JN(μ
NP

r) cos Nθ JN(μ
NP

r)∫ π

0
dθ

∫ a

0
rdr

∫ a

0

JN(μ
Nm

x)JN (μ
Nn

x) x dx =
a2

2
[J ′

N(μ
Nn

a)]
2

δm,n ,

∫ π

0

cos mθ cos nθ dθ =
π

2
δm,n ,

∫ π

0

sen mθ sen nθ dθ =
π

2
δm,n ,
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C
NP

=
4

πa2sen δ[J ′
N (μ

NP
a)]2

∫ π

0

dθsen Nθ

∫ a

0

rdrJN(μ
NP

r)ϕ(r, θ)

D
NP

=
4

πa2sen δ[J ′
N (μ

NP
a)]2

∫ π

0

dθ cos Nθ

∫ a

0

rdrJN(μ
NP

r)ϕ(r, θ)

C
NP

=
4

πa2 cos δvμ
NP

[J ′
N(μ

NP
a)]2

∫ π

0

dθsen Nθ

∫ a

0

rdrJN(μ
NP

r)ψ(r, θ)

D
NP

=
4

πa2 cos δvμ
NP

[J ′
N(μ

NP
a)]2

∫ π

0

dθ cos Nθ

∫ a

0

rdrJN(μ
NP

r)ψ(r, θ)

C
NP

, D
NP

, δ

+ −

+ −

m = 0
n = 1

z = J0 (μ01r)D01 cos(0 . θ) sen (ωt + δ) ,

J0

C01 = 0

m = 1 n = 1

z = J1 (μ11r)D11 cos(1 . θ) sen (ωt + δ) ;

θ
θ = 0

− +
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6

θ = 90◦ r = a
J1 μ11a/a = μ11 J1

m = 0 n = 2

z = J0 (μ
02

r)D02 cos(0 . θ) sen (ωt + δ) ;

θ J0

r = μ01 .a/μ02

m = 1 n = 2
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Jm−1(x) + Jm+1(x) =
2m

x
Jm(x) .

eiz cos θ =
+∞∑

m=−∞
im Jm(z) eimθ .

u(r, t)
a

f(r) u r

t
u0 f(r) > u0

0 ≤ r ≤ a u

∇2u =
1

k

∂u

∂t

ϕ z

r = a

∇2f + λ2f = 0

f(a, ϕ) = 0
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6
t

t = ieiθ

v(r, t) = u(r, t) − u0 u v
u(a, t) = u0

v(a, t) = u0 − u0 = 0
v u = v + u0

121



122


