
7
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7

F = −kx ;

x

V

F = −dV

dx

V = −
∫ x

F dx =
1

2
k x2 .

H =
p2

2m
+

1

2
kx2 ,

x p
x̂ p̂

x̂

x̂ ψ(x) = xψ(x)
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p̂

p̂ ψ(x) = −i �
d

dx
ψ(x) .

� = h/2π h = 6, 63.10−34

H
Ĥ

Ĥ = − �
2

2m

d2

dx2
+

1

2
kx2

Ĥ
Ĥψ = Eψ [

− �
2

2m

d2

dx2
+

1

2
kx2

]
ψ(x) = Eψ(x) .

k ω

ω =

√
k

m
,

x −→ ρ = α x , α =

√
mω

�

ψ(x) = Φ(ρ) .

x → ρ

ρ[
− d2

dρ2
+ ρ2

]
Φλ(ρ) = λ Φλ(ρ)
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7
λ =

2E

�ω
.

− d2

dρ2
+ ρ2 =

(
ρ − d

dρ

)(
ρ +

d

dρ

)
+ 1

− d2

dρ2
+ ρ2 =

(
ρ +

d

dρ

)(
ρ − d

dρ

)
− 1 .

ψ

(
ρ − d

dρ

)(
ρ +

d

dρ

)
ψ + 1 ψ =(

ρ − d

dρ

)(
ρ ψ +

dψ

dρ

)
+ ψ =

ρ2 ψ + ρ
dψ

dρ
− d

dρ
(ρ ψ) − d2ψ

dρ2
+ ψ

d

dρ
(ρ ψ) = ψ + ρ

dψ

dρ
.

ρ2 ψ + ρ
dψ

dρ
− ψ − ρ

dψ

dρ
− d2ψ

dρ2
+ ψ =

(
ρ2 − d2

dρ2

)
ψ
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(
ρ − d

dρ

) (
ρ +

d

dρ

)
Φλ + Φλ = λ Φλ

(
ρ − d

dρ

) (
ρ +

d

dρ

)
Φλ = (λ − 1) Φλ .

λ′

(
ρ − d

dρ

) (
ρ +

d

dρ

)
Φλ′ = (λ′ − 1) Φλ′ .

(
ρ +

d

dρ

) (
ρ − d

dρ

)
Φλ = (λ + 1) Φλ .

(ρ − d/dρ)

(
ρ − d

dρ

) (
ρ +

d

dρ

) (
ρ − d

dρ

)
Φλ︸ ︷︷ ︸ = (λ + 1)

(
ρ − d

dρ

)
Φλ︸ ︷︷ ︸

(
ρ − d

dρ

)
Φλ = Nλ′ Φλ′

Nλ′ λ′

(λ+1)
(λ′ − 1)

λ + 1 = λ′ − 1
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7
λ′ = λ + 2 .

(
ρ − d

dρ

)
Φλ = Nλ+2 Φλ+2 .

(ρ − d/dρ) Φλ

λ′ = 1(
ρ − d

dρ

) (
ρ +

d

dρ

)
Φ1 = 0 .

(
ρ +

d

dρ

)
Φ1 = 0 .

Φ1(ρ) = A e−ρ2/2

A

A =
(mω

π�

)1/4

∫ +∞

−∞
e−αx2

dx =

√
π

α

α > 0
Φ1 x

ρ
Φ1 λ = 1

E1 =
� ω

2
;
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Φ1

Φ1

Φ3

Φ3 = C3

(
ρ − d

dρ

)
e−ρ2/2

Φ2n+1 = C2n+1

(
ρ − d

dρ

)n

e−ρ2/2

C2n+1∫ +∞

−∞
[Φ2n+1]

2 dx = 1 .

2n+1
n 1 0 3 1

Eλ =
λ�ω

2
=

(2n + 1) �ω

2
= En .

Φλ(ρ)

Φn(ρ) = Cn e−
ρ2

2 Hn(ρ)

Hn(ρ) = e
ρ2

2

(
ρ − d

dρ

)n

e−
ρ2

2

ρ =
√

mω/� x

ψn(x) = Cn e−
mω
2�

x2

Hn(

√
mω

�
x)

En =

(
n +

1

2

)
�ω .
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7

ÿ − 2x ẏ + 2n y = 0 .

y = Hn(x)

(Hn, Hm) =

∫ +∞

−∞
Hn(x) Hm(x) dx .

ϕn(x) = e−
x2

2 y(x)

ϕ̈ + (2n + 1 − x2) ϕ = 0

ϕ

(ϕn, ϕm) =

∫ +∞

−∞
e−x2

Hn(x) Hm(x) dx .
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e−x2

∫ +∞

−∞
e−x2

Hn(x) Hm(x) dx = 2n n!
√

π δn,m .

g(x, t) = e−t2+2tx =
∞∑

n=0

Hn(x)
tn

n!

Hn+1(x) = 2xHn(x) − 2n Hn−1(x) ,

H ′
n(x) = 2n Hn−1(x) .

Hn(−x) = (−1)n Hn(x) .

Hn(x) = (−1)n ex2 d

dxn
e−x2

.

(
ρ − d

dρ

)
,

(
ρ +

d

dρ

)
,

a† Φn = Φn+1

a Φn = Φn−1

n = 1 a Φn = 0

a† = β1

(
ρ − d

dρ

)
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7
a = β2

(
ρ +

d

dρ

)
.

a† a
†

a†

a a a†

H0(x) = 1 ; H1(x) = 2x ; H2(x) = 4x2 − 2

H3(x) = 8x3 − 12x ; H4(x) = 16x4 − 48x2 + 12 .

Cn

ψn

H2(x)

β1 β2

a† a

a† a

m n

∫ +∞

−∞
x e−x2

Hn(x) Hm(x) dx .

m = n ± 1
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Cn =
(mω

π�

)1/4

(2n n!)−1/2 .

A
(Aϕ, ψ) = (ϕ, A†ψ) ϕ, ψ

(ϕ, ψ) =
∫ +∞
−∞ ϕ∗ψ dx

xHn(x)
Hn+1 Hn−1
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