
8
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8

V (r) = − Ze2

4πε0r
;

Z

He+ Li++

H = − �
2

2m
∇2 +

(
− Ze2

4πε0r

)
.

H ψ = E ψ ,

− �
2

2m
∇2 ψ − Ze2

4πε0r
ψ = E ψ .

∇2

− �
2

2m

1

r2

∂

∂r

(
r2 ∂ψ

∂r

)
− �

2

2m

1

r2

[
1

sen θ

∂

∂θ

(
sen θ

∂ψ

∂θ

)
+

1

sen2 θ

∂2ψ

∂ϕ2

]

− Ze2

4πε0r
ψ = E ψ .

ψ(r) = ψ(r, θ, ϕ) = R(r) Y (θ, ϕ) .
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− �
2

2m

Y

r2

∂

∂r

(
r2∂R

∂r

)
− �

2

2m

R

r2

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]

− Ze2

4πε0r
RY = E RY .

RY
r

− �
2

2m

1

r2

d

dr

(
r2 dR

dr

)
+

�
2

2m

�(� + 1)

r2
R − Ze2

4πε0r
R = E R

θ ϕ

1

Y

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]
= −� (� + 1) ;

Y�,m(θ, ϕ) = (−1)m

√
2� + 1

4π

√
(� − m)!

(� + m)
P�,m(cos θ) eimϕ .

� (� + 1)
� = 0, 1, 2, . . .

r

ρ =

√
−8mE

�2
r = α r .

E < 0
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8
1

ρ2

d

dρ

(
ρ2 dy

dρ

)
+

[
β

ρ
− 1

4
− �(� + 1)

ρ2

]
y = 0 .

β

β =
2mZe2

4πε0α�2

y(ρ) = R(r)

y

ρ2 ÿ + 2ρ ẏ +

[
−1

4
+

β

ρ
− �(� + 1)

ρ2

]
y = 0 .

L(ρ) = ρ−� eρ/2 y(ρ) .

ρ L̈(ρ) + [(2� + 1) + 1 − ρ] L̇(ρ) + (β − � − 1) L(ρ) = 0

ρ L̈(ρ) + (k + 1 − ρ) L̇(ρ) + m L(ρ) = 0

m = β − � − 1 k = 2� + 1
Lm,k(ρ)

m

�
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� = 0, 1, 2, . . . m = β − � − 1 ≥ 0
β β = n n = 1, 2, . . .

β

β = n =
2mZe2

4πε0α�2
, α =

√
−8mE

�2

En = − mZ2e4

2 (4πε0)2 �2

1

n2
.

n

ψ = RY ,

R(r) = y(ρ) = ρ� e−ρ/2 L(ρ)

ρ = αr

R(r) = (αr)� e−
αr
2 L(αr) .

ψ(r, θ, ϕ) = An,�,m (αr)� e−
αr
2 Ln−�−1, 2�+1(αr) Y�,m(θ, ϕ)

An,�,m

An,�,m =

[(
2Z

na0

)3
(n − � − 1)!

2n (n + �)!

]1/2

.

a0 = �
2/me2
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8
Ln(x)

x ÿ + (1 − x) ẏ + n y = 0 .

φn(x) = e−
x
2 Ln(x)

[0,∞)
(0,∞]∫ ∞

0

e−x Lm(x) Ln(x) dx = δm,n .

φn(x)

x φ̈n + φ̇n +

(
n +

1

2
− x

4

)
φn = 0

Ln(x) =
ex

n!

dn

dxn
(xn e−x)

n = 1, 2, . . .

g(x, z) =
e−

xz
1−z

1 − z
=

∞∑
n=0

Ln(x) zn

|z| < 1

L0(x) = 1 ; L1(x) = 1 − x ;

L2(x) =
x2 − 4x + 2

2
; L3(x) =

−x3 + 9x2 − 18x + 6

6
; . . .
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x L̈n,k(x) + [k + 1 − x] L̇n,k(x) + n Ln,k(x) = 0 ,

Ln,k(x) = (−1)k dk

dxk
[Ln+k(x)] .

Ln,0(x) = Ln(x) .

Ln,k(x) =
ex x−k

n!

dn

dxn

(
e−x xn+k

)
.

L0,k(x) = 1 ; L1,k(x) = −x + k + 1 ;

L2,k(x) =
x2

2
− (k + 2)x +

(k + 2) (k + 1)

2
.

e−
xz

1−z

(1 − z)k+1
=

∞∑
n=0

Ln,k(x) zn

|z| < 1

∫ ∞

0

e−x xk Ln,k(x) Lm,k(x) dx =
(n + k)!

n!
δm,n .

ψn,k(x) = e−
x
2 x

k
2 Ln,k(x)
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8
x ψ̈n,k(x) + ψ̇n,k(x) +

(
−x

4
+

2n + k + 1

2
− k2

4x

)
ψn,k(x) = 0 .

x Ln,k = (2n + k + 1) Ln,k − (n + k) Ln−1,k − (n + 1) Ln+1,k

(

L2(x) = (x2 − 4x + 2)/2 ,

L2,1(x)

An,�,m

〈r〉 =

∫ ∞

0

r Rn�(αr) Rn�(αr) r2 dr

r

〈
1

r

〉
=

∫ ∞

0

1

r
Rn�(αr) Rn�(αr) r2 dr .
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An,�,m =

[(
2Z

na0

)3
(n − � − 1)!

2n (n + �)!

]1/2

.

Rn�(r) 〈r〉
〈1/r〉

〈r〉 = (a0/2Z)[3n2 − �(� + 1)] 1/(n2a0)
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