
10
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10

x1, x2, . . . , xn 1, 2, . . . , n

x1, x2, . . . , xn

R3 x1 = x
x2 = y x3 = z

nr n
r

r = 0

A
r = 1 n

(A1, A2, . . . , An)

Ai

r = 2 n2

⎛
⎜⎜⎝

A11 A12 . . . A1n

A21 A22 . . . A2n

. . . . . . . . . . . .
An1 An2 . . . Ann

⎞
⎟⎟⎠

Ai,j

A Ai Ai,j

Ai,j = Aj,i , ∀ i, j
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Aijk

Aijkl

A123

A132 A4123 A4213

∑

1 n n

Ai A
i

Ai A
i =

n∑
i=1

Ai A
i ,

Aijk Bik

Aijk Bik =
n∑

i=1

n∑
k=1

Aijk Bik

∂ui

∂xi
=

n∑
i=1

∂ui

∂xi
;

∂q

∂xi

∂xi

∂t
=

n∑
i=1

∂q

∂xi

∂xi

∂t

q x1, x2, . . . , xn

t
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10
Ai Ai = Aj Aj .

O O′

O O′

O
O′

⎧⎪⎪⎨
⎪⎪⎩

x′ = x
y′ = y − V t
z′ = z
(t′ = t)
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y′ = y + Δy Δy = −V t

x y x′

y′ θ
x, y x′, y′

{
x′ = x cos θ + y sen θ
y′ = −x sen θ + y cos θ .

A
Aijkl {x1, x2, . . . , xn}

{x1′ , x2′ , . . . , xn′} Ai′j′k′l′ A′
ijkl

x1, x2, . . . , xn

n = 3 x1 = x
x2 = y x3 = z

x1 = x x2 = y x3 = z
x0 = ct

ict i

x0

x1 x2 x3

{x1, x2, . . . , xn}
{x1′ , x2′ , . . . , xn′}

x1′ = p1′
1 x1 + p1′

2 x2 + p1′
3 x3

x2′ = p2′
1 x1 + p2′

2 x2 + p2′
3 x3

x3′ = p3′
1 x1 + p3′

2 x2 + p3′
3 x3

n = 3
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10⎛
⎝ x1′

x2′

x3′

⎞
⎠ =

⎛
⎝ p1′

1 p1′
2 p1′

3

p2′
1 p2′

2 p2′
3

p3′
1 p3′

2 p3′
3

⎞
⎠ .

⎛
⎝ x1

x2

x3

⎞
⎠

xi′ = pi′
i xi .

P

P−1

pi′
i =

∂xi′

∂xi
.

pi′
i

xi = pi
i′ x

i′ .

pi′
i pi

i′

pi′
i . pj

i′ = δj
i =

{
1 , se i = j
0 , se i �= j

δj
i

1 =

⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠ .
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Aij...k xi

Ai′j′...k′ xi′

xi → xi′

Ai′j′...k′ = Aij...k
∂xi

∂xi′
∂xj

∂xj′
. . .

∂xk

∂xk′ .

Aij...k

xi → xi′

Ai′j′...k′
= Aij...k ∂xi′

∂xi

∂xj′

∂xj
. . .

∂xk′

∂xk
.

Ai...j
k...l i, . . . , j

k, . . . , l

Ai′...j′

k′...l′ = Ai...j
k...l

∂xi′

∂xi
. . .

∂xj′

∂xj
.
∂xk

∂xk′ . . .
∂xl

∂xl′
.

A′ = A ;

{xi} {xi′}

A B xi

Bjk
i = Ajk

i

xi′

Bj′k′

i′ = Bjk
i

∂xi

∂xi′
∂xj′

∂xj

∂xk′

∂xk︸ ︷︷ ︸
Aj′k′

i′ = Ajk
i

∂xi

∂xi′
∂xj′

∂xj

∂xk′

∂xk︸ ︷︷ ︸ .
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10Ajk
i = Bjk

i

Aj′k′

i′ = Bj′k′

i′

xi′

F = m a

F = m a .

O

dxi

dxi′ =
∂xi′

∂xi
dxi
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∂/∂xi

∂φ

∂xi
= (∇φ)i = (grad φ)i

φ

∂φ

∂xi′
=

∂φ

∂xi

∂xi

∂xi′

δi
j

∂xi′

∂xi

∂xj

∂xj′
= δi

j pi′
i pj

j′ = pi′
j pj

j′ = δi′
j′ .

Aij + Bij = Cij ,

Ai
k − Bi

k = Di
k .

Ai
j Bkl

m = C ikl
jm .

Aij Bilm = Cj
lm ;

C j, l, m

Aijk
lm

Aijk
ik = Bj ,
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10
Aijk

jm = C ik
m .

Bi Aj

Cij Bi = Aj ,

Cij Aj Bi

A xm

∂

∂xm
Ai...j

k...l = Ai...j
k...l |m .

A

Ai′...j′

k′...l′ = Ai...j
k...l pi′

i . . . pj′

j pk
k′ . . . pl

l′

Ai′...j′

k′...l′ |m′ = Ai...j
k...l |m pi′

i . . . pj′

j pk
k′ . . . pl

l′

+termos envolvendo derivadas dos p′s .

A xm

∂xi′

∂xi
= pi′

i = constante

{x, y}
{x′, y′}

x′ = ax + by , y′ = cx + dy
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p1′
1 =

∂x′

∂x
=

ax + by

∂x
= a = constante

p

gij gij = gji

det g �= 0 gij

gij

gij gjk = δi
k .

gij gij

Ai

Ai = gij Aj ;

Ai

Ai = gij Aj ;

Aij
k

Aijk = gil gjm Alm
k .

d [ (x1, x2, . . . , xn) , (x1 + dx1, x2 + dx2, . . . , xn + dxn) ]2 = (ds)2

= gij dxi dxj .

(ds)2 = (dx)2 + (dy)2 + (dz)2 = (dx1)2 + (dx2)2 + (dx3)2
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10
g11 = g22 = g33 = 1 ;

g =

⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠

g

gij

A

A2 = gij Ai Aj = Aj Aj .

gij Ai Bj = 0

Aj Bj

P t = P−1 .

P t P
Ai

Ai = gij Aj

g = P t P = P−1 P = 1
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A =

(
y2 −xy
−xy x2

)

{
x′ = x cos θ + y sen θ

y′ = −x sen θ + y cos θ

{x1, x2} {x1′ , x2′}(
x1′

x2′

)
=

(
cos θ sen θ
−sen θ cos θ

) (
x1

x2

)
= P

(
x1

x2

)
.

(
x1

x2

)
= P−1

(
x1′

x2′

)

P

P−1 =
1

det P
Adj

[
P t

]
=

1

cos2 θ + sen2 θ
Adj

(
cos θ −sen θ
sen θ cos θ

)

=

(
cos θ −sen θ
sen θ cos θ

)
= P t .

P t = P−1 P
P−1

(
x1

x2

)
=

(
cos θ −sen θ
sen θ cos θ

) (
x1′

x2′

)

x1 = cos θ x1′ − sen θ x2′ ,

∂x1

∂x1′
= cos θ ,

∂x1

∂x2′
= −sen θ .

182



10
∂x2

∂x1′
= sen θ ,

∂x2

∂x2′
= cos θ .

{x1′ , x2′}

A′ =

(
y′2 −x′y′

−x′y′ x′2

)
.

A

Ai′j′ = Aij
∂xi

∂xi′
∂xj

∂xj′
.

A′
11 = A1′1′ =

∂xi

∂x1′
∂xj

∂x1′
Aij

=
∂x1

∂x1′
∂x1

∂x1′
A11 +

∂x1

∂x1′
∂x2

∂x1′
A12 +

∂x2

∂x1′
∂x1

∂x1′
A21 +

+
∂x2

∂x1′
∂x2

∂x1′
A22

= cos2 θ y2 + cos θ sen θ (−xy) + sen θ cos θ (−xy) + sen2 θ x2

= (y cos θ − x sen θ)2

= (y′)2 .

A′
12 = −x′ y′ ; A′

21 = −x′ y′ ; A′
22 = (x′)2

A

Ai′j′ = Aij ∂xi′

∂xi

∂xj′

∂xj
.

A′
11 = (y′)2 ; A′

12 = −x′ y′ ;

A′
21 = −x′ y′ ; A′

22 = (x′)2 .
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a b c

i j k

a = ax i + ay j + az k

b = bx i + by j + bz k

c = cx i + cy j + cz k .

v

i, j,k vx, vy, vz
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10a,b, c va, vb, vc

v = vx i + vy j + vz k = va a + vb b + vc c

= va ax i + va ay j + va az k +

vb bx i + vb by j + vb bz k +

vc cx i + vc cy j + vc cz k

i j k

⎧⎨
⎩

vx = ax va + bx vb + cx vc

vy = ay va + by vb + cy vc

vz = az va + bz vb + cz vc

⎛
⎝ vx

vy

vz

⎞
⎠ =

⎛
⎝ ax bx cx

ay by cy

az bz cz

⎞
⎠

⎛
⎝ va

vb

vc

⎞
⎠

{a,b, c}
{i, j,k} P

P =

⎛
⎝ ax bx cx

ay by cy

az bz cz

⎞
⎠ .

a,b, c P

⎛
⎝ vx

vy

vz

⎞
⎠ = P

⎛
⎝ va

vb

vc

⎞
⎠ ?

P

a′ =
b × c

a × b . c
; b′ =

c × a

a× b . c
; c′ =

a × b

a × b . c
.
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a′. a = 1 ; b′.b = 1 ; c′. c = 1

a′.a = 1 a′ = 1/a a′

a

a′.b = a′. c = 0 ; b′. a = b′. c = 0 ; c′. a = c′.b = 0 .

a′,b′, c′

a′ = a′
x i + a′

y j + a′
z k

b′ = b′x i + b′y j + b′z k

c′ = c′x i + c′y j + c′z k

Q

Q =

⎛
⎝ a′

x a′
y a′

z

b′x b′y b′z
c′x c′y c′z

⎞
⎠ .

PQ = QP = 1
Q = P−1 ⎛

⎝ va

vb

vc

⎞
⎠ = Q

⎛
⎝ vx

vy

vz

⎞
⎠ .

vx vy vz v

a b c

va vb vc

v

v

{a′,b′, c′}
v = vx i + vy j + vz k = v′

a a′ + v′
b b

′ + v′
c c

′

= v′
a a′

x i + v′
a a′

y j + v′
a a′

z k +

v′
b b′x i + v′

b b′y j + v′
b b′z k +

v′
c c′x i + v′

c c′y j + v′
c c′z k
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10i j k

⎧⎨
⎩

vx = a′
x v′

a + b′x v′
b + c′x v′

c

vy = a′
y v′

a + b′y v′
b + c′y v′

c

vz = a′
z v′

a + b′z v′
b + c′z v′

c

⎛
⎝ vx

vy

vz

⎞
⎠ =

⎛
⎝ a′

x b′x c′x
a′

y b′y c′y
a′

z b′z c′z

⎞
⎠

⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠

⎛
⎝ vx

vy

vz

⎞
⎠ = Qt

⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠ .

⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠ = P t

⎛
⎝ vx

vy

vz

⎞
⎠

vx vy vz v

v′
a v′

b v′
c a′,b′, c′

v

v

u.v = ( u )

⎛
⎝ v

⎞
⎠ .

x, y, z

u.v = (ux uy uz)

⎛
⎝ vx

vy

vz

⎞
⎠ = ux vx + uy vy + uz vz
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(ux uy uz) =

⎡
⎣
⎛
⎝ ux

uy

uz

⎞
⎠
⎤
⎦

t

=

⎡
⎣P

⎛
⎝ ua

ub

uc

⎞
⎠
⎤
⎦

t

= (ua ub uc) P t

(AB)t = Bt At

u.v = ( ua ub uc ) P t P

⎛
⎝ va

vb

vc

⎞
⎠

a,b, c
dR

dR1 dR2 dR3

ds2 = dR.dR = (dR1 dR2 dR3) P t P

⎛
⎝ dR1

dR2

dR3

⎞
⎠

= (P t P )ij dRi dRj

ds2 = gij dxi dxj

g = P t P

g′ = Qt Q

P tP⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠ = P t P

⎛
⎝ va

vb

vc

⎞
⎠
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10QtQ⎛
⎝ va

vb

vc

⎞
⎠ = Qt Q

⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠ .

a = i ; b = j ; c = i + 2j + 3k .

{a,b, c} {i, j,k}

P =

⎛
⎝ 1 0 1

0 1 2
0 0 3

⎞
⎠

a × b . c =

∣∣∣∣∣∣
1 0 0
0 1 0
1 2 3

∣∣∣∣∣∣ = 3 .

a′ =
b× c

a × b . c
=

1

3

∣∣∣∣∣∣
i j k

0 1 0
1 2 3

∣∣∣∣∣∣ = i − 1

3
k

b′ =
c × a

a × b . c
=

1

3

∣∣∣∣∣∣
i j k

1 2 3
1 0 0

∣∣∣∣∣∣ = j− 2

3
k

c′ =
a × b

a × b . c
=

1

3

∣∣∣∣∣∣
i j k

1 0 0
0 1 0

∣∣∣∣∣∣ =
1

3
k .

Q a′ b′ c′

Q =

⎛
⎝ 1 0 −1/3

0 1 −2/3
0 0 1/3

⎞
⎠ .
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P Q = P−1

v = i+ j+k

{a,b, c}⎛
⎝ va

vb

vc

⎞
⎠ = Q

⎛
⎝ vx

vy

vz

⎞
⎠ =

⎛
⎝ 1 0 −1/3

0 1 −2/3
0 0 1/3

⎞
⎠

⎛
⎝ 1

1
1

⎞
⎠ =

⎛
⎝ 2/3

1/3
1/3

⎞
⎠

⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠ = P t

⎛
⎝ vx

vy

vz

⎞
⎠ =

⎛
⎝ 1 0 0

0 1 0
1 2 3

⎞
⎠

⎛
⎝ 1

1
1

⎞
⎠ =

⎛
⎝ 1

1
6

⎞
⎠ .

P t P =

⎛
⎝ 1 0 0

0 1 0
1 2 3

⎞
⎠

⎛
⎝ 1 0 1

0 1 2
0 0 3

⎞
⎠ =

⎛
⎝ 1 0 1

0 1 2
1 2 14

⎞
⎠

⎛
⎝ v′

a

v′
b

v′
c

⎞
⎠ = P t P

⎛
⎝ va

vb

vc

⎞
⎠ =

⎛
⎝ 1 0 1

0 1 2
1 2 14

⎞
⎠

⎛
⎝ 2/3

1/3
1/3

⎞
⎠ =

⎛
⎝ 1

1
6

⎞
⎠ .

v

v =
√

|v|2 =
√

v .v =
√

1 + 1 + 1 =
√

3 ,

v .v = vi vi = ( 2/3 1/3 1/3 )

⎛
⎝ 1

1
6

⎞
⎠ = 3 ,

v =
√

3
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10
A

div A = ∇ .A =
∂ Ai

∂ xi
;

Φ

(gradΦ)i = (∇Φ)i =
∂ Φ

∂ xi
.

A .B = Ai Bi ,

εijk =

⎧⎨
⎩

+1 , se i, j, k forem iguais a 1, 2, 3 ou 3, 1, 2 ou 2, 3, 1 ;
−1 , se i, j, k forem iguais a 2, 1, 3 ou 1, 3, 2 ou 3, 2, 1 ;
0 ,

εijk +1 i, j, k
1, 2, 3 −1

2, 1, 3

ε
ε

εijk

x′ = −x ; y′ = −y ; z′ = −z

εijk

εi′j′k′ = −εijk
∂xi

∂xi′
∂xj

∂xj′
∂xk

∂xk′
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L = r × p

v = ω × r τ = r × F

i, j,k
−i,−j,−k

[A × B]i = εijk Aj Bk .

x

[A ×B]1 = ε111 A1 B1 + ε112 A1 B2 + ε113 A1 B3 + ε121 A2 B1 +

+ε122 A2 B2 + ε123 A2 B3 + ε131 A3 B1 +

+ε132 A3 B2 + ε133 A3 B3

= A2 B3 − A3 B2 ;

[A × B]2 = A3 B1 − A1 B3 , [A ×B]3 = A1 B2 − A2 B1 .

A ×B =

∣∣∣∣∣∣
i j k

A1 A2 A3

B1 B2 B3

∣∣∣∣∣∣ .

A

[∇× A]i = εijk
∂

∂xj
Ak .

∇ (φψ) = ψ∇φ + φ∇ψ .
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10
[∇ (φψ)]i =

∂

∂xi
(φψ) = φ

∂ψ

∂xi
+ ψ

∂φ

∂xi

= φ (∇ψ)i + ψ (∇φ)i

= [φ∇ψ + ψ∇φ]i

∇. (aF) = a∇.F + F.∇a .

a F

∂

∂xi

(aFi) = a
∂Fi

∂xi︸︷︷︸
∇.F

+Fi
∂a

∂xi︸︷︷︸
(∇a)i

= a∇.F + F.∇a .

∇× (aF) = a∇× F + (∇a) × F .

[∇× (aF)]i = εijk
∂

∂xj
(aFk) = εijk

[
a
∂Fk

∂xj
+

∂a

∂xj
Fk

]

= a εijk
∂Fk

∂xj︸ ︷︷ ︸
(∇×F)i

+εijk
∂a

∂xj︸︷︷︸
(∇a)j

Fk

= a (∇× F)i + εijk (∇a)j Fk︸ ︷︷ ︸
[(∇a)×F]i

= [a∇× F + (∇a) × F]i
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i

m v

L = r × p = m r × v .

m p = mv

M
R z

ω

L =

∫
r × dp =

∫
R dm v sen 90o k

= R v k

∫
dm = M R2 ω k .

v = ωR
I = M R2

z

L = I ωk = I ω

ω
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10

dm

L = I . ω

I

L =

∫
r × dp =

∫
r × v dm =

∫
r × (ω × r) dm

=

∫ [
r2 ω − (ω.r) r

]
dm
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a × (b× c) = (a.c) b− (a.b) c .

i L

Li =

∫ [
r2 ωi − (ωj rj) ri

]
dm

i = 1, 2, 3

Iij =

∫ [
r2 δij − ri rj

]
dm ,

Iij = Iji

Iij ωj =

∫ [
r2 δij ωj︸ ︷︷ ︸

ωi

−ri rj ωj

]
dm = Li .

L = I . ω

I

L = I ω

z I = M R2
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10Izz I33 I

I =

⎛
⎝ Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz

⎞
⎠

Ixy Ixz Iyx Iyz Izx Izy

I

I =

⎛
⎝ Ixx 0 0

0 Iyy 0
0 0 Izz

⎞
⎠ ;

Ixx Iyy Izz

x0 y0 z0

z0

Lz⎛
⎝ 0

0
Lz

⎞
⎠ =

⎛
⎝ Ixx 0 0

0 Iyy 0
0 0 M R2

⎞
⎠

⎛
⎝ 0

0
ωz

⎞
⎠ .

I

x, y, z x0, y0, z0

I

I

M M† = M−1

I

M

M−1 IM = I0

I0
I0
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I

M

x0, y0, z0

I = MI0 M−1 .

( −xy x2

−y2 xy

)

( −xy x2

−y2 xy

)

gij gij

Ai Bi = Ai B
i

gi
j = δi

j

εijk εijk = 6

δij εijk = 0

εipq εjpq = 2δij

∇. (A × B) = B. (∇× A) − A. (∇×B) .

∇×∇ϕ = 0

∇× (A × B) = (∇.B) A − (∇.A) B + (B.∇) A − (A.∇) B

εijk εpqk = δip δjq − δiq δjp
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1
3 1 3

3×3×3
ε
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