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Introdução

Área de uma Faixa de Hipérbole

H y = 1/x

H y = 1/x

x 1/x

H = {(x, y);x > 0, y =
1

x
}

a, b a < b
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8x = a x = b

H

Hb
a

Hb
a

Hb
a

Hb
a = {(x, y); a ≤ x ≤ b, 0 ≤ y ≤ 1

x
}
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Hb
a a0 = a

a1, a2, . . . an = b [a, b]

[ai, aj ] i < j

1/d

H

Hb
a

Hb
a

H3
1

[1, 3] 1, 3/2, 2, 5/2, 3

8.4

A = (12 · 2
3) + (12 · 1

2) + (12 · 2
5) + (12 · 1

3)

= 1
3 + 1

4 + 1
5 + 1

6 = 57
60

[1, 3]

H3
1

108



AULA

8
1,

5

4
,
6

4
,
8

4
,
9

4
,
10

4
,
11

4
, 3.

H3
1

8

H3
1

A =
1

5
+

1

6
+

1

7
+

1

8
+

1

9
+

1

10
+

1

11
+

1

12
=

84.813

83.160
∼ 1, 019.

Hb
a

Hb
a

f

[a, b]

f

P

[a, b]

Hb
a

Hb
a

Hb
a

A = Hb
a A ≥ P

Hb
a
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[a, b]

Hb
a

α < Hb
a P

Hb
a α < < Hb

a

Hb
a

Hb
a

A = Hb
a

A ≥ P P [a, b]

A

P Hb
a

Hb
a

Propriedade Fundamental

k > 0 Hb
a Hbk

ak

R1 H

[c, d] R2 H

[kc, kd] R1

R2 R1

A(R1) = (d− c) · (1
d

)
= 1− c

d
,

R2
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8
A(R2) = (kd− kc) · ( 1

dk

)
= 1− c

d
,

P Hb
a

R1 R2

k

[a, b] P

[ak, bk] P ′

Hbk
ak P ′

P P ′

P

Hb
a Hbk

ak

k

Q′ Hbk
ak Q

Hb
a
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Hc
1

A(Hb
a) = A(H

b/a
1 ) = A(Hc

1), c = b/a.

a < b < c

A(Hb
a) +A(Hc

b ) = A(Hc
a).

Hc
a

Hb
a Hc

b

+ −
Hb

a a < b a > b

a = b

Hb
a

≥ 0 A =

Hb
a

(Ha
a ) = 0;

(Hb
a) = A(Hb

a), a < b;

(Hb
a) = −A(Hb

a), b < a.

b < a

bk < ak k > 0 b < a

A(Ha
b ) = −A(Hb

a) = −A(Hbk
ak) = A(Hak

bk ).
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8Função Logarítmo Natural

l : R+ −→ R

x ∈ R
+ x

ln(x) Hx
1

ln(x) = (Hx
1 ).

A(Hx
1 ) < 0 0 < x < 1 ln(x) < 0

0 < x < 1 ln(x) > 0 x > 1

ln(x) = 0 x = 1 x = 1 A(H1
1 ) = 0

ln : R+ −→
R x > 0

f(x) = (Hx
1 )
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ln : R+ −→ R

ln

A(Hxy
x ) = A(Hx

1 ) +A(Hxy
x )

A(Hxy
x ) = A(Hy

1 )

1, x, xy

A(Hxy
1 ) = A(Hx

1 ) +A(Hy
1 ),

ln(xy) = ln(x) + ln(y)

ln

x, y ∈ R
+ x < y

a > 1 y = ax

ln(y) = ln(ax) = ln(a) + ln(x).

a > 1 ln(a) > 0 ln(y) > ln(x)

1614

e

Le(x) = ln(x)

e e

1 He
1 = 1 e

e = 2, 718281828459
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8Gráfico da função ln

ln

G = {(x, ln(x));x > 0}

ln

ln

x = 1 x 0

+∞ (x, ln(x)) −∞
+∞

RESUMO

a, b a < b

x = a x = b
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H

Hb
a

Hb
a = {(x, y); a ≤ x ≤ b, 0 ≤ y ≤ 1

x
}

Hb
a

Hb
a

k > 0 Hb
a Hbk

ak

ln : R+ −→ R

x > 0 f(x) =

(Hx
1 )

ATIVIDADES

e

e := lim
n−→∞(1 + 1/n)n

H1+x
1 x > 0

[1, 1 + x]

x

1 + x
< ln(1 + x) < x.

−1 < x < 0 Hx
1+x

−x 1 Hx
1+x

1/(1 + x)

−x < − ln(1 + x) < − x

1 + x
.

e := lim
n−→∞(1 + 1/n)n

−1 < x < 0
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8x = a/n ea = lim
n−→∞(1 + a/n)n

y = x2

A(x2)ba [0, 1] n+ 1

y = x2

1

(n+ 1)3
(1 + 22 + 32 + ...n2).

1+22+32+. . .+n2 = n3/3+n2/2+n/6

area Pn+1 = 1/3
1

(1 + 1/n)3
(1 + 3/2n+ 1/2n2).

A(x2)10 = 1/3

[0, 1]

a1, a2, . . . , an

ln(a1), ln(a2), . . . , ln(an)

x > 0 h > −x

ln(x+ h)− ln(x)

h
= ln(1 + h/x)1/h

Sp = 1 + 1/2 + 1/3 + 1/4 + . . .+ 1/n

ln(p+ 1) lim
n−→∞Sp = ∞

p > 0

0 < Sp − ln(p+ 1) < 1
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Sp − ln(p+ 1) p

lim
n−→∞Sp − ln(p+ 1)

a ≤ x ≤ b

ln b− lnx ≤ b− x

x
lnx− ln a ≥ x− a

x
.

ln b− lnx

lnx− ln a
≤ b− x

x− a

ln b− ln a

lnx− ln a
≤ b− a

x− a
.

x

lnx = ln(a− b) + ln(a+ b)

lnx = 3 ln a+−4 ln b+ 5 ln c

1/7 ln r + 2 ln s = 2/3 ln t3 + lnx
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