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Introdução

t

[f(t+ h)− f(t)]/f(t) h

x

Potências de Expoente Racional

a n

an a n n

a

an =

n︷ ︸︸ ︷
a · a · a · . . . · a .

n = 1

a1 = a an

a1 = a an+1 = a · an m,n ∈ N

am+n = an · am.

m + n a

am1+m2+...+mk = am1 · am2 · . . . · amk ,
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10m1,m2, . . . ,mk ∈ N

(am)k = amk

a > 1 an

an+1 > an

a > 1 =⇒ 1 < a < a2 < . . . < an < an+1 < . . . .

x > −1 n

(1 + x)n ≥ 1 + nx.

n
(1 + x)0 = 1

(1+x)n ≥ 1+
nx

1+x
x > −1

(1+x)n+1 ≥ (1+nx)(1+x)

= 1 + (n+ 1)x+ nx2

≥ 1 + (n+ 1)x.

nx2 ≥ 0

0 < a < 1 =⇒ 1 > a > a2 > . . . > an > an+1 > . . . .

n−
an a > 1 0 < a <

1

a > 1 an n ∈ N

c

an

c ∈ R n ∈ N an > c

a = 1+ d

an > 1+nd n > (c−1)/d

1 + nd > c an > c

0 < a < 1 b = 1/a

b > 1

bn c ∈ R n ∈ N bn > 1/c

1
an > 1

c an < c 0 < a < 1

an

an n ∈
Z
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am+n = am · an

a1 = a0+1 = a0 · a1 = a0 · a

a0 = 1

a−n · an = a−n+n = a0 = 1 a−n =
1

an
.

an a > 0 n

am+n = am · an

a0 = 1 a−n = an n ∈ N

f : Z −→ Z f(n) = an

f(m+ n) = f(m) · f(n),

a > 1 0 < a < 1

a > 1 n ∈ N a−n < 1 < an

a0 = 1

ar r =

m/n m ∈ Z n ∈ N

ar ·as = ar+s

(ar)n = ar · ar · . . . · ar = ar+r+...+r = arn = am.

ar n−
am n

√
am n−

am ar r = m/n

m ∈ Z n ∈ N

(ar) = am/n = n
√
am.
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10r = m1/n1 s = m2/n2 m1,m2 ∈ Z n1, n2 ∈ N

ar+s = ar · as.

(ar1)n1 = am1 (ar2)n2 = am2 .

(ar1 · ar2)n1n2 = (ar1)n1n2 · (ar2)n1n2 = ar1n1n2 · ar2n1n2

= am1n2 · am2n1 = am1n2+m2n1 .

ar1 · ar2 n1n2

am1n2+m2n1

ar1 · ar2 = a(m1n2+m2n1)/n1n2 .

m1n2 +m2n1

n1n2
=

m1

n1

m2

n2
= r1 + r2,

ar1 · ar2 = ar1+r2

r− ar r ∈ Q

a > 1 r = m/n

m ∈ Z, n ∈ N s = p/q p ∈ Z, q ∈ N r > s mq > np

mq, np ∈ Z a > 1

amq > anp =⇒ (am)q > (ap)n,

(ar)n = am (as)q = ap

(am)q > (ap)n, =⇒ (ar)nq > (as)nq,
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ar > as a > 1 ar

0 < a < 1 ar

r ∈ Q

f : Q −→ R+ f(r) = ar

f a > 0

y ar r

Q

f(Q) R+

a = 10

r = m/n 10m/n = 11 10m = 11n

m,n ∈ N 10m 1 m

11n 11

r �−→ 10r r ∈ Q

a �= 1 R+

ar r ∈ Q

ar

R+

0 < α < β r ∈ Q

ar [α, β]

a α

1

M n

α < β < aM , 1 < a <
(
1 +

β − α

aM

)n
.

1 < a1/n < 1 +
β − α

aM
, 0 < aM (a1/n − 1) < β − α.
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m
n ≥ M =⇒ 0 < a

m
n (a

1
n − 1) < β − α

⇐⇒ 0 < a
m+1
n − a

m
n < β − α.

a0 = 1, a1/n, a2/n, . . . , aM

β−α [α, β] [α, β] ⊂
[1, aM ] am/n

[α, β]

a a �= 1

a f : R −→ R+ f(x) = ax

x, y ∈ R

ax+y = ax · ay

a1 = a

x < y =⇒ ax < ay a > 1 x < y =⇒ ax > ay

0 < a, 1

f : R −→ R f(x + y) = f(x) ·
f(y) f 0 f

f(x) > 0 x > 0

f : R −→ R

n ∈ N

f(n) = f(1+1+ . . .+1) = f(1) ·f(1) · . . . ·f(1) = a ·a · . . . ·a = an.

133



r = m/n n ∈ N f(r) =

ar = n
√
am f(r) = ar f : Q −→ R+

f(r + s) = f(r) · f(s) r, s ∈ Q f(1) = a

a > 1 0 < a < 1

f(x) = ax x

a > 1 ax

r < x < s, r, s ∈ Q =⇒ ar < ax < as.

ax ar

r < x r ∈ Q as

x < s s ∈ Q

A < B A

B

r < x < s, r, s ∈ Q =⇒ ar < A < B < as,

[A,B] a

x a

ar r

x as s

x

f : R −→ R+ f(x) =

ax
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10R+ f(r) = ar

a > 1 ax

x > 0 0 < a < 1 ax

x < 0

x0 ∈ R |ax −
ax0 | x

x0 ax

x x0 ax0

x = x0 + h x− x0 = h |ax − ax0 | = ax0 |ah − 1|
ah 1

h ax0

ax0 |ah−1|
ax ax0 x x0

f : R −→ R+ f(x) =

ax a �= 1

n ∈ N

arn rn ∈ Q (b − 1/n, b + 1/n)

|b − arn | < 1/n lim
x−→x0

arn = b

a > 1 arn

ar1 < ar2 < . . . < arn < . . . < b.

s ∈ Q b < as

ax r1 < r2 < . . . < rn <

. . . < s (rn)

s
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rn x

ax = lim
x−→x0

rn = x

ax = lim
x−→x0

arn = b

Gráfico da Função exponencial

a > 1 ax

x

0 < a < 1 ax

x

a > 1 0 < a < 1
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10Funções Exponenciais × Funções Loga-

rítmicas

f(x) = ax

x ∈ R

a > 0 x ∈ R ax

x · ln(a)

b > 0

logb(a
x) =

ln(ax)

ln(b)
= x

ln(a)

ln(b)
= x · logb(a)

ax

b = a

loga(a
x) = x.

loga(x) = y ⇐⇒ ay = x

loga(a
x · ay) = loga(a

x) + log( a
y)

loga(a
x+y) = x+ y.
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ax ·ay ax+y

a ax · ay = ax+y loga(a
0) = 0

loga(1) = 0 a0 = 1

a > 1 x �−→ ax

0 < a < 1

Função Exponencial na base e

e

y = 1/x 1 x e He
1 = 1

e ln(e) = 1

e (1 + 1/n)n

lim
n−→∞

(
1 +

1

n

)n
= e

10.2

x

1/(1 + x) H1+x
1

x

1

x > 0

x

1 + x
< ln(1 + x) < x.

x
1

1 + x
<

ln(1 + x)

x
< 1.

x = 1/n

n

n+ 1
< ln

(
1 +

1

n

)n
< 1,

138



AULA

10

x/(1 + x) < ln(1 + x) < x

e
n

n+1 <
(
1 +

1

n

)n
< e,

n ∈ N n n/(n + 1)

1 en/(n+1) e

lim
n−→∞

(
1 +

1

n

)n
= e

lim
n−→∞

(
1 +

1

n

)n
= e

x > 0 x > 0 −1 < x < 0

lim
x−→0

(
1 + x

) 1
x
= e

x = 1/n x = α/n

1/x = n/α x −→ 0 n −→ ∞
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lim
n−→∞

(
1 +

α

n

)n
= lim

n−→∞

[(
1 +

α

n

)n
α
]α

= lim
x−→0

[(
1 + x

) 1
x
]α

= eα

f : R −→ R+ f(x) = ex

lim
n−→∞

(
1 +

x

n

)n
= ex

y = ex

Hx
1 x

f

x, x+ h

f(x+ h)− f(x)

h
,

(x, f(x)) (x+ h, f(x+ h)) f

f(x+h)−f(x)
h

f(x) = b · eαx

f(x+ h)− f(x)

h
= beαx

eαh − 1

h
.
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10f x f(x+h)−f(x)
h

h

f x

f ′(x)
f(x+h)−f(x)

h h

f ′(x) f

x

f ′(x) f

x f ′(x) > 0 f(x + h) > f(x)

h f ′(x) < 0 f(x + h) < f(x)

h

f(x) = beαx α · f(x)

x

α

f(x) = b · eαx

lim
h−→0

eh − 1

h
= 1

lim
h−→0

ex+h − ex

h
= ex · lim

h−→0

eh − 1

h
= ex

lim
h−→0

eα(x+h) − ex

h
= eαx · lim

h−→0

eαh − 1

h
= α · eαx · lim

h−→0

eαh − 1

αh
.

k = αh h −→ 0 ⇐⇒ k −→ 0

lim
h−→0

eα(x+h) − eαx

h
= α · eαx · lim

k−→0

ek − 1

αk
= α · eαx.
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f(x) = eαx f ′(x) = α · f(x)
f(x) f α

RESUMO

a a �= 1

a f : R −→ R+ f(x) = ax

x, y ∈ R

ax+y = ax · ay

a1 = a

x < y =⇒ ax < ay a > 1 x < y =⇒ ax > ay

0 < a, 1
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10• f : R −→ R+ f(x) = ax

•

• f : R −→ R+ f(x) = ax a �= 1

Funções Exponenciais × Funções Logarítmicas

a > 0 x ∈ R ax

x · ln(a)

ATIVIDADES

y > 0 Hy
1 π

y y

e

a > 0 b > 0

h �= 0

bx = ax/h x ∈ R y = bx

y = ax

y = (1/ 3
√
4)x y = 2x

x > 0

ex > 1 + x+
x2

4
.

a > 0 x

Hx
a b
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(√
2
√
2)√2

= 2

a b ab
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