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Introdução

Caracterização das Funções Exponênci-

ais

f : R −→ R+

(1) f(nx) = f(x)n n ∈ Z x ∈ R

(2) f(x) = ax x ∈ R a = f(1)

(3) f(x+ y) = f(x) · f(y) x, y ∈ R

(1) =⇒ (2) =⇒ (3) =⇒ (1)

(1) =⇒ (2)

(1) r = m/n m ∈
Z n ∈ N f(rx) = f(x)r nr = m

f(rx)n = f(nrx) = f(mx) = f(x)m

f(rx) = f(x)m/n = f(x)r
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11f(1) = a f(r) = f(r ·1) = f(1)r = ar

r ∈ Q (1) =⇒
(2) f

1 = f(0) < f(1) = a

x ∈ R f(x) �= ax f(x) <

ax f(x) > ax

r f(x) < ar < ax f(x) < f(r) < ax

f f(x) < f(r) x < r

(1) =⇒ (2)

f

(1) =⇒ (2) x

x = lim
n−→∞ f(rn) = rn rn ∈ Q

f

f(x) = lim
n−→∞ f(rn) = lim

n−→∞ arn = ax.

g : R −→ R

g(x) = bax x ∈ R a b

a > 1 g 0 < a < 1 g

g : R −→ R

x, h ∈ R

g(x+ h)− g(x)

g(x)
= ah − 1

g(x+ h)

g(x)
= ah

h x
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g : R −→ R

x, h ∈ R

[g(x + h) − g(x)]/g(x)

h x b = g(0) a = g(1)/g(0)

g(x) = bax x ∈ R

ψ(h) = g(x+h)/g(x)

x g(x) f(x) =

g(x)/b b = g(0) f f(x +

h)/f(x) x f(0) = 1

x = 0 ψ(h) = f(x + h)/f(x) ψ(h) = f(h)

h ∈ R

f f(x + h) = f(x) · f(h) f(x + y) = f(x) · f(y)
x, y ∈ R

f(x) = ax g(x) = bf(x) = bax

f : R −→ R f(x) = bax

x1, x2, . . . , xn, . . . h

xn+1 = xn + h

f(x1) = bax1 , f(x2) = bax2 , . . . , f(xn) = baxn , . . . ,

ah

f(xn+1) = baxn+1 = baxn+1 = baxn+h = (baxn) · ah.

(n + 1)

xn+1 = x1+nh f(xn+1) = f(x1)A
n A = ah

x1 = 0 f(x1) = b f(xn=1) = bAn

f : R −→ R+

x1, x2, . . . , xn, . . .
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11y1, y2, . . . , yn, . . . yn = f(xn)

b = f(0) a = f(1)/f(0) f(x) = bax

x ∈ R

b = f(0) g : R −→ R+

g(x) = f(x)/b

g(0) = 1 x ∈ R x, 0,−x
g(x), 1, g(−x)

g(−x) g(−x) = 1/g(x)

n ∈ N x ∈ R 0, x, 2x, . . . , nx

1, g(x), g(2x), . . . , g(nx)

g(x) (n + 1)

g(nx) = g(x)n −n g(−nx) =

1/g(nx) = 1/g(x)n = g(x)−n g(nx) = g(x)n

n ∈ Z x ∈ R

a = g(1) = f(1)/f(0) g(x) = ax

f(x) = bax x ∈ R

c0

t

c(t) = c0 · at

0, h, 2h, 3h, . . . c(0) = c0 c(h) = c0 · A c(2h) = c0 · A2

. . . A = ah

h

c0, c0 ·A, c0 ·A2, . . .
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Aplicações

f : R −→ R+

f(x) = b · ax f(x) = b · eαx
f(x) = ax

e f(x) = eαx

a =
eα ln(a) = α

f(x+h)/f(x)

x h

f(x+ h)/f(x) f(x+ h) = c · f(x)
x ∈ R f(x+ h) f(x)

y = f(x) y′ = f(x′) f(x+ h) = η(y) f(x′ +

h) = η(y′)

η y y ∈ R+

n ∈ N

y′ = n · y =⇒ η(y′) = n · η(y).

f

F (x′) = n · f(x) =⇒ f(x′ + h) = n · f(x+ h).

f

c(t)

t

c0 = c(0) c(t + h)

c(t) h

n · c(t) = c(t′) h n · c(t + h)

c(t′) = n · c(t) =⇒ c(t′+h) = nc(t+h) c(t) = c0 ·at
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11a = c(1)/c0 c(t) = co · eαt α = ln(a) c(t)

t a > 1 α > 0

m(t)

t

m0 = m(0) m(t+ h)

m(t)

h t

m(t′) = n ·m(t) n ∈ N h

m(t′ + h) = n · m(t + h)

m(t) = m0e
αt t ∈ R m(t)

t α < 0

V

f(t)

t f(t)/V

f(t)

t

f

t, t′ ∈ R n ∈ N f(t′) = n · f(t)
h f(t′ + h) = n ·

f(t+ h) n
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V/n

t′ f(t′)/n f(t)

1/n

t′+h

f(t + h)

t′+h f(t′+h) = n ·f(t+h)
b

t = 0

t f(t)b · at a = f(1)/f(0) < 1

f(t) = b · eαt α = ln(a) < 0

α = f ′(0)/b f ′(0) = lim
t−→0

[f(t)− b]/t v

t

vt t

(b/v)vt f(t) ≈ b− (b/V )vt

f ′(0) = lim
t−→0

[f(t)− b]/t = −bv/V .

α = −v/V t

f(t) = b · e−(v/V )t

Caracterização das funções Logarítmicas

f :

R+ −→ R

f : R+ −→ R

f(xy) = f(x)+f(y) x, y ∈ R+

a > 0 f(x) = loga(x) x ∈ R+
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11f f

f(1) = f(1.1) = f(1) + f(1)

f(1) = 0

a f(a) = 1

f f(a) = 1 > 0 = f(1) a > 1

m ∈ N

f(am) = f(a · a · a · . . . · a) = f(a) + f(a) + f(a) + . . .+ f(a)

= 1 + 1 + 1 + . . .+ 1 = m.

0 = f(1) = f(am · a−m) = f(am) + f(a−m) = m+ f(a−m),

f(a−m) = −m r = m/n m ∈ Z n ∈ N

rn = m

m = f(am) = f(arn) = f((ar)n) = nf(ar),

f(ar) = m/n = r x r, s

r < x < s =⇒ ar < ax < as =⇒ f(ar) < f(ax) < f(as)

=⇒ r < f(ax) < s.

r x

f(ax) s x

f(ax) f(ax) = x x ∈ R

f(y) = loga(y) y > 0

g : R+ −→ R

g(xy) = g(x) + g(y)
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g(1) = 0 1 < 2

g(2) = b > 0 f : R+ −→ R

f(x) = g(x)/b

f(2) = 1

f(x) = log2(x) x > 0

x > 0

x = 2f(x) = 2g(c)/b = (21/b)g(x) = ag(x),

a = 21/b loga

ag(x) g(x) = loga(x)

Conclusão

RESUMO

f : R −→ R+

(1) f(nx) = f(x)n n ∈ Z x ∈ R
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11(2) f(x) = ax x ∈ R a = f(1)

(3) f(x+ y) = f(x) · f(y) x, y ∈ R

(1) (2) (3)

f

g : R −→ R

g(x) = bax x ∈ R a b

g : R −→ R

x, h ∈ R

[g(x+h)−g(x)]/g(x) h

x b = g(0) a = g(1)/g(0) g(x) = bax

x ∈ R

g : R −→ R+

f : R+ −→ R f(xy) =

f(x) + f(y) x, y ∈ R+ a > 0

f(x) = loga(x) x ∈ R+

R+ R

f(xy) = f(x)+f(y) x, y ∈ R+
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ATIVIDADES

h x [f(x+ h)− f(x)]/f(x)

f(x) = mx+ n m > 0 n > 0

f(x) = x2 + 1

f(x) = c · ekx c > 0

f(x) x

f(x) = b · ax F (x) = b ·Ax f(x1) =

F (x1) f(x2) = F (x2) x1 �= x2 a = A b = B

x0 �= x1 y0 y1

a > 0 b b ·ax0 = y0 b ·ax1 = y1

y y = b · at

t d t

y m t y

m = −d y = b · 2t/d d = loga 2 =

1/ log2 a
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