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Introdução

Fórmulas de Adição

cos(α + β) sen(α + β)

senα senβ cosα cosβ
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CB′ ⊥ OB′

OA = cos(α+ β),

OB′ = cos(β),

B′C = sen(β),

AB = A′B′ = sen(α) · sen(β),
OB = cos(α) · cos(β).

OA = OB −AB = cos(α) · cos(β)− sen(α) · sen(β).

cos(α+ β) = cos(α) · cos(β)− sen(α) · sen(β)

−β

β cos(−β) = cos(β)

sen(−β) = − sen(β)

cos(α− β) = cos(α) · cos(β) + sen(α) · sen(β)

sen(π/2+

t) = cos(t) cos(π/2 + t) = − sen(t)

sen(α+ β) = − cos(π/2 + α+ β).

= − cos(π/2 + α) cos(β) + sen(π/2 + α) sen(β),

sen(α+ β) = sen(α) · cos(β) + sen(β) · cos(β)
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sen(2α) = 2 sen(α) · cos(β) cos(2α) = cos2(α)− sen2(α).

A′ = (x′, y′)

A = (x, y)

θ R2 α

A′ A

R2

Ox OA r = OA r = OA′

x = r·cosα, y = r·senα, x′ = r·cos(α+θ), y′ = r·sen(α+θ).

x′ = r cosα · cos θ − r senα · sen θ = x cos θ − y sen θ.

y′ = r cosα · sen θ − r senα · cos θ = x sen θ + y cos θ.
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T : R2 −→ R2

T (x, y) = (x cos θ − y sen θ, x sen θ + y cos θ).

C x

(1− x2

1 + x2

)2
+

( 2x

1 + x2

)2
= 1.

x

C β

x

α ∈ (−π/2, π/2
)

α β

1− tg2 α

1 + tg2 α
= cosβ

2 tgα

1 + tgα
= senβ.

β = 2α cos(2α)

sen(2α) tgα senα/ cosα

1− tg2 α

1 + tg2 α
= cos(2α)

2 tgα

1 + tg2 α
= sen(2α).

cosα =
1− tg2 α

2

1 + tg2 α
2

senα =
2 tg α

2

1 + tg2 α
2

.

B = (cosα, senα)

AP̂B α = AÔB

AB tg α
2
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PB P = (−1, 0) P

α
2 (−π/2, π/2) tg α

2

B = (cosα, senα)

P

x �−→
(1− x2

1 + x2
,

2x

1 + x2

)

C x ∈ Q

Lei dos Senos e Lei dos Cossenos

ABC a, b, c BC

AC AB h = AP

A BC

P BC

x = BP = c·cos B̂
ABP APC

c2 = h2 + x2,

b2 = h2 + (a− x)2 = h2 + x2 + a2 − 2ax

= h2 + x2 + a2 − 2ac · cos B̂.

b2 = a2 + c2 − 2ac · cos B̂.

x = BP = c · cos(π − B̂) = −c · cos B̂
cos B̂ < 0 −c · cos B̂
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APB APC

c2 = h2 + x2,

b2 = h2 + (a+ x)2 = h2 + x2 + a2 + 2ax

= h2 + x2 + a2 − 2ac · cos B̂.

b2 = a2 + c2 − 2ac · cos B̂.

B̂

a2 = b2 + c2 − 2bc · cos Â, c2 = a2 + b2 − 2ab · cos Ĉ.
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h = c · sen B̂ = b · sen Ĉ,

b

sen B̂
=

c

sen Ĉ
.

h = b · sen Ĉ,

h = c · sen(π − B̂) = c · sen B̂,

b

sen B̂
=

c

sen Ĉ
.

B AC

a

sen Â
=

c

sen Ĉ
.

a

sen Â
=

b

sen B̂
=

c

sen Ĉ
.

a/ sen Â

ABC OP

BC

OBC CÔB

2Â CÔP = Â α/2 = r sen Â

a/ sen Â = 2r =

ABC
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a b

Â

a

sen Â
=

b

sen B̂
sen B̂ =

b

a
sen Â

a > b b
a sen Â

1 B̂

b
a sen Â C

Â+ B̂ + Ĉ = Ĉ

c =

√
a2 + b2 − 2ab cos Ĉ.

RESUMO

α β
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sen(α+ β) = sen(α) · cos(β) + sen(β) · cos(α),
cos(α+ β) = cos(α) · cos(β)− sen(α) · sen(β),
cos(α− β) = cos(α) · cos(β) + sen(α) · sen(β),
sen(α− β) = sen(α) · cos(β)− sen(β) · cos(α).

Â, B̂, Ĉ

a, b, c BC AC AB

a

sen Â
=

b

sen B̂
=

c

sen Ĉ
,

a2 = b2 + c2 − 2bc · cos Â,
b2 = a2 + c2 − 2ac · cos B̂,

c2 = a2 + b2 − 2ab · cos Ĉ,

ATIVIDADES

sen(α−β) = senα cosβ−senβ cosα
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sen(x) = sen(π − x) cos(x) = − cos(π − x)

sen(x) = − sen(x− π) cos(x) = − cos(x− π)

sen(x) = − sen(2π − x) cos(x) = cos(2π − x)

sen(x) = cos(π/2− x) cos(x) = sen(π/2− x)

x ∈ R

sen(3π/2− x) = − cos(x)

cos(3π/2− x) = − sen(x)

cos(3π/2 + x) = sen(x)

sen(3π/2 + x) = − cos(x)

a, b ∈ R

cos(a+ b) = cos(a) cos(b)− sen(a) sen(b).

tg(a+ b) = tg(a)+tg(b)
1−tg(a) tg(b)

tg(a− b) = tg(a)−tg(b)
1+tg(a) tg(b)

cot(a+ b) = cotg(a) cotg(b)−1
cotg(a)+cotg(b)

cotg(165o) sec(255o) cossec(15o)

a b

sen(a+ b) < sen(a) + sen(b).

A B C

tg(A) + tg(B) + tg(C) = tg(A). tg(B). tg(C)
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a �= kπ
2 k ∈ Z

1
sen(a) = cotg(a/2)− cotg(a)

1

sen(a)
+

1

sen(2a)
+

1

sen(4a)
+. . .+

1

sen(2na)
= cotg(a/2)−cotg(2na).

cos(p) + cos(q) = 2. cos
(p+q

2

)
cos

(p−q
2

)
.

cos(p)− cos(q) = −2. sen
(p+q

2

)
sen

(p−q
2

)
.

sen(p) + sen(q) = 2. sen
(p+q

2

)
cos

(p−q
2

)
.

sen(p)− sen(q) = 2. sen
(p−q

2

)
cos

(p+q
2

)
.

tg(p) + tg(q) = sen(p+q)
cos(p) cos(q)

tg(p)− tg(q) = sen(p−q)
cos(p) cos(q)

y = cos(9a) +

cos(5a)− cos(3a)− cos(a)

A B C

sen(A) + sen(B) + sen(C) = 4 cos(A/2). cos(B/2). cos(C/2)

cos(A)+cos(B)+cos(C) = 1+4 sen(A/2). sen(B/2). sen(C/2)

sen(2A) + sen(2B) + sen(C) = 4 sen(A). sen(B). sen(C)
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