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8



Ω ω

A, B, ...

∅

A ∪ B

A ∩ B

A ∩ B = ∅

Ac A ∪ Ac = Ω

A ∩ Ac = ∅

P

0 ≤ P (A) ≤ 1,∀A ⊂ Ω

P (Ω) = 1

P (�n
j=1) =

n∑
i=1

P (Ai) Aj′s
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8
P (C) = P (Co) = 1

2

P (1) = 1
6

A = 2, 4, 6

p(A) = 3/6 = 1/2

A = 3, 6

p(A) = 2/6 = 1/3.

A = 1, 2 p(A) = 2/6 =

1/3.

A = 1, 4

p(A) = 2/6 = 1/3

P (F ) = 0, 654
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P (F∪B) P (F )

P (B)

F ∩ B

P (F ∩B)

Ω

P (A ∪ B) = P (A) + P (B) − P (A ∩ B)

Ω

P (A) = 1 − P (Ac)

A ∪ Ac = Ω

1 = P (A ∪ Ac) = P (A) + P (Ac) − P (A ∩ Ac) =

P (A) + P (Ac) − 0

P (A) = 1 − P (Ac)

1
30

1
80

1
1000
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8

P (A∪B) = P (A)+P (B)−P (A∩B) = 1
30 + 1

80 − 1
1000 = 0, 045.

P (Ac ∩Bc)

Ac ∩ Bc = (A ∪ B)c

P (Ac ∩ Bc) = P ((A ∪ B)c) = 1 − P (A ∪ B) = 0, 955.

A∪Bc P (A∪
Bc) = P (A) − P (A ∩ B) = 0, 032.

P (A|B)

P (A|B)

P (A|B) =
P (A ∩ B)

P (B)
, P (B) > 0.

P (B) = 0 P (A|B) P (A|B) = P (A)

km2

2km2

83



P (H) = 0, 02

Ω = { 100Km2 }

20km2

P (H|I)

80km2 P (H|I) = 0, 025.

P (B) = 0, 8 H ∩ B

H∩B = H P (H∩B) = P (H) =

0, 02.

P (H|B) =
P (H ∩ B)

P (B)
=

0, 02
0, 8

= 0, 025

P (C|C) = 1
2

= =
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8
P (A|Bc) =

P (A ∩ Bc)
P (Bc)

=
1
3

P (A|B) = P (A) P (B) > 0

P (A ∩ B) = P (A)P (B)

Ω = {1, 2, 3, 4, 5, 6}
1/6

A = {2, 4, 6} B = {5, 6} C = {3, 6}
P (A) = 1/2 P (B) = P (C) = 1/3

P (A ∩ B) =

P (B ∩ C) = 1/6

0, 05 0, 1
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Oi i = 1, 2

P (O1) = 0, 95 P (O2) = 0, 9

O1 O2

P (O2|O1) = P (O2) = 0, 9

O1O2 O1 ∩
O2

O1O2 ∪ O1O
c
2 ∪ Oc

1O2

P (O1O2 ∪ O1O
c
2 ∪ Oc

1O2) = P (O1O2) + P (O1O
c
2) + P (Oc

1O2)

O1O2

O1O
c
2

0, 995

RESUMO
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80 ≤ P (A) ≤ 1,∀A ⊂ Ω

P (Ω) = 1

P (�n
j=1) =

n∑
i=1

P (Ai) Aj′s

Ω

P (A ∪ B) = P (A) + P (B) − P (A ∩ B)

P (A|B)

P (A|B) =
P (A ∩ B)

P (B)
, P (B) > 0.

P (B) = 0 P (A|B) P (A|B) =

P (A)

PRÓXIMA AULA
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P (A) = 1/3 P (B|A) = 3/5

P (A) = 1/2 P (B|A = 1 P (A|B) = 1/2

0, 7 0, 8

88



AULA

80, 3

P (A) = 0, 2 P (B) = p P (A∪B) = 0, 5 P (A∩B) = 0, 1

LEITURA COMPLEMENTAR
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AULA

9

x1, x2, ..., xn

MA

MA =
x1 + x2 + ... + xn

n



5, 6,−7, 9

MA =
5 + 6 − 7 + 9

4
= 3, 25

x1, x2, ..., xn

MG = n
√

x1x2...xn

−9

2, 5, 12

MG = 3
√

2.5.12 = 4, 934

x1, x2, ..., xn

MH =
n

1
x1

+ 1
x2

+ ... + 1
xn

MH =
3

1
3 + 1

36 + 1
54

=
324
41

x1, x2, ..., xn

MQ =

√
x2

1 + x2
2 + ... + x2

n

n

92
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9
MQ =

√
32 + 92 + 62

3
≡ 6, 48

5% 15%

20, 075%

100 
→ 100.1, 05 
→ 100.1, 05.1, 15 = 120, 075

100 
→ 100(1 + i) 
→ 100(1 + i)2.

120, 075 = 100(1 + i)2

i ≡ 0, 095 = 9, 5%

MQ ≥ MA ≥ MG ≥ MH

x1, x2, ..., xn x1x2...xn = 1

x1 + x2 + ... + xn ≥ n

93



n = 1

x1, x2, ..., xk

x1x2...xk = 1 x1 + x2 + ... + xk ≥ k

x1, x2, ..., xk, xk+1 ∈ R+

x1x2...(xkxk+1) = 1 x1+x2+...+(xkxk+1) ≥
k

xk ≥ 1 xk+1 ≤ 1

x1 + x2 + ... + xk + xk+1 + (xkxk+1) ≥ k + (xkxk+1)

−xkxk+1

x1 + x2 + ... + xk + xk+1 ≥ k + xk + xk+1 − xkxk+1 + 1 − 1

x1 + x2 + ... + xk + xk+1 ≥ (k + 1) + (xk − 1) + (1−xk+1) ≥ k + 1.

• MA ≥ MG

(MG)n = x1x2...xn (MG)n

1 = x1
MG

x2
MG ... xn

MG

x1
MG + x2

MG + ... + xn
MG ≥ n

x1+x2+...+xn
n ≥ MG

• MG ≥ MH

MA ≥ MG xi = 1
yi

i = 1, 2, ..., n
1
y1

+ 1
y2

+ ... + 1
yn

n
≥ n

√
1
y1

.
1
y2

...
1
yn

.

MH ≤ MG

• MQ ≥ MA
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9
MQ < MA√

x2
1 + x2

2 + ... + x2
n

n
<

x1 + x2 + ... + xn

n

(n − 3)(x2
1 + x2

2 + ...x2
n) + 2(x2

1 + x2
2 + ...x2

n − x1x2 − x1x3 − ... −
xn−2xn − xn−1xn) < 0

MQ ≥ MA

x, y, z ∈ R+ S = 1
x(1 + xy) + 1

y (1 + yz) + 1
z (1 + xz) ≥ 6

S = 1
x + y + 1

y + z + 1
z +x

S ≥ 6 x. 1
x .y 1

y .z 1
z = 1

(
x

y
+

y

x
+ 2) >

(
8
4

)

x
y + y

x ≥ 2 2 + x
y + y

x ≥ 4

(
x

y
+

y

x
+ 2) ≥ 256 >

(
8
4

)

xy = A
√

A 2(x + y)

2(x + y) = 4x+y
2 ≥ 4

√
xy = 4

√
A
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x = y

4
√

A

n+1

n+1
n

13
12 < 1

√
2

√
2
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RESUMO

x1, x2, ..., xn

MA =
x1 + x2 + ... + xn

n

x1, x2, ..., xn

MG = n
√

x1x2...xn

x1, x2, ..., xn

MH =
n

1
x1

+ 1
x2

+ ... + 1
xn
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x1, x2, ..., xn

MQ =

√
x2

1 + x2
2 + ... + x2

n

n

MQ ≥ MA ≥ MG ≥ MH

n + 1

PRÓXIMA AULA

ATIVIDADES

k2 ≥ k(1.2.3 . . . (2k − 1))
1
k

1+32+52+. . .+(2k−1)2 ≥ k3(3.5.7. . . . (2k − 1))
3.5 . . . (2k − 1) + 5.7 . . . (2k − 1) + . . . (2k − 1)

ai, bi ∈ R |a1b1+a2b2+. . .+anbn| ≤
√

(a2
1 + a2

2 + . . . + a2
n).

√
(b2

1 + b2
2 + . . . + b2

n)
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9a2+2√
a2+1

≥ 2

x+y2+3yz

3
√

3y
≥ (xy)

1
3

nk+1

LEITURA COMPLEMENTAR
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Introdução

−
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π, α, β,

π

π

r = AB

103



α

α

α
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R ∈ r S ∈ s

π

α

α
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α α

α

α

α

r ∩ α = ∅ α
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α

β α

107



RESUMO

∅
∅
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α α

α

α

α ∅

α β α β

∅

PRÓXIMA AULA

ATIVIDADES

α α

α
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AB BC CD DA

P ∈ r Q ∈ s

α β

LEITURA COMPLEMENTAR
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r ∈ α

α



α P ∈ α

α

β α β

s = α ∩ β

s ⊂ α β s ∩ r = ∅
β

α β

P ∈ s

α

α

α

α

α

α

α

α P = r∩α

β r′ = β ∩ α

P ∈ r ∩ α r ⊂ β P ∈ β ∩ α

r′ = β ∩ α P ∈ r′

P ∈ r

112
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11
Π β

Π �= β

β Π

β r ⊂ π

s ⊂ β

β

β

r ⊂ β r ⊂ β s ⊂ β α = Π

r � β

β β

β

s � β β

β

β

Π β

t = Π∩β

β

113



Π P /∈ Π

Π

Π α

Π β Π

α = β

Π β

β

P ∈ β

α = β

Π

Π

Π

u �= r u �= s

AB

DD′

L.A.L.

BOD′ AD = AD′ BD = BD′

CAD′ CD = CD′
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11

Π P /∈ Π β

Π β

Π β Π u ⊂
Π

β v ⊂ β

β

Π

β r′ = r

Q ∈ r′ Q′ ∈ Π

Q′ = Q Q �= Q

1800 Q′ = Q Q ∈ r

r′ = r

115
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A1 ∈ r

A1B
′
2

C ′
2 r r′ β μ

B1B
′
2 C1C

′
2

A1B1

A1B′
2

=
B1C1

B′
2C

′
2

=
A1C1

A1C ′
2

.

A1B
′
2 = A2B2 B′

2C
′
2 = B2C2 A1C

′
2 = A2C2

A1B1

A2B2
=

B1C1

B2C2
=

A1C1

A2C2
.

117



RESUMO

r ∈ α

α

PRÓXIMA AULA
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α

Q ∈ α PQ

XP
XQ

= k

α

α β

α β

AC BD

LEITURA COMPLEMENTAR
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PQ



A ∈ r B ∈ s

∠(r, s′)

∠(r′, s) ∠(r, s′) ∠(r, s)

00

900

Π

β t = Π∩β A, B ∈ t

Π

β

Π β

∠(r, s) ∠(r, s) = ∠(r′, s′)

α β

∠(α, β) = 900
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1800

AD AE

BC BF

BC

AD BF

AE BC = AD BF = AE

ADE ≡ BCF

∠(DAE) = ∠(CBF )

∠(DAE) = ∠(CBF )

α

123



α

α

α

α

A ∈ r−P α

α A′ = P

AA′ α A /∈ α

r ∩ α

α A′ = P

α

α

Π

Π

900 Π

Π ∠(r, α)

Π

y = x

xy
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450

∠(r, α) = 450 α

AB

d(A, r)

125



AA′ Π Π

A′B AB

AA′ A′B

AB

126



AULA

12RESUMO

A ∈ r B ∈ s

∠(r, s′)

∠(r′, s) ∠(r, s′) ∠(r, s)

Π β t = Π∩
β A, B ∈ t

Π

β

Π β

∠(r, s)

∠(r, s) = ∠(r′, s′)

Π
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AB

d(A, r)

PRÓXIMA AULA

ATIVIDADES

α

β α

β
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12

LEITURA COMPLEMENTAR
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13



P ∩ Q �= ∅ P ∩ Q ⊂ dP ∩ dQ

132
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13

V − A + F = 2

133



P1, P2, ..., Ps n1, n2, ..., ns

P1, P2, ..., Ps

P1 A1, A2, ..., An1

P1

n1 + n2 + ... + ns = 2A

n1 + n2 + ... + ns

A1A2...An1

s − 1

n1, n2, ..., ns

1800(n2 − 2), 1800(n3 − 2), ..., 1800(ns − 2) = 1800(n2 + n3 +

... + ns − 2(s − 1))

A1A2...An1

A1A2...An1

134
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133600 V − n1

1800(n2 + n3 + ... + ns − 2(s − 1)) =

1800(n2 − 1) + 3600(V − n1) n2 + n3 + ... + ns

2A − n1 V − A + F = 2

A = V + 6

F = 8

V + F − A = 2 F = 7 2A =

2.5 + 4.5 A = 15

V = 10

nF = 2A

V m = nF

F = 4m
2m+2n−mn

2m + 2n − mn > 0 m ≥ 3 n ≤ 5

135
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13

V − A + F = 2

PRÓXIMA AULA

ATIVIDADES

137



A + 6 ≤ 3F A + 6 ≤ 3V

LEITURA COMPLEMENTAR
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V (S)



V (a, b, c)

V (a, b, c)

V (a, b, c) = aV (1, b, c)

V (a, b, c) = bV (a, 1, c)

V (a, b, c) = cV (a, b, 1)

V (a, b, c) = aV (1, b, c) = abV (1, 1, c) = abcV (1, 1, 1) =

abc

V (1, 1, 1) = 1

V (a, b, c) = ×

140



AULA

14

Π β

F ⊂ Π

Π

α Π β β Π Π∩C =

F Π∩P = R

Π ∩ C Π ∩ P

141



V (P )

V (P ) = ×

α

α

β

α α h′ = d(V, β)

β ∩ C β ∩ C ′

142
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14F ≡ β ∩ C h
h′

rea(F )
rea(β∩C) = h2

h′2 =

(β ∩ C) = (β ∩ C ′)

A − A′B′C ′, B′ − ACC ′ B′ − ABC a1, a2, a3

a1 = V (A − A′B′C ′) = V (A − A′BC ′) = V (A′ − ABC)

a2 = V (B′ − ACC ′) = V (C ′ − ABC)

a3 = V (B′ − ABC)

1
3πhr2

143



1
3pah

1
3h(pa + pA + PA)

RESUMO

V (a, b, c)

V (a, b, c) = abc

1
3pah

144
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14PRÓXIMA AULA

ATIVIDADES

√
π

145
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ε

ε

ε d(P,O) <

r d(P,O) > r ε

ε ε

ε ε



ε

V (ε) = 4
3πr3

ε

π(r2−h2)

2rπr2 − 21
3πr3 = 4

3πr3

V (ε) = 4
3πr3

148
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l1, l2, ..., lk

(l1h + l2h + ... + lkh)

149



n 
→ ∞

A = 2ph

2πrh
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A = 2πxL

a1, a2, ..., ak x1, x2, ..., xk

L = a1 + a2 + ... + ak

A = 2πx1a1 +2πx2a2 + ...+2πxkak = 2π(x1a1 +x2a2 + ...+xkak)

xL = a1x1 + a2x2 + ... + akxk

151



A = 2πxL

RESUMO

ε

ε V (ε) = 4
3πr3
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15ATIVIDADES

r −
a

LEITURA COMPLEMENTAR

153



154


