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z z = x + iy x y
i =

√−1
x z y

z = iy x = 0 z

Um é uma
estrutura algébrica
consistindo em um
conjunto munido de
operações de soma
e multiplicação
satisfazendo certas
propriedades, como
fechamento, comu-
tativa, associativa,
distributiva, dentre
outras.

w2 + 1 = 0

w = ±i
Δ

z1 + z2 = (x1 + iy1) + (x2 + iy2) = (x1 + x2) + i(y1 + y2)

z1.z2 = (x1 + iy1).(x2 + iy2) = (x1x2 − y1y2) + i(x1y2 + x2y1) .

z1 = x1 + iy1 z2 = x2 + iy2

z1 = z2 ⇐⇒ x1 = x2 e y1 = y2 .

z∗ z z = x + iy
z∗ = x − iy z z∗

zz∗ = (x + iy)(x − iy) = x2 + y2 .

|z| =
√

zz∗ =
√

x2 + y2 .
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1
z1 − z2 = (x1 + iy1) − (x2 + iy2) = (x1 − x2) + i(y1 − y2)

z1

z2
=

x1 + iy1

x2 + iy2
=

(x1x2 + y1y2) + i(x2y1 − x1y2)

x2
2 + y2

2

(x2 − iy2)

(7 + i)(6 − 2i)(1 + i)

︷ ︸︸ ︷
(7 + i)(6 − 2i)(1 + i) = [

44︷ ︸︸ ︷
42 + 2 +i(

−8︷ ︸︸ ︷
−14 + 6)](1 + i)

= 44 + 8 + i(44 − 8) = 52 + 36i

1 + 2i

(1 − i)(3 + 4i)
.

1 + 2i

(1 − i)(3 + 4i)
=

(1 + 2i)

(1 − i)(3 + 4i)

(1 + i)(3 − 4i)

(1 + i)(3 − 4i)

=
(1 + 2i)(1 + i)(3 − 4i)

(1 + 1)(9 + 16)

=
1

50
[(1 − 2 + 3i)(3 − 4i)]

=
1

50
[−3 + 12 + 13i] =

9

50
+

13

50
i

(x, y)
i = (0, 1)
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z1 −z1

z = 0
z1

∗

x z1

z = 0 z1 z2

z2 z1 + z2
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1z1 z2

z2 − z1

z1 z2

z2−z1

z2 − z1 z2 −z1

2

2

z = x + iy
x, y

r θ

r = |z| =
√

x2 + y2 =
√

zz∗

θ = arc tg
y

x
(x �= 0)

r z θ
z

z

z = x + iy = r cos θ + i r sen θ

= r (cos θ + i sen θ)

= r eiθ

eiα = cos α + i sen α

α

z1 = r1e
iθ1 , z2 = r2e

iθ2 ⇒ z1z2 = (r1r2)e
i(θ1+θ2)
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z1

z2
=

r1

r2
ei(θ1−θ2)

r2 �= 0

z1, z2

zn = rn(cos nθ + i sen nθ) ,

n n = 1, 2, 3, . . .

z−n =
1

zn
= r−n[cos (−nθ) + isen (−nθ)]

= r−n[cos nθ − isen nθ]

n = 1, 2, . . .

z = z0
1/n

z0 n
z0

zn = z0 ⇒ rn(cos nθ + isen nθ) = r0(cos θ0 + isen θ0)

rn = r0

cos nθ = cos θ0 , sen nθ = sen θ0

n θ = θ0 ± 2kπ k = 0, 1, 2, . . .

θ =
θ0 ± 2kπ

n
.

14



1k
n

k = 0 z θ0/n
k = 1 (θ0 + 2π)/n k = n − 1

θ0 + 2(n − 1)π

n
.

k = n

θ0 + 2nπ

n
=

θ0

n
+ 2π

k = 0 k = n + 1
k = 1

−2π −4π
n z0

z = z0
1/n = r0

1/n

[
cos

θ0 + 2kπ

n
+ i sen

θ0 + 2kπ

n

]

k = 0, 1, 2, . . . , n − 1

z0
m/n = r0

m/n

[
cos

mθ0 + 2kπ

n
+ i sen

mθ0 + 2kπ

n

]

k = 0, 1, 2, . . . , n − 1 m ∈ n ∈ +

+

z1z2 = 0 =⇒ z1 = 0 z2 = 0

z1(z2 + z3) = z1z2 + z1z3

(z1 + z2)/z3 = z1/z3 + z2/z3 z3 �= 0

x = Re(z) z = x + iy y = Im(z)
z

z + z∗ = 2Re(z) , z − z∗ = 2Im(z) ;

15



|z| ≥ Re(z); |z| ≥ Im(z); |z| ≤ Re(z) + Im(z)

|z1 + z2| ≤ |z1| + |z2| |z1 − z2| ≥ | |z1| − |z2| |

1
2
(4 + 2i)(1 − 2i)2

10
(2+i)(1−3i)

(
√

3 + i)6

(−4)1/4

(8 + 8i)2/3

2
4+2i 1−2i

1 − 2i
1− 2i 4 + 2i

4

−4

8+8i
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1
−2 − 11i 1 + i −64 1 + i 1 − i

−1 + i −1 − i

x
y = f(x)

y = f(x) x
y

f
z

f(z)

f : D ⊂ C −→ CD ⊂ C

z −→ f(z)

f D
CD z f(z)

z
f(z)
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Re

Im

z0

��

ε

�

�

z0 ε

z0

z

|z − z0| < ε

ε z − z0

z0 z |z − z0|

ε
z0 z0

z0

z0 z0

z ε z0 |z−z0| = ε
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1ε z0

z

S ∈ C

S
ε z0

S = {z |z − z0| ≤ ε}
|z − z0| = ε S

ε z0

S
ε z0

|z| = r
r

P1

P2
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f(z) z ∈ D
D f(z) CD

z
f(z)

f(x)

f

x
f(x)

f(z) = z1/2

f(z)

P (z) = a0 + a1z + a2z
2 + . . . + anzn
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1D =
a0, a1, . . . , an

f(z) =
1

z2 + 1

z = ±i
z = i z = −i f(z)

f(z)

f(z) = u(x, y) + iv(x, y)

u v x y

f(z) = z2 = (x + iy)2 = (x2 − y2)︸ ︷︷ ︸
u(x,y)

+i (2xy)︸ ︷︷ ︸
v(x,y)

.

f(z)
z0 z0

lim
z→z0

f(z) = w0

δ ε > 0 z �= z0

|z − z0| < δ =⇒ |f(z) − w0| < ε .

z z0 f(z) = u + iv
w0

f(z)
w0 z

z0

lim
z→−2

z3 + 8

z + 2
= 16 .
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z0 = −2
δ > 0

ε > 0

|z − (−2)| < δ =⇒
∣∣∣∣z

3 + 8

z + 2
− 16

∣∣∣∣ < ε .

δ > 0 ε = δ2 + 8δ |z + 2| < δ
z �= −2∣∣∣∣z

3 + 8

z + 2
− 16

∣∣∣∣ =

∣∣∣∣(z + 2)(z2 − 2z + 4)

(z + 2)
− 16

∣∣∣∣ = |(z2 − 2z + 4) − 16|
= |(z − 2)2 − 16| = |[(z + 2) − 4]2 − 16|
= |(z + 2)2 − 8(z + 2)| ≤ |z + 2|2 + 8|z + 2|
< δ2 + 8δ = ε

ε δ
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1
z = x + iy f(z) = u(x, y) + i v(x, y)

lim
z→z0

f(z) = w0 ⇐⇒

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

lim
x → x0

y → y0

u(x, y) = Re(w0)

lim
x → x0

y → y0

v(x, y) = Im(w0)

limz→z0 f1(z) = w1 limz→z0 f2(z) = w2

limz→z0 [f1(z) + f2(z)] = w1 + w2

limz→z0 [f1(z).f2(z)] = w1.w2

limz→z0 [f1(z)/f2(z)] = w1/w2 w2 �= 0

f(z) z = z0

f(z0)

limz→z0 f(z)

f(z0) = limz→z0 f(z)

z ∈
lim
z→z0

P (z) = P (z0) .

f(z)
z0 f z0

f ′(z0) = lim
z→z0

f(z) − f(z0)

z − z0
.
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z0

f(z) = z3 − 2z
z0 z �= z0

f(z) − f(z0)

z − z0
=

z3 − x0
3 − 2z + 2z0

z − z0

=
(z − z0)(z

2 + zz0 + z0
2) − 2(z − z0)

z − z0

= z2 + zz0 + z0
2 − 2 ,

f ′(z0) = lim
z→z0

f(z) − f(z0)

z − z0
= lim

z→z0

(z2 + zz0 + z0
2 − 2) = 3z0

2 − 2 .

d

dz
zn = nzn−1 .

f(z) = |z|2
f(z) f(z) = z.z∗

δz = z − z0

f ′(z0) = lim
z→z0

f(z) − f(z0)

z − z0

= lim
Δz→0

f(z0 + Δz) − f(z0)

Δz

= lim
Δz→0

(z0 + Δz)(z0
∗ + Δz∗) − z0z0

∗

Δz

= lim
Δz→0

z0z0
∗ + z0Δz∗ + z0

∗Δz∗ + ΔzΔz∗ − z0z0
∗

Δz

= lim
Δz→0

(
z0

∗ + Δz∗ + z0
Δz∗

Δz

)
.

z0 = 0 f ′(z0) = 0
z0 �= 0

Δz = Δx → 0

Δx→0

[
z0

∗ + Δx + z0
Δx

Δx

]
= z0

∗ + z0 ;

24



1Δz = iΔy → 0

Δy→0

[
z0

∗ + (−iΔy) + z0
−iΔy

iΔy

]
= z0

∗ − z0 ;

z0 �= 0
f(z) = |z|2 z = 0

d

dz
= 0

d

dz
z = 1

d

dz
(f1 + f2) =

df1

dz
+

df2

dz
d

dz
(f.g) =

df

dz
.g + f.

dg

dz
d

dz

(
f

g

)
=

g df/dz − f dg/dz

g2

d

dz
f [g(z)] =

df

dg

dg

dz

|z − 2| ≥ 2

|z − 1| < 2

Im(z2) > 1
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