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4

+
.

R, +, .
C, +, .

⊕
�

∀v1, v2 ∈ V v1 ⊕ v2 ∈ V
v1 v2

v1 ⊕ v2

∀v1, v2 ∈ V v1 ⊕ v2 = v2 ⊕ v1

∀v1, v2, v3 ∈ V v1 ⊕ (v2 ⊕ v3) = (v1 ⊕ v2)⊕ v3

∃ 0 ∈ V ∀v ∈ V 0 ⊕ v = v
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∀v ∈ V ∃(�v) ∈ V v ⊕ (�v) = 0

∀v ∈ V ∀k ∈ K k � v ∈ V

∀v ∈ V 1 ∈ K 1�v ∈ V

∀v ∈ V ∀k1, k2 ∈ K k1�(k2�v) = (k1.k2)�v

∀v ∈ V ∀k1, k2 ∈ K (k1 + k2) � v = k1 � v ⊕ k2 � v

∀v1, v2 ∈ V ∀k ∈ K k � (v1 ⊕ v2) = k � v1 ⊕ k � v2

+ ⊕ .
�

⊕ �

R3

R

v1 = a1i + b1j + c1k ,

v2 = a2i + b2j + c2k,

i j k x, y, z

v1 ⊕ v2 = (a1 + a2)i + (b1 + b2)j + (c1 + c2)k ,

k � v1 = ka1i + kb1j + kc1k

k, a1, a2, b1, b2, c1, c2 ∈ R
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4
v1 = a1i + b1j + c1k , v2 = a2i + b2j + c2k.

v1 ⊕ v2 = (a1 + a2)i + (b1 + b2)j + (c1 + c2)k

a1, b1, . . . , c2 (a1 + a2) ∈ R (b1 + b2) ∈ R (c1 + c2) ∈ R

v1 ⊕ v2 ∈ V

V = {v1 = Ai + Bj + Ck, ∀A, B, C ∈ R} .

v1,v2 ∈ V ⇒ v1 ⊕ v2 ∈ V

v1 = a1i + b1j + c1k ,

v2 = a2i + b2j + c2k ,

v3 = a3i + b3j + c3k ;

v1 ⊕ (v2 ⊕ v3) =

= a1i + b1j + c1k + [(a2 + a3)i + (b2 + b3)j + (c2 + c3)k]

= [a1 + (a2 + a3)] i + [b1 + (b2 + b3)] j + [c1 + (c2 + c3)]k

= [(a1 + a2) + a3] i + [(b1 + b2) + b3] j + [(c1 + c2) + c3]k

= (v1 ⊕ v2) + v3

0 = 0i + 0j + 0k ,

v = ai + bj + ck ,�v = −ai − bj − ck

v = ai + bj + ck k1, k2 ∈ K

k1 � (k2 � v) = k1 � [k2ai + k2bjk2ck]

= k1k2ai + k1k2bj + k1k2ck

= (k1.k2) � v
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R3

R

⊕ �

⊕ + + � . .
k � v kv

m×n
R

⎛
⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . .
am1 am2 . . . amn

⎞
⎟⎟⎠ +

⎛
⎜⎜⎝

b11 b12 . . . b1n

b21 b22 . . . b2n

. . . . . . . . . . . .
bm1 bm2 . . . bmn

⎞
⎟⎟⎠ =

=

⎛
⎜⎜⎝

a11 + b11 a12 + b12 . . . a1n + b1n

a21 + b21 a22 + b22 . . . a2n + b2n

. . . . . . . . . . . .
am1 + bm1 am2 + bm2 . . . amn + bmn

⎞
⎟⎟⎠

+ ⊕

+

k

⎛
⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . .
am1 am2 . . . amn

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

ka11 ka12 . . . ka1n

ka21 ka22 . . . ka2n

. . . . . . . . . . . .
kam1 kam2 . . . kamn

⎞
⎟⎟⎠

�

f : R −→ R
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4R

(f + g)(x) ≡ f(x) + g(x)

≡ +
⊕ +

(kf)(x) ≡ kf(x)

�

V (a, b)
V

(a, b) + (c, d) ≡ (a + d, b + c)

k(a, b) ≡ (ka, kb) .

V R

V

v1 = (0, 1) v2 = (1, 2) v3 = (2, 1)

(0, 1) + [(1, 2) + (2, 1)] = (0, 1) + (2, 4) = (4, 3)

[(0, 1) + (1, 2)] + (2, 1) = (2, 2) + (2, 1) = (3, 4)

v1 v2 vn

k1 k2 kn

k1 v1 + k2 v2 + . . . + kn vn

v1 v2 vn

v1 v2

k1 v1 + k2 v2 + . . . =

∞∑
i=1

ki vi
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v1 v2

3

i j k

v = ai + bj + ck

a b c ∈ R

ψ(x) ψ0(x) ψ1(x) ψ2(x)
ψ(x)

ψ(x) = a0ψ0(x) + a1ψ1(x) + a2ψ2(x) + . . . =

∞∑
i=1

aiψi(x) .

A rigor, ψ(x) é um
ente matemático, a

, que represen-
ta o estado quânti-
co (que tem senti-
do físico). Mas,
por um abuso de
linguagem, nós físi-
cos chamamos mui-
tas vezes ψ(x) de
"estado quântico".

a0 a1 a2

V K W ⊂ V
V W V W

K

W V
K V

0 ∈ W

w1, w2 ∈ W ⇒ w1 +w2 ∈ W W

k ∈ K w ∈ W ⇒ kw ∈ W W

V

V 2×2
W 2×2
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4V

V =

{(
a b
c d

)
, ∀a, b, c, d ∈ R

}
,

W =

{(
0 0
l m

)
, ∀l, m ∈ R

}
.

v1 v2 vn V K

k1 k2 kn K

k1v1 + k2v2 + . . . + knvn = 0 .

v1 v2 vn V K

k1 k2 kn

k1v1 + k2v2 + . . . + knvn = 0 .

k1v1 + k2v2 + . . . + knvn = 0 ⇒ k1 = k2 = . . . = kn = 0 .

3 (i+ j) (5i+5j)
(+5) (−1)

(+5).((i + j) + (−1).(5i + 5j) = 0 .

(i + j) (i − j)

a.((i + j) + b.(i − j) = (a + b)i + (a − b)j = 0

a + b = 0 a − b = 0 a = b = 0

i = (1, 0, 0) j = (0, 1, 0) k = (0, 0, 1)
x y z

ai + bj + ck = a(1, 0, 0) + b(0, 1, 0) + c(0, 0, 1)

= (a, 0, 0) + (0, b, 0) + (0, 0, c)

= (a, b, c) = (0, 0, 0) ⇒ a = b = c = 0 .
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3 a = i + 2j b = 3i

α(i + 2j) + β(3i) = 0

(α + 3β)i + 2αj = 0 ,

α = 0 β = 0
a = −5i b = 3i

(+3)(−5i) + (+5)(3i) = 0 ,

(+3) (+5)
a b

V = {v1, v2, . . . , vp, vp+1, . . . , vn}
V {v1, v2, . . . , vp}

V
{v1, v2, . . . , vp} k1, k2, . . . , kp

k1v1 + k2v2 + . . . + kpvp = 0 .

k′s

kp+1 = kp+2 = . . . = kn = 0

(k1v1 + k2v2 + . . . + kpvp) + (kp+1vp+1 + kp+2vp+2 + . . . + knvn) = 0

V

S
V S
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4S
V S

{v1, v2, . . .}
V

k1v1 + k2v2 + . . . (∀k1, k2, . . . ∈ K)

V L({v1, v2, . . .})
v1, v2, . . .

V
V

V
V V

V {v1, v2, . . . , vn}
V V

n n
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3 i, j,k 3

3

i i+ j i+ j+k {R3} = 3

2× 2

{(
1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)}
.

V n n
V n

W V W ≤ V W1

W2 V

W1 + W2 = (W1 ∪ W2) + (W1 ∩ W2) ,

W1 ∪ W2 W1 W2 W1 ∩ W2

v

v = a1v1 + a2v2 + . . .

a1 a2

K v {v1, v2, . . .}

(a, b)
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4
2 × 2

c1+c2 = (a1+ib1)+(a2+ib2) = (a1+a2)+i(b1+b2)rc = r(a+ib) = ra+irb

a1 a2 b1 b2 r a b

3

v = (a, b, c) v

v = ai + bj + ck W = (a, b, 0); ∀a, b ∈ R
3

z
xy

F
P

F f(−x) = f(x), ∀x ∈ R

I f(−x) =
−f(x), ∀x ∈ R F

3

v1, . . . , vp, vp+1, . . . , vn

{v1, v2, . . . , vp}
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L({v1, v2, . . .})
V
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