
8
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8
f(x) = f(x0) +

f ′(x0)

1!
(x − x0) +

f ′′(x0)

2!
(x − x0)

2 + . . .

T

f(x + T ) = f(x) , ∀x,

T
x

f(x) =

∞∑
n=0

(an cos nx + bn sen nx) .
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cos x cos kx
k = 2π/λ = 2πf/v λ

134



8f
v

f
cos kx

2f
cos 2kx 3f

cos 3kx

x

cos kx . cos 2πft = cos kx . cos ωt .

f(x)
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cos 4kx
a4 an

bn

f(x) = a0 +
∞∑

n=1

(an cos nkx + bn sen nkx)

= a0 + a1 cos kx + b1 sen kx + a2 cos 2kx + b2 sen 2kx + . . .

f(x)

f(x)

f(x)
2π

∫ 2π

0

|f(x)| dx < ∞
f

f(x) f

T
2π T < ∞

f(x) =

∞∑
n=0

(an cos nx + bn sen nx)

f(x) 2π
[0, 2π]

f(x)
an bn

{1, cos x, sen x, cos 2x, sen 2x, . . .}
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8

(f, g) =

∫ 2π

0

f(x) g(x) dx .

{i, j,k}
i · j = i · k = j · k = 0

v = vx i + vy j + vz k

(1, cos x) =

∫ 2π

0

cos x dx = [sen x]2π
0 = 0 ;

(1, sen x) =

∫ 2π

0

sen x dx = [−cos x]2π
0 = 1 − 1 = 0 ;

(sen x, cos x) =

∫ 2π

0

sen x cos x dx = [
1

2
sen2 x]2π

0 = 0 ;

(1, cos 2x) =

∫ 2π

0

cos 2x dx = [
1

2
sen 2x]2π

0 = 0 ;

f(x)

i, j,k
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an bn a0

f(x) 0 2π
1

(f(x), 1) =
∞∑

n=0

[an (cos nx, 1) + bn (sen nx, 1)]

∫ 2π

0

f(x) dx = a0 (1, 1) + a1 (cos x, 1)︸ ︷︷ ︸
0

+b1 (sen x, 1)︸ ︷︷ ︸
0

+

+a2 (cos 2x, 1)︸ ︷︷ ︸
0

+b2 (sen 2x, 1)︸ ︷︷ ︸
0

+ . . .

(1, 1) =

∫ 2π

0

= 2π .

a0 =
1

2π

∫ 2π

0

f(x) dx .

an n > 1
f(x) cos mx

(f, cos mx) =

∞∑
n=0

[an (cos nx, cos mx) + bn (sen nx, cos mx)]

= am (cos mx, cos mx) = amπ

∫ 2π

0

f(x) cos mxdx = amπ ,

am =
1

π

∫ 2π

0

f(x) cos mxdx

m = 1, 2, . . .
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8sen mx
bn

(f, sen mx) =
∞∑

n=0

⎡
⎣an (cos nx, sen mx)︸ ︷︷ ︸

0

+bn (sen nx, sen mx)

⎤
⎦

= bm (sen mx, sen mx) = bmπ

bm

bm =
1

π

∫ 2π

0

f(x) sen mxdx

m = 1, 2, . . .

0 π 1 π 2π

a0 =
1

2π

∫ π

0

dx = 1/2 ;

an =
1

π

∫ π

0

cos nx dx =
1

π

[sen nx

n

]π

0
= 0 ;

bn =
1

π

∫ π

0

sen nx dx =
1

π

[−cos nx

n

]π

0

=
1

nπ

[
1 −

±1︷ ︸︸ ︷
cos nπ

]
=

=

{
0 ,
2

nπ
,

f(x) =
1

2
+

2

π

[
sen x +

sen 3x

3
+

sen 5x

5
+ . . .

]
.

x = 0 x = π
x = 2π f(x)
1/2

sen nx =
einx − e−inx

2i
, cos nx =

einx + e−inx

2
.
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x = 0

f(x) = a0 +

∞∑
n=1

bn

2i
(einx − e−inx) +

∞∑
n=1

an

2
(einx + e−inx)

= a0︸︷︷︸
c0

+

∞∑
n=1

[(
an

2
+

bn

2i

)
︸ ︷︷ ︸

cn

einx +

(
an

2
− bn

2i

)
︸ ︷︷ ︸

c−n

e−inx

]

c0 c1 c−1 c2 c−2

f(x) =
∞∑

n=−∞

cn einx .

an bn

cn =
1

2π

∫ 2π

0

f(x) e−inx dx ∀n .

[0, 2π]
2π

[−π, π] [π, 3π]
cn

f(x) 2π T
cos nx sen nx

einx

cos

(
2π

T
nx

)
, sen

(
2π

T
nx

)
(

ei 2π
T

nx
)
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8
f(x) = a0 +

∞∑
n=1

(
an cos

2π

T
nx + bn sen

2π

T
nx

)

a0 =
1

T

∫ T

0

f(x) dx

an =
2

T

∫ T

0

f(x) cos
2π

T
nx dx

bn =
2

T

∫ T

0

f(x) sen
2π

T
nx dx

f(x) =

∞∑
n=−∞

cn ei 2π
T

nx ,

cn =
1

T

∫ T

0

f(x) e−i 2π
T

nx dx (∀n) .

f(x) = a0 +

∞∑
n=1

[
an cos

2π

T
nx + bn sen

2π

T
nx

]

=
1

T

∫ T

0

f(x) dx +

∞∑
n=1

[
cos

2π

T
nx

2

T

∫ T

0

f(x′) cos
2π

T
nx′ dx′ +

sen
2π

T
nx

2

T

∫ T

0

f(x′) sen
2π

T
nx′ dx′

]

=
1

T

∫ T

0

f(x) dx +

∞∑
n=1

2

T

∫ T

0

f(x′) ×

×
(

cos
2π

T
nx cos

2π

T
nx′ + sen

2π

T
nx sen

2π

T
nx′

)
dx′

f(x) =
1

T

∫ T

0

f(x) dx +
∞∑

n=1

2

T

∫ T

0

f(x′) cos
2π

T
n (x − x′) dx′ .

an bn
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8
2π

f(x) =

∞∑
n=0

(an cos nx + bn sen nx)

a0 =
1

2π

∫ 2π

0

f(x) dx ,

an =
1

π

∫ 2π

0

f(x) cos nx dx (n > 1)

bn =
1

π

∫ 2π

0

f(x) sen nx dx (n > 1)

f(x) =
∞∑

n=−∞

cn einx

cn =
1

2π

∫ 2π

0

f(x) e−inx dx .

T

f(x) = a0 +

∞∑
n=1

(
an cos

2π

T
nx + bn sen

2π

T
nx

)

a0 =
1

T

∫ T

0

f(x) dx

an =
2

T

∫ T

0

f(x) cos
2π

T
nx dx

bn =
2

T

∫ T

0

f(x) sen
2π

T
nx dx

f(x) =
∞∑

n=−∞

cn ei 2π
T

nx

cn =
1

T

∫ T

0

f(x) e−i 2π
T

nx dx (∀n) .
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T = 3

f(x) =

∞∑
n=−∞

cn ei 2π
3

nx

c0 =
1

3

∫ 3

0

f(x) dx =
1

3

1.3

2
=

1

2
,

cn =
1

3

∫ 3

0

x

3
e−i 2π

3
nx dx

=
1

9

∫ 3

0

eαx x dx

α = −i2nπ/3

n �= 0∫
eαx dx =

eαx

α
⇒ d

dα

∫
eαx dx =

∫
xeαx dx = −eαx

α2
+

x

α
eαx

cn

cn =
1

9

[(
x

α
− 1

α2

)
eαx

]3

0

=
1

9
e3α

(
3

α
− 1

α2

)
− 1

9

(
− 1

α2

)
=

1

3α
=

i

2nπ
.
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8
f(x) =

1

2
+

∞∑
n=−∞

(n �=0)

i

2nπ
ein 2πx

3

=
1

2
+

i

2π

{
e

2πx
3 − e−

2πx
3

1
+

e
4πx
3 − e−

4πx
3

2
+ . . .

}

=
1

2
+

i

2π

{
2i sen

2πx

3
+ 2i sen

4πx

3
+ . . .

}

=
1

2
− i

π

[
sen

2πx

3
+ sen

4πx

3
+ sen

6πx

3
+ . . .

]

i(t) = A sen ωt
i′(t)

i′(t) =
2A

π
− 4A

π

∑
npar

cos nωt

n2 − 1
.
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i′(t)
i′ T ′ = T/2 = π/ω

a0 =
ω

π

∫ π/ω

0

A sen ωt dt =
2A

π

an =
2ω

π

∫ π/ω

0

A sen ωt cos
2πnt

π/ω
dt =

2Aω

π

∫ π/ω

0

sen ωt cos 2nωt dt

=
2Aω

π

∫ π/ω

0

1

2
sen [(2n + 1)ωt] dt +

−2Aω

π

∫ π/ω

0

1

2
sen [(2n − 1)ωt] dt

=
Aω

π

{
(−1)[cos (2n + 1)π − 1]

1

(2n + 1)ω
+

+ [cos (2n − 1)π − 1]
1

(2n − 1)ω

}
= − 4A

π(4n2 − 1)
.

bn i(t)

i′(t) =
2A

π
− 4A

π

∞∑
n=1

1

4n2 − 1
cos 2nωt

i′(t) =
2A

π
− 4A

π

∑
n=2,4,...

cos nωt

n2 − 1
.

f(x)
[a, b] f(x)

[a, b] f(a) = f(b) f ′(x)
[a, b]
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8

2�

f(x) =

{
A sen ωx , 0 < x < π/ω

0 , π/ω < x < 2π/ω
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a0

an bn

148


