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y(x)

x y

x

(dy/dx)3 + 3xy2 = 9 ln x

y . y′′′ + 2x = −8

ÿ + 2y + 1 = 0 .

dy

dx
= ẏ = y′ = y(1) .

y
dy/dx d2y/dx2

y.ÿ y
ky k

k
y k

(ln x) ÿ + x3 eπx y + 1 = 0

ẏ + 2y = −1

x ÿ + x2 ẏ = sen x .
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e−x2
ÿ = −2y

ÿ + 2ẏ − (2x + 1)y = 0

(cosx) ẏ + (sen x) y = tg x ÿ .

y
ky k

y = 0

y

3xy − (2x − 3) ẏ + 3x = 2x
x3−1

3xy − (2x − 3) ẏ = 0

2 ln x ẏ − x ln (x − 1) = 0 2 ln x ẏ = 0
2 y + ẏ + 1 = xy 2 y + ẏ = xy

an y(n) + an−1 y(n−1) + . . . + a1 y′ + a0 y = 0

a0 a1 an

n
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1
n

n y1(x) y2(x) yn(x)

y =

n∑
i=1

ci yi(x)

ci

yGH

yP

an y(n) + an−1 y(n−1) + . . . + a1 y′ + a0 y = b

yG = yGH + yP

ẏ + ay = b .

ẏ + ay = 0

dy

dx
= −a y =⇒ dy

y
= −a dx

ln y = −a x + C
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y = A e−ax , A = eC = .

yGH = A e−ax .

yP = C = ,

ẏP + a yP = b =⇒ aC = b

C = b/a a �= 0 a
yP = bx

yG = yGH + yP = A e−ax +
b

a

a �= 0 a

yG = b x + D

D

ÿ + aẏ + by = c .
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ÿ + aẏ + by = 0 .

y = erx

r

ẏ = r erx , ÿ = r2 erx ,

erx
(
r2 + ar + b

)
= 0

x

r2 + ar + b = 0 ,

r = −a

2
±

√
Δ

2
, Δ = a2 − 4b .

Δ > 0
r1 r2

r1 = −a

2
+

√
Δ

2
,

r2 = −a

2
−

√
Δ

2
,

er1x , er2x

yGH = C1 e(− a
2
+

√
Δ
2

)x + C2 e(− a
2
−

√
Δ
2

)x .

Δ = 0
r1 = r2 = −a/2

er1x
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x er1x

yGH = C1 e−
ax
2 + C2 x e−

ax
2 .

Δ < 0
r

r1 = −a

2
+ i

√
4b − a2 , r2 = −a

2
− i

√
4b − a2 ,

yGH = C1 e(− a
2
+i

√
4b−a2)x + C2 e(− a

2
−i

√
4b−a2)x .

yGH

yGH = e−
ax
2

{
C1 ei

√
4b−a2x + C2 e−i

√
4b−a2x

}
;

eiα = cos α + i sen α

yGH = e−
ax
2

{
C1

[
cos

√
4b − a2x + i sen

√
4b − a2x

]
+

+C2

[
cos

√
4b − a2x + i sen (−

√
4b − a2x)

]}
= e−

ax
2

{
cos

√
4b − a2x [C1 + C2]︸ ︷︷ ︸

=B1=

+

+sen
√

4b − a2x [iC1 − iC2]︸ ︷︷ ︸
=B2=

}

= B1 e−
ax
2 cos

√
4b − a2x + B2 e−

ax
2 sen

√
4b − a2x .

yGH

yGH = e−
ax
2 D1 sen

(√
4b − a2x + D2

)
,

sen (α + β) = sen α cos β + cos α sen β

14



1D1 D2

D1 =
√

B1
2 + B2

2 , tg D2 =
B1

B2
.

ÿ + aẏ + by = c .

b

yP =
c

b
;

b = 0 a �= 0

yP =
cx

a
;

a = b = 0

yP =
cx2

2
.

yG = yGH + yP .

ÿ + P (x) ẏ + Q(x) y = 0 ,

y1(x)
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y2(x)

y1(x) y2(x)

W (x) =

∣∣∣∣ y1(x) y2(x)
ẏ1(x) ẏ2(x)

∣∣∣∣ = y1 ẏ2 − ẏ1 y2 .

Ẇ = y1 ÿ2 − y2 ÿ1 = y1 (−P ẏ2 − Q y2) − y2 (−P ẏ1 − Q y1) .

y1(x) y2(x)

ÿ1 + P (x) ẏ1 + Q(x) y1 = 0 ,

ÿ2 + P (x) ẏ2 + Q(x) y2 = 0 ,

ÿ1 ÿ2

Ẇ = (−P ) (y1 ẏ2 − y2 ẏ1) = −P W

dW

dx
= −P W

dW

W
= −P dx

ln W = −
∫

P dx + C

W = A e−
R

P dx .

W

W = y1
2 d

dx

(
y2

y1

)
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1
y1

2 d

dx

(
y2

y1

)
= A e−

R
P dx

d

dx

(
y2

y1

)
=

1

[y1(x)]2
A e−

R
P dx

y2

y1

=

∫
A e−

R
P (x′) dx′

dx

[y1(x)]2
+ B

y2(x) = y1(x)

∫
A e−

R
P (x′) dx′

[y1(x)]2
dx

B = 0

y =

∞∑
i=0

ai x
k+i ,

k a0, a1, . . .

A(x) ÿ + B(x) ẏ + C(x) y = 0 ,

ÿ + P (x) ẏ + Q(x) y = 0 .

A(x) x = x0

P Q

P (x), Q(x) −→
x→x0

∞ .
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P (x) Q(x) x → x0 (x−x0) P (x)
(x− x0)

2 Q(x) x0

P (x) Q(x) (x − x0) P (x) (x − x0)
2 Q(x)

x → x0 x0

x2 ÿ + x ẏ + (x2 − n2) y = 0

ÿ +
1

x
ẏ + (1 − n2

x2
) y = 0

x = 0

x = 0
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1
x2 ÿ + x ẏ + (x2 − n2) y = 0 .

y(x) = a0x
k + a1x

k+1 + . . . =

∞∑
i=0

ai x
k+i

a0 a1 k

y(x)

ẏ =
∞∑
i=0

(k + i) ai x
k+i−1 ,

ÿ =

∞∑
i=0

(k + i − 1)(k + i) ai x
k+i−2 .

d xn/dx = n xn−1

ÿ ẏ y

x2
∑∞

i=0(k + i − 1)(k + i) ai x
k+i−2 + x

∑∞
i=0(k + i) ai x

k+i−1 +

+(x2 − n2)
∑∞

i=0 ai x
k+i = 0

x2
∑∞

i=0(k + i − 1)(k + i) ai x
k+i−2 + x

∑∞
i=0(k + i) ai x

k+i−1 +

+x2
∑∞

i=0 ai x
k+i − n2

∑∞
i=0 ai x

k+i = 0 .

x2 x

∑∞
i=0(k + i − 1)(k + i) ai x

k+i +
∑∞

i=0(k + i) ai x
k+i +

+
∑∞

i=0 ai x
k+i+2 − n2

∑∞
i=0 ai x

k+i = 0 .
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{1, x, x2, x3, . . .}

A0 + A1x + A2x
2 + A3x

3 + . . . = 0

A0 = A1 = A2 = A3 = . . . = 0 .

x

x xk i

Akx
k + Ak+1x

k+1 + Ak+2x
k+2 + . . . = 0

x
Ak Ak+1

xk+i i = 0, 1, 2, . . .
xk xk+1 xk+2

xk+2

Ak

Ak+1 Ak+2

x
xk

xk

xk

x
i = 0

Ak = a0(k + 0)(k + 0 − 1) + a0(k + 0) − n2a0 = 0 .

Ak xk+2
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1Ak

Ak = a0(k
2 − n2) = 0

xk+1

Ak+1 = a1(k + 1)(k + 1 − 1) + a1(k + 1) − n2a1 = 0

Ak+1 = a1[(k + 1)2 − n2] = 0 .

Ak+2

k = +n k = −n a0 �= 0
k = +n

k = −n k = n−1

a1 = 0 a0 �= 0
k = +n a1 = 0 a0 �= 0 k = −n a1 = 0

k = ±n = ±1/2
n

Ak+j j ≥ 2
xk+2

k + i + 2 = k + j i + 2 = j i = j − 2

∞∑
i=0

ai x
k+i+2 =

∞∑
j=2

aj−2x
k+j .

i = j

∞∑
j=2

(k + j − 1)(k + j) aj xk+j +
∞∑

j=2

(k + j) aj xk+j +

+

∞∑
j=2

aj−2 xk+j − n2

∞∑
j=2

aj xk+j = 0 .
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j
2

i = 0 i = 1 Ak Ak+1

∞∑
j=2

{
(k + j − 1)(k + j) aj + (k + j) aj + aj−2 − n2aj

}
xk+j = 0

{xk+2, xk+3, xk+4, . . .}

Ak+j = (k + j − 1)(k + j) aj + (k + j) aj + aj−2 − n2aj = 0 .

aj =
−1

(k + j)2 − n2
aj−2 (j ≥ 2)

a1 = 0
j = 3

a3 =
−1

(k + 3)2 − n2
a3−2︸︷︷︸
a1=0

= 0

a3 a1

a5 a3 a3 = 0 a5 = 0

a1 = a3 = a5 = . . . = 0 .

k = ±n

a0 �= 0 k = +n a1 = 0
j = 2

a2 =
−1

(n + 2)2 − n2
a0 =

−1

2 (2 + 2n)
a0 ;
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1j = 4

a4 =
−1

(n + 4)2 − n2
a2 =

−1

4 (4 + 2n)

−1

2 (2 + 2n)
a0

=
(−1)2

4 2 (4 + 2n) (2 + 2n)
a0 .

j = 6, 8, 10, . . .

a2j =
(−1)j

[2j (2j − 2) . . . 2] [(2j + 2n) . . . (2 + 2n)]
a0

a2j =
(−1)j (2n)!! a0

(2j)!! (2j + 2n)!!

j = 1, 2, . . .
6!! = 6.4.2 = 48

y(x) =

∞∑
j=0

a2j x2j+n

=
∞∑

j=0

(−1)j (2n)!! a0

(2j)!! (2j + 2n)!!
x2j+n

= Jn(x)

Jn(x)

a0 �= 0 k = −n a1 = 0

y(x) =

∞∑
j=0

a2j x2j−n

=
∞∑

j=0

(−1)j (−2n)!! a0

(2j)!! (2j − 2n)!!
x2j−n

= J−n(x)
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ÿ +
1

x2
ẏ − a2

x2
y = 0 ,

x = 0

k = 0

aj+1 =
j(j − 1) − a2

j + 1
aj .

∣∣∣∣aj+1

aj

∣∣∣∣ −→ 1

ÿ − 6

x2
y = 0 .

y(x) =

∞∑
i=0

ai x
k+i ,

∞∑
i=0

(k + i − 1)(k + i) ai x
k+i−2 − 6

∞∑
i=0

ai x
k+i−2 = 0

x i = 0

[k(k − 1) − 6]a0 = 0
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1a0 �= 0 k = −2 k = 3
i > 0

[(k + 1)k − 6]a1 = 0 =⇒ a1 = 0 ,

[(k + 2)(k + 1) − 6]a2 = 0 =⇒ a2 = 0 ,

y(x) =
∞∑
i=0

ai x
k+i =︸︷︷︸

a1=a2=...=0

a0x
k =

{
a0x

−2

a0x
3

(ÿ)2 − 2xy = 0

x2ÿ + xẏ + (x2 − n2)y = 0

x2ẏ − 2x(y − 1) = 0

5ẏ − 2y = 4 .

y(0) = 1

ÿ − 2ẏ + y = 2

ÿ − ẏ − 6y = 18

ÿ − 2ẏ + 2y = 0

ÿ−6ẏ+9y = 0
y1(x) = e3x y1

xẏ + 5y = 8x3
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ÿ − 2ẏ + 3y = 2x2 + 1

ÿ − 12ẏ − 3y = sen x

2ẏ − ÿ + 4y = 2e3x

ÿ + ω2y = 0

k = 1 a1 = 0

07

(1 − x2) ÿ − 2x ẏ + �(� + 1) y = 0 .

yG = −2 + Ae+2x/5

y = −2 + 3e+2x/5

yG = 2 + c1 ex + c2 x ex

yG = −3 + c1 e−2x + c2 e+3x

yG = yGH = ex[c1 eix + c2 e−ix]
y = xe3x

yP = Ax2 + Bx + C

1 x x2 A, B, C
y = A sen x + B cos x y = A e3x
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