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3

∇2ψ(r) = 0 ⇐⇒ ∂2

∂x2
ψ(x, y, z)+

∂2

∂y2
ψ(x, y, z)+

∂2

∂z2
ψ(x, y, z) = 0 ,

x y z

∇2ψ(r) = −ρ(r)

ε0

⇐⇒

∂2

∂x2
ψ(x, y, z) +

∂2

∂y2
ψ(x, y, z) +

∂2

∂z2
ψ(x, y, z) = −ρ(x, y, x)

ε0

,

ρ(r)

∇2 ψ(r) + k2 ψ(r) = 0

k

∇2 ψ(r) − k2 ψ(r) = 0

k

∇× E +
1

c

∂B

∂t
= 0 ,
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∇.D = 4πρ ,

∇× H − 1

c

∂D

∂t
=

4πJ

c
,

∇.B = 0 ,

E B D

H J

ρ c

D = E + 4πP

B = H + 4πM

∇

∇ =
∂

∂x
i +

∂

∂y
j +

∂

∂z
k

− �
2

2m
∇2 Ψ(r, t) + V (r, t) Ψ(r, t) = i�

∂

∂t
Ψ(r, t) ,

− �
2

2m
∇2 ψ(r) + V (r) ψ(r) = E ψ(r) ,

∇2 Φ − 1

c2

∂2Φ

∂t2
+ μ2 Φ = 0
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3
i�

∂ψ

∂t
=

[
cα.p + βmc2

]
ψ

∇2 ψ(r) + k2 ψ(r) = 0 ,

∂2

∂x2
ψ(x, y, z) +

∂2

∂y2
ψ(x, y, z) +

∂2

∂z2
ψ(x, y, z) + k2 ψ(x, y, z) = 0 .

ψ(x, y, z) = X(x).Y (y).Z(z)

x y z
X Y Z

∂2

∂x2
(XY Z) +

∂2

∂y2
(XY Z) +

∂2

∂z2
(XY Z) + k2XY Z = 0 .
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XY Z
x X x

Y Z

y z

Y Z
d2X

dx2
+ XZ

d2Y

dy2
+ XY

d2Z

dz2
+ k2XY Z = 0 .

XY Z

1

X

d2X

dx2
+

1

Y

d2Y

dy2
+

1

Z

d2Z

dz2
+ k2 = 0 .

1

X

d2X

dx2
= −k2 − 1

Y

d2Y

dy2
− 1

Z

d2Z

dz2

1

X
X ′′ = −k2 − 1

Y
Y ′′ − 1

Z
Z ′′

x X(x) x
y z x y z

x y z
x

y z

1

X
X ′′ = α1

−k2 − 1

Y
Y ′′ − 1

Z
Z ′′ = α1 .

α1

1

Y
Y ′′ = −α1 − k2 − 1

Z
Z ′′
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3
1

Y
Y ′′ = α2 ,

−α1 − k2 − 1

Z
Z ′′ = α2

α2

1

Z
Z ′′ = α3 ,

α3 = −α2 − α1 − k2

X ′′ − α1 X = 0 ,

Y ′′ − α2 Y = 0 ,

Z ′′ − α3 Z = 0 .

∇2 ψ(r) = 0

∇2 =
1

r2

∂

∂r

(
r2 ∂

∂r

)
+

1

r2

[
1

sen θ

∂

∂θ

(
sen θ

∂

∂θ

)
+

1

sen2 θ

∂2

∂ϕ2

]
.
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r θ ϕ

1

r2

∂

∂r

(
r2 ∂ψ

∂r

)
+

1

r2

[
1

sen θ

∂

∂θ

(
sen θ

∂ψ

∂θ

)
+

1

sen2 θ

∂2ψ

∂ϕ2

]
= 0 .

ψ(r, θ, ϕ) = R(r) Y (θ, ϕ)

Y

r2

∂

∂r

(
r2∂R

∂r

)
+

R

r2

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]
= 0 .

Y
θ ϕ

r
θ ϕ

R

R r
∂R/∂r

dR/dr
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3R Y
r2

1

R

d

dr

(
r2dR

dr

)
+

1

Y

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]
= 0 .

1

R

d

dr

(
r2dR

dr

)
= − 1

Y

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]

r R = R(r)
r

θ ϕ r
r θ ϕ
r

θ ϕ r, θ, ϕ
r

θ ϕ

1

R

d

dr

(
r2dR

dr

)
=− 1

Y

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]
=λ(λ+1)

λ (λ + 1)

1

Y

[
1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2

]
= −λ (λ + 1)

1

R

d

dr

(
r2dR

dr

)
= λ (λ + 1) .

r2 R̈ + 2r Ṙ − λ (λ + 1) R = 0

rλ , r−λ−1 .
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1

sen θ

∂

∂θ

(
sen θ

∂Y

∂θ

)
+

1

sen2 θ

∂2Y

∂ϕ2
= −λ (λ + 1)Y

θ ϕ

Y (θ, ϕ) = Θ(θ) . Φ(ϕ) .

Θ
θ Φ

ϕ
Y = ΘΦ

sen 2 θ

sen θ

Θ

d

dθ

(
sen θ

dΘ

dθ

)
+ λ (λ + 1)sen2 θ +

1

Φ

d2Φ

dϕ2
= 0 .

sen θ

Θ

d

dθ

(
sen θ

dΘ

dθ

)
+ λ (λ + 1)sen2 θ = − 1

Φ

d2Φ

dϕ2

θ
ϕ

sen θ

Θ

d

dθ

(
sen θ

dΘ

dθ

)
+ λ (λ + 1)sen2 θ = +m2

1

Φ

d2Φ

dϕ2
= −m2 .

Φ̈ + m2 Φ = 0
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3
+m2

m

−m2

Φ̈ − m2 Φ = 0

e+mϕ , e−mϕ .

P
r θ ϕ r θ ϕ + 2π

ϕ
P

ϕ ϕ + 2π

Ψ(r, θ, ϕ) = Ψ(r, θ, ϕ + 2π)

ϕ

Φ(ϕ) = Φ(ϕ + 2π)

Φ

Φ(ϕ) = eimϕ .

Φ

eimϕ = eim(ϕ+2π)

eim2π = 1
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m

m = 0,±1,±2, . . .

m
ϕ

Ψ(r, θ, ϕ) = Ψ(r, θ)

Ψ ϕ
m = 0 m

ϕ

Φ(ϕ) = e0 = 1 .

θ

sen θ

Θ

d

dθ

(
sen θ

dΘ

dθ

)
+ λ (λ + 1)sen2 θ = +m2

sen2 θ Θ̈ + sen θ cos θ Θ̇ +
[
λ(λ + 1) sen2 θ − m2

]
Θ = 0 .

x = cos θ , y(x) = Θ(θ)

(
1 − x2

)
ÿ − 2x ẏ +

[
λ(λ + 1) − m2

1 − x2

]
y = 0 .

λ = �
� = 0, 1, 2, . . .
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3
− �

2

2m
∇2ψ = E ψ ;

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.

ψ(x, y, z) = X(x) Y (y) Z(z)

x y z

(−m2) ϕ
ψ(x, y, z)

a b c
ψ

E

Ẍ + m2X = 0 Y Z
X(x) = A sen Mπ/a

Y Z m = Mπ/a n = Nπ/a p = Pπ/a
M N P

E =
π2

�
2

2m

(
M2

a2
+

N2

b2
+

P 2

c2

)
.
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