
5
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5

θ
m = 0

(1 − x2) ÿ − 2x ẏ + λ(λ + 1) y = 0 .

x
[−1, +1] x
x = cos θ

y(x) =

∞∑
0

ai x
k+i ,

a0 k (k − 1) = 0

a1 k (k + 1) = 0 .

k = 0 a0 �= 0 a1 �= 0 k = 1 a0 �= 0
a1 = 0

ai+2 =
(k + i)(k + i − 1) − λ(λ + 1)

(k + i + 1)(k + i + 2)
ai .

x = ±1
ai+2/ai i

x = ±1 θ = 0, π
θ

z
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y(x)
i

λ = � = inteiro

i k

λ = � = 0, 1, 2, . . .

� �
ao

P�(x) =
1

2�

�∑
n=0

(−1)n+l (n + �)!

n!
(

�+n
2

)
!
(

�−n
2

)
!
xn

� = 0, 1, 2, . . .

P�

P�(x) =
1

2� �!

d�

dx�

[
(x2 − 1)�

]
.

P0 = 1 ;

P1 = x ;

P2 =
3

2
x2 − 1

2
;

P3 =
5

2
x3 − 3

2
x ;

P4 =
35

8
x4 − 30

8
x2 +

3

8
; . . .

P�(−x) = (−1)� P�(x) .
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5
∫ +1

−1

Pn(x) Pm(x) dx =
2

2n + 1
δn,m

δn,m

δn,m =

{
1 , se n = m ,
0 , se n �= m .

(1 − x2) ÿ − 2x ẏ + �(� + 1) y = 0 .

b(x) = −2x a(x) = (1− x2)

{P�(x)}�=0,1,2,...

P�

[
(1 − x2)

d2

dx2
− 2x

d

dx

]
P�(x) = −�(� + 1) P�(x) ,

[−1, +1]
f(x) [−1, +1]

f(x) =
∞∑

�=0

a� P�(x) ,

a�

Pn(x)
−1 +1

∫ +1

−1

Pn(x) f(x) dx =

∞∑
�=0

a�

∫ +1

−1

Pn(x) P�(x) dx
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∫ +1

−1

Pn(x) f(x) dx =

∞∑
�=0

a�
2

2n + 1
δn,�

=
2

2n + 1
an .

an

an =
2n + 1

2

∫ +1

−1

Pn(x) f(x) dx .

g(x, t)

g(x, t) =
1√

1 − 2xt + t2

t

g(x, t) =
1√

1 − 2xt + t2
=

∞∑
n=0

Pn(x) tn ( | t | < 1)

| t | 1

t 1

g(x, t) =
1√

1 − 2xt + t2
=

∞∑
n=0

Pn(x)
1

tn+1
(| t | > 1) .

g(x, t)
+q z

a
P = (x, y, z) r r1

V (x, y, z) =
q

4πε0

1

r1
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5

a

r θ

V (r, θ) =
q

4πε0

1√
r2 − 2ar cos θ + a2

=
q

4πε0a

1√
1 − 2

(
r
a

)
cos θ +

(
r
a

)2
.

t = r/a

t
r a

t = r
a

< 1

V (r, θ) =
q

4πε0a

∞∑
n=0

Pn(cos θ)
(r

a

)n

(r < a) ,

r a t = r
a

> 1

V (r, θ) =
q

4πε0a

∞∑
n=0

Pn(cos θ)
(a

r

)n+1

(r > a) .
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R

V (R, θ, φ) = f(θ) = .

∇2V (r) = 0

r2R̈ + 2rṘ − λ(λ + 1)R = 0 → R(r) = Arλ + Br−λ−1

(1−x2)ÿ−2xẏ+[λ(λ+1)−m2/(1−x2)]y = 0 →

m = 0
Θ(θ) = P�(cos θ)

m �= 0
Θ(θ) =

Φ̈ + m2 Φ = 0 →

m = 0
Φ(ϕ) = A0 =

m �= 0
Φ(ϕ) = Ameimϕ m

r−�−1

r = 0

R(r) = A r� .

76



5
ϕ m = 0

Φ(ϕ) = 1 .

m = 0
θ x = cos θ

Θ(θ) = P�(cos θ) � = 0, 1, 2, . . .

V (r, θ, ϕ) = R(r) Θ(θ) Φ(ϕ)

V (r, θ) =

∞∑
�=0

A� r� P�(cos θ) .

V (R, θ) = f(θ)

V (R, θ) =

∞∑
�=0

A� R� P�(cos θ) = f(θ) = g(x)

g f θ x = cos θ
A�

Pn(x) x

A� =
1

R�

∫ +1

−1

2� + 1

2
P�(x) g(x) dx

� = 0, 1, 2, . . .
r < R

V (r, θ) =

∞∑
�=0

2� + 1

2

( r

R

)�
[∫ +1

−1

P�(x) g(x) dx

]
P�(cos θ) .
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(
1 − x2

)
ÿ − 2x ẏ +

[
�(� + 1) − m2

1 − x2

]
y = 0

−1 ≤ x ≤ +1 x = cos θ
u

(1 − x2) ü − 2x u̇ + �(� + 1) u = 0

v = (1 − x2)m/2 dm u

dxm

m > 0

P�,m(x) = (1 − x2)m/2 dm

dxm
P�(x)

=
(1 − x2)m/2

2� l!

d�+m

dx�+m
(x2 − 1)�

P m
� (x) ,

P�,m(x)
P�m(x)

P�,−m(x) =
(1 − x2)−m/2

2� l!

d�−m

dx�−m
(x2 − 1)�

P�,m(x) = P�,−m(x) = 0
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5|m| > �

−� ≤ m ≤ +� .

P�m P�,−m

P�,−m(x) = (−1)m (� − m)!

(� + m)!
P�,m(x)

P�,m(−x) = (−1)�+m P�,m(x) .

m = 0

P�,0(x) = P�(x)

x ∈ [−1, +1] �

∫ +1

−1

P�,m(x) P�′,m(x) dx =
2

2� + 1

(� + m)!

(� − m)!
δ�,�′

m

∫ +1

−1

P�m(x) P�k(x)
1

1 − x2
dx =

(� + m)!

m (� − m)!
δm,k .

{P�,m(x)} � > 0 |m| ≤ �
[−1, +1]

f(x) =
∞∑

�=0

+�∑
m=−�

a�m P�m(x) dx ,

a�m =
2� + 1

2

(� − m)!

(� + m)!

∫ +1

−1

f(x) P�m(x) dx .
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P0,0(x) = P0(x) = 1 ;

P1,−1(x) = −1

2

√
1 − x2 = −1

2
sen θ ;

P1,0(x) = P1(x) = x = cos θ ;

P1,+1(x) =
√

1 − x2 = sen θ ;

P2,−2(x) =
3

24
(1 − x2) =

1

8
sen2 θ ;

P2,−1(x) = −1

2
x
√

1 − x2 = −1

2
sen θ cos θ ;

P2,0(x) = P2(x) =
3

2
x2 − 1

2
=

3

2
cos2 θ − 1

2
;

P2,+1(x) = 3x
√

1 − x2 = 3 cos θ sen θ ;

P2,+2(x) = 3(1 − x2) = 3 sen2 θ .

P�,m

x

x = ±1 θ π m �= 0

P�,m(±1) = 0 .

gm(x, t) =
(2m)! (1 − x2)m/2

2m m! (1 − 2xt + t2)m+1/2

=
∞∑
i=0

Pi+m, m(x) ti .

(2� + 1) xP�,m = (� + m) P�−1,m + (� − m + 1) P�+1,m ;
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5P�,m+1 − 2mx√
1 − x2

P�,m + [�(� + 1) − m(m + 1)]P�,m−1 = 0 ;

2
√

1 − x2
d

dx
P�,m = P�,m+1 − (� + m) (� − m + 1) P�,m−1

Q�,m(x) x = ±1

Y (θ, ϕ) = Θ(θ) Φ(ϕ)

P�,m(x) Θ eimϕ Φ

Y�,m(θ, ϕ) = A�,m P�,m(cos θ) eimϕ .

A�,m

Y�,m(θ, ϕ) = (−1)m

√
2� + 1

4π

(� − m)!

(� + m)!
P�,m(cos θ) eimϕ .
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(−1)m

A�,m

∫
(4π)

dΩ Y ∗
�m(θ, ϕ) Y�′m′(θ, ϕ) = δ�,�′ δm,m′

dΩ ∫
(4π)

dΩ (...) =

∫ 2π

0

dϕ

∫ π

0

dθ sen θ (...)

Y�m

θ ϕ

f(θ, ϕ) =
∑
�,m

a�,m Y�m(θ, ϕ) .

YL,M 4π
Y�m

a�,m =

∫
(4π)

dΩ Y ∗
�m(θ, ϕ) f(θ, ϕ) .

Y00 =

√
1

4π
;

Y1,−1 =

√
3

8π
sen θ e−iϕ ; Y1,0 =

√
3

4π
cos θ ;

Y1,+1 = −
√

3

8π
sen θ e+iϕ ; Y2,−2 =

√
5

96π
3 sen2 θ e−2iϕ ;

Y2,−1 =

√
5

24π
3 sen θ cos θ e−iϕ ; Y2,0 =

√
5

4π

(
3 cos2 θ − 1

2

)
;
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5
Y2,+1 = −

√
5

24π
3 sen θ cos θ e+iϕ ; Y2,+2 =

√
5

96π
3 sen2 θ e+2iϕ .

P = (θ, ϕ) , Q = (α, β) .

γ
P Q α β θ ϕ

cos γ = cos α cos θ + sen α sen θ cos(ϕ − β)

P�(cos γ) =
4π

2� + 1

+�∑
m=−�

Y ∗
� m(α, β) Y�m(θ, ϕ) .

γ

P = (r, θ, ϕ)
Q = (a, α, β)

V (r, θ, ϕ) =
q

4πε0r

∞∑
�=0

(a

r

)� 4π

2� + 1

+�∑
m=−�

Y ∗
�,m(α, β)Y�,m(θ, ϕ)
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r > a

θ
Θ(θ)

Θ(θ) = P�,m(cos θ) ,

−� ≤ m ≤ +�

R

V (R, θ, φ) = f(θ, ϕ) = .

r < R

r� P�,m(cos θ) eimϕ

R

V (r, θ, ϕ) =

∞∑
�=0

+�∑
m=−�

C�,m

( r

R

)�

Y�,m(θ, ϕ) .

Φ(ϕ) eimϕ Θ(θ) = P�,m(cos θ)
Y�,m(θ, ϕ)

C�,m

V (R, θ, φ) = f(θ, ϕ)

C�,m =

∫
(4π)

Y ∗
�,m(θ, ϕ) f(θ, ϕ) dΩ .

ρ(r) =

{
A r e−αr sen2 θ cos 2ϕ , 0 ≤ r ≤ R ,

0 , r > R ,
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5A α

V (r, θ, ϕ) =
1

4πε0

∫
ρ(r′) dr′

|r − r′| ;

1

|r− r′| =
1√

r2 + r′2 − 2rr′ cos γ
=

1

r>

∞∑
�=0

(
r<

r>

)�

P�(cos γ)

r> = max(r, r′) r> r r′ r< = min(r, r′)
r r′

P�(cos γ) =
4π

2� + 1

+�∑
m=−�

Y ∗
� m(θ′, ϕ′) Y� m(θ, ϕ) .

1

|r − r′| =
4π

r>

∞∑
�=0

1

2� + 1

(
r<

r>

)� +�∑
m=−�

Y ∗
� m(θ′, ϕ′) Y� m(θ, ϕ) .

r r < R r
r′ < r r′

r r′ > r

r′ < r

Vinterior =
1

4πε0

∞∑
�=0

+�∑
m=−�

1

r�+1

4π

2� + 1
Y� m(θ, ϕ) ×

×
∫

dΩ′ Y ∗
� m(θ′, ϕ′) [sen2 θ′ cos 2ϕ′]

∫ r

0

r′2 dr′ A r′ e−αr′ r′�

sen2 θ′ cos 2ϕ′ =

√
8π

15
[Y2,2(θ

′, ϕ′) + Y2,−2(θ
′, ϕ′)] ,

85



dΩ′ = sen θ′ dθ′ dϕ′

∫
dΩ′ Y ∗

� m(θ′, ϕ′)

√
8π

15
(Y2,2(θ

′, ϕ′) + Y2,−2(θ
′, ϕ′)) =

=

√
8π

15
(δ�,2 δm,+2 + δ�,2 δm,−2) .

� = 2 m = ±2
� m

r

Vinterior =

√
8π

15

A

5ε0

(Parte radial<) [Y2,2(θ, ϕ) + Y2,−2(θ, ϕ)]

r′ > r

Vexterior =
1

4πε0

∞∑
�=0

+�∑
m=−�

r� 4π

2� + 1
Y� m(θ, ϕ) ×

×
∫

dΩ′ Y ∗
� m(θ′, ϕ′) [sen2 θ′ cos 2ϕ′]

∫ R

r

r′2 dr′ A r′ e−αr′ 1

(r′)�+1

Vexterior =

√
8π

15

A

5ε0
(Parte radial>) [Y2,2(θ, ϕ) + Y2,−2(θ, ϕ)] .

(Parte radial>) =
r2

α

[
e−αr − e−αR

]
.

r < R

V = Vinterior + Vexterior .
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5
P2(x)

I1 =

∫ +1

−1

P2(x) dx

I2 =

∫ +1

−1

P3(x) P2(x) dx

f(x) = x3

x4 − 2x2

f(x)

1√
1 − 2xt + t2

t t < 1
t = 0

n ≥ 1

(1 − x2)
d

dx
Pn(x) = n Pn−1(x) − nxPn(x) .
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n Pn(x) = x
d

dx
Pn(x) − d

dx
Pn−1(x)

(n + 1) Pn+1(x) = (2n + 1)xPn(x) − n Pn−1(x)

R
f(θ)

V (r, θ) =
∞∑

�=0

2� + 1

2

(
R

r

)�+1 [∫ +1

−1

P�(x) g(x) dx

]
P�(cos θ)

z
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5

z

I1 =

∫ +1

−1

P�m(x) dx

I2 =

∫ +1

−1

P3,−3(x) P4,−3(x) dx

I3 =

∫ +1

−1

P3,2(x) P4,2(x) dx

P�m(x)
P�m

I1 =

∫
(4π)

Y3,3(θ, ϕ) Y5,2(θ, ϕ) dΩ
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I2 =

∫
(4π)

Y3,−1(θ, ϕ) Y3,1(θ, ϕ) dΩ

I3 =

∫
(4π)

|Y25,8(θ, ϕ)|2 dΩ

Y�,m (−1)�

� �

Y�,m(0, ϕ) =
√

(2� + 1)/4π δm,0

L+ L−

L± = Lx ± i Ly = ±e±iϕ

[
∂

∂θ
± i ctg θ

∂

∂ϕ

]

Y�,m m

L+ Y�,m =
√

(� − m)(� + m + 1) Y�,m+1

L− Y�,m =
√

(� + m)(� − m + 1) Y�,m−1 .

Y�,−m(θ, ϕ) = (−1)m [Y�,m(θ, ϕ)]∗ .

P = (r, θ, ϕ)

Q = (a, α, β)
Y�,m r < a

P1(x) = 1
x3 = AP3 + BP1 A B
P0 P2

�
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5

x
t

x
t

t = r
R

> 1

+q
z θ −q

π − θ n = 0
n = 1

V =
2aq cos θ

4πε0r2

−2q
4πε0r

+q θ +q π−θ
n = 0 n = 1

−2a2q
4πε0r3

P0,0 = 1
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P�,m

eimϕ

x f(−x) = . . .
Y (π − θ, ϕ + π)

Y (θ, ϕ)
P�,m(±1)

∂/∂ϕ
eimϕ ϕ Y�,m

∂/∂θ P�,m

Y�,−m

Y�,m
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