
9
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9
I : f → g

g(ω) = I f(x) =

∫ b

a

K(ω, x) f(x) dx ;

K(ω, x) g(ω)
f(x) I

g(ω) =
∫ ∞

0
f(x) e−ωx dx e−ωx

g(ω) =
∫ ∞

0
f(x) x Jm(ωx) dx xJm(ωx)

g(ω) =
∫ ∞

0
f(x) xω−1 dx xω−1

g(ω) = 1√
2π

∫ ∞
−∞ f(x) e−iωx dx 1√

2π
e−iωx

g(ω) = 1√
2π

∫ ∞
−∞ f(x) cos ωx dx 1√

2π
cos ωx

g(ω) = 1√
2π

∫ ∞
−∞ f(x) sen ωx dx 1√

2π
sen ωx

e+iωx/
√

2π
1/
√

2π
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f(x)

g(ω) =
1√
2π

∫ ∞

−∞
f(x) e−iωx dx ,

g(ω)eiωx′
/
√

2π
ω

1√
2π

∫ ∞

−∞
g(ω) eiωx′

dω =
1

2π

∫ ∞

−∞
dω

∫ ∞

−∞
f(x) eiω(x′−x) dx .

1√
2π

∫ ∞

−∞
g(ω) eiωx′

dω =

∫ ∞

−∞
f(x) dx

1

2π

∫ ∞

−∞
eiω(x′−x) dω︸ ︷︷ ︸

x = x′

1

2π

∫ ∞

−∞
1 dx = ∞ ,

x �= x′

1

2π

∫ ∞

−∞
eiω(x′−x) dω =

1

2π

∫ ∞

−∞
dω [cos ω δx + i sen ω δx] = 0

δ(x) =

{ ∞ , x = 0
0 , x �= 0

δ(x − x′) =

{ ∞ , x = x′

0 , x �= x′
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9
f

〈δ|f〉 =

∫ ∞

−∞
f(x) δ(x − x′) dx = f(x′) .

δ(x − x′)

1√
2π

∫ ∞

−∞
g(ω) e(iωx′) dω =

∫ ∞

−∞
f(x) δ(x − x′) dx = f(x′) .

f(x) =
1√
2π

∫ ∞

−∞
g(ω) eiωx dω

x′ x
F

f(x) g(ω)
g(ω) = F f(x)

g(ω)
f(x)

f(x) = F−1 g(ω) .
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f(x) T

f(x) =
∞∑

n=−∞
cnei 2π

T
nx

=
1

T

∫ +T/2

−T/2

f(x)dx +

∞∑
n=−∞
(n �=0)

ei 2π
T

nx 1

T

∫ +T/2

−T/2

f(x)e−i 2π
T

nxdx.

T

ei 2πx
T , ei 4πx

T , ei 6πx
T , . . .

2π

T
,

4π

T
,

6π

T
, . . .
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9
T ,

T

2
,

T

3
, . . .

ωn =
2π

T
n = n Δω

Δω = 2π/T

Tn =
2π

ωn

=
T

n
.

f(x) =
1

T

∫ +T/2

−T/2

f(x) dx +

∞∑
n=−∞
(n �=0)

ei ωn x Δω

2π︸︷︷︸
1/T

∫ +T/2

−T/2

f(x) e−i ωn x dx .

f(x)

T → ∞
Δω → 0 ω

ω

ωn

ω f(x)∫ +∞

−∞
|f(x)| dx < ∞ .

f

f(x) = lim
T→∞

1

T

∫ +T/2

−T/2

f(x) dx︸ ︷︷ ︸
0

+

+
1

2π
lim

T→∞

∞∑
n=−∞

Δω ei ωn x

∫ +T/2

−T/2

f(x) e−i ωn x dx

=
1

2π

∫ +∞

−∞
dω eiωx

∫ +∞

−∞
dx f(x) e−iωx

︸ ︷︷ ︸
g(ω)
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df/dx g(ω)

g(ω) =
1√
2π

∫ +∞

−∞
f(x) e−iωx dx = Ff(x) .

df/dx

g1(ω) = F df

dx
=

1√
2π

∫ +∞

−∞

df

dx
e−iωx dx

=

[
f(x)e−iωx

√
2π

]+∞

−∞
− 1√

2π

∫ +∞

−∞
(−iω) f(x) e−iωx dx .

g1(ω) = (iω)g(ω) .

g2(ω) = F d2f

dx2
= (iω)2g(ω) = −ω2 g(ω) ,

g3(ω) = F d3f

dx3
= (iω)3g(ω) = −i ω3 g(ω) , . . .

∂2y

∂x2
=

1

v2

∂2y

∂t2
,

v
y = y(x, t)

t = 0
f(x)

y(x, 0) = f(x)
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9

1√
2π

∫ +∞

−∞

∂2y

∂x2
e−iωx dx =

1

v2

∂2

∂t2
1√
2π

∫ +∞

−∞
y(x) e−iωx dx

(iω)2 Y (ω, t) =
1

v2

∂2

∂t2
Y (ω, t)

Y (ω, t) = Fy(x, t)
x t

t

Y (ω, t) = ψ(ω) T (t)

Y

T (t) = e±ivωt
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Y (ω, t) = ψ(ω) e±ivωt = Y (ω, 0) e±ivωt = [Ff(x)] e±ivωt .

y(x)

y(x, t) = F−1Y (ω, t) = F−1
{
[Ff(x)] e±ivωt

}
=

1√
2π

∫ +∞

−∞
[Ff(x)] e±ivωte+iωx dω

=
1√
2π

∫ +∞

−∞
[Ff(x)] e

iω [x ± vt]︸ ︷︷ ︸
x′ = f(x′) = f(x ± vt) .

F−1Ff(x) = f(x)

f(x − vt)

v
f(x)

f(x+vt)
t x = −vt

f(0)
f(x)

f(x) g(x)

f ∗ g =
1√
2π

∫ +∞

−∞
g(y) f(x− y) dy
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9
F(f ∗ g) =

1√
2π

∫ +∞

−∞
dx

e−iωx

√
2π

∫ +∞

−∞
g(y) f(x− y) dy

=
1

2π

∫ +∞

−∞
dy g(y)

[∫ +∞

−∞
f(x − y)e−iω(x−y)d(x − y)

]
︸ ︷︷ ︸√

2π F (ω)

e−iωy

=
1√
2π

∫ +∞

−∞
dy g(y) e−iωy F (ω)

= F (ω) G(ω) = [Ff(x)] [Fg(x)] .

f(x) g(x)

(f, g) =

∫ +∞

−∞
f ∗(x) g(x) dx

=

∫ +∞

−∞
dx

1√
2π

∫ +∞

−∞
F ∗(ω) e−iωx dω

1√
2π

∫ +∞

−∞
G(α) eiαx dα

=

∫ +∞

−∞
dω

∫ +∞

−∞
dαF ∗(ω) G(α)

1

2π

∫ +∞

−∞
dx ei(α−ω)x

︸ ︷︷ ︸
δ(ω−α)

=

∫ +∞

−∞
dωF ∗(ω) G(ω) = (F, G) .

(f, g) = (Ff,Fg)

x p
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ψ
ψ

ψ : R3 → C

ψ : R → C .

x
ψ(x)

x
x

ψ∗(x) ψ(x) dx
x x + dx

∫ +∞

−∞
ψ∗(x) ψ(x) dx = 1

x 1

〈x〉 =

∫ +∞

−∞
ψ∗(x) x̂ ψ(x) dx

x

〈A〉 =

∫ +∞

−∞
ψ∗(x) Â ψ(x) dx
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9A Â
A

x̂

p̂ = −i�
d

dx

p
g(p)

g(p) : R → C ,

g∗(p) g(p) dp
p p + dp

∫ +∞

−∞
g∗(p) g(p) dp = 1 ;

〈p〉 =

∫ +∞

−∞
g∗(p) p̂ g(p) dp

〈A〉 =

∫ +∞

−∞
g∗(p) Â g(p) dp

A

p̂
x̂ = +i�d/dp

g(p) = Fψ(x) =
1√
2π�

∫ +∞

−∞
ψ(x) e−ipx/� dx
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ψ(x) = F−1g(p) =
1√
2π�

∫ +∞

−∞
g(p) e+ipx/� dp .

1/
√

2π 1/
√

2π�

p k = p/�

g∗(p) = [Fψ(x)]∗ =
1√
2π�

∫ +∞

−∞
ψ∗(x) e+ipx/� dx

ψ∗(x) =
[F−1g(p)

]∗
=

1√
2π�

∫ +∞

−∞
g∗(p) e−ipx/� dp .

x p

1 =

∫ +∞

−∞
ψ∗ ψ dx =

∫ +∞

−∞
(Fψ)∗ (Fψ) dp =

∫ +∞

−∞
g∗ g dp

=⇒ =⇒

〈p〉 =

∫ +∞

−∞
ψ∗

(
−i�

d

dx

)
ψ dx

=
1

2π�

∫ +∞

−∞
dp g∗(p)

∫ +∞

−∞
dp′ g(p′) ×

×
∫ +∞

−∞
dx e−ipx/�

(
−i�

d

dx

)
e+ip′x/�

=

∫ +∞

−∞
dp g∗(p)

∫ +∞

−∞
dp′ g(p′) p′

1

2π�

∫ +∞

−∞
dx ei(p′−p)x/�

︸ ︷︷ ︸
δ(p′−p)

=

∫ +∞

−∞
g∗(p) p g(p) dp .
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9
Fdψ/dx iωFψ ω = p/�

p x̂
p̂ = −i�d/dx

p p̂
x̂

x̂ ψ = x ψ
p̂ ψ = −i� dψ/dx

F
−→

p̂ g = p g
x̂ g = +i� dg/dp

V (x) =

{
0 , x < 0
V0 , x ≥ 0
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ψ(x) = (πa2)−1/4 e−
x2

2a2

g(p) = (
a2

π�2
)−1/4 e−

a2p2

2�2 ,

eAx2

.eBx = eA(x−x0)2 .eC ;

t = x − x0

F (t)

L F (t) = f(s) =

∫ ∞

0

e−stF (t) dt .

F (t) = 1

L F (t) = L 1 =

∫ ∞

0

e−st dt =

[
e−st

−s

]∞

0

=
1

s
.
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9F (t) f(s) = L F (t)

1 1
s

s > 0

t 1
s2 s > 0

tn n!
sn+1 s > 0 , n = 0, 1, 2, . . .

eat 1
s−a

s > a

t(n−1)eat

(n−1)!
1

(s−a)n s > a

eat−ebt

a−b
1

(s−a)(s−b)
a �= b, s > max{a, b}

sen at a
s2+a2 s > 0

cos at s
s2+a2 s > 0

t cos at s2−a2

(s2+a2)2
s > 0

at − sen at a3

s2(s2+a2)
s > 0

sen at − at cos at 2a3

(s2+a2)2
s > 0

senh at a
s2−a2 s > |a|

cosh at s
s2−a2 s > |a|

s > 0 e−st → 0
t → ∞
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F (t)
0 ≤ t ≤ N

F (t) γ t > N

F (t)
γ t > N

|F (t)| < Meγt .

• a, b F, G

L (aF + bG) = a LF + b LG

•

L [
eatF (t)

]
= f(s − a)

LF (t) = f(s) ,

G(t) =

{
F (t − a) , t > a

0 , t < a

LG(t) = e−asf(s) .

•

LF (at) =
1

a
f(

s

a
)
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9•

LF ′(t) = sf(s) − F (0)

F (t) 0 ≤ t ≤ N
t > N

F (t) F (t)
h = F (a+) − F (a−) t = a

LF ′(t) = sf(s) − F (0) − he−as .

N N

LF ′′(t) = s2f(s) − sF (0) − F ′(0)

F (t) F ′(t) [0, N ] F
t > N

•
L

∫ t

0

F (u)du =
f(s)

s

•
L F (t)

t
=

∫ ∞

s

f(u)du

F (t)/t t

LF (t) = f(s) f(s)
F (t) F (t) f(s)

F (t) = L−1f(s) =
1

2πi

∫ γ+i∞

γ−i∞
estf(s)ds .

γ s

s = γ
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f(s) F (t) = L−1 f(s)

1
s

1

1
s2 t

n!
sn+1 tn

. . . . . .

Ẍ + ω2X = 0

X(0)=0
Ẋ(0) = v0

X

L
[
d2X(t)

dt2
+ ω2X(t)

]
= L d2X(t)

dt2
+ ω2 L X(t) = 0

LX(t) = x(s)

s2x(s) − sX(0) − X ′(0) + ω2x(s) = 0

x(s) =
v0

s2 + ω2
=

v0

ω

ω

s2 + ω2
.
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9
X(t) =

v0

ω
sen ωt .

E(x, t)
x

∂2E(x, t)

∂x2
=

1

v2

∂2E(x, t)

∂t2

E(x, 0) = 0 E(0, t) = E(t) E(t)
[∂E/∂t]t=0 = 0

∂2

∂x2
e(x, s) =

1

v2
s2 e(x, s) − 1

v2
s E(x, 0) − 1

v2

[
∂E

∂t

]
(x, 0)

LE(x, t) = e(x, t)

∂2

∂x2
e(x, s) =

1

v2
s2 e(x, s) ,

e(x, t) = a e
s
v
x + b e−

s
v
x = b(s) e−

s
v
x

a e(x, t)

E(x, t) = B(t − x

v
) ,

LB(t) = b(s) E(0, t) = E(t) = B(t)

E(x, t) =

{ E(t − x
v
) (t > x

v
)

0 (t < x
v
) .

ÿ − ẏ − 6y = 0 ,

y(0) = 0 ẏ(0) = +3
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ÿ − ẏ − 2y = 0 ,

y(0) = 1 ẏ(0) = 2

ÿ(t) + k2y(t) = δ(t)

y(0) = 0 ẏ(0) = 0

∫
f(x) δ(x − a) dx = f(a) .

3
5
(e3t − e−2t)

e2t 1
k

sen kt
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