
6

2



A = (x1, y1, z1) Π �v =

(a, b, c) �v �= �0

�v ⊥ Π �v

Π P = (x, y, z) ∈ Π
−→
AP �v

〈�v, P − A〉 = 0

〈(a, b, c), (x− x1, y − y1, z − z1)〉 = 0 ⇒ a(x− x1) + b(y − y1) +

c(z − z1) = 0 ax + by + cz − ax1 − by1 − cz1 = 0
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6−ax1 − by1 − cz1 = d x y z

ax + by + cz + d = 0

Π

�v = (a, b, c) Π ∀λ ∈ R−{0}
λ�v

a, b, c

�v = (a, b, c)

2x− 3y + z − 1 = 0

x = 1 y = 0

z = −2x + 3y + 1 = −2(1) + 3(0) + 1 = −1,

P = (1, 0,−1) ∈ Π

• P = (x0, y0, z0) ∈ Π

ax0 + by0 + cz0 + d = 0 ⇒ d = 0

P Π

• Π (0, 0, 0)

ax + by + cz = 0.

a(0) + b(0) + c(0) + d = 0 ⇒ d = 0
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P = (1, 1,−1) �u = (2,−1, 3)

ax + by + cz + d = 0,

2x + (−1)y + 3z + d = 0 �u

2(1) − 1(1) + 3(−1) + d = 0 ⇒ d = 2,

P = (1, 1,−1)

�u 2x − y + 3z + 2 = 0

A = (x0, y0, z0) Π �u = (a1, b1, c1), �v =

(a2, b2, c2) Π

P ∈ Π
−→
AP, �u �v

P = (x, y, z) ∈ Π h, t ∈ R

P − A = h�u + t�v,

P = A + h�u + t�v,

(x, y, z) = (x0, y0, z0) + h(a1, b1, c1) + t(a2, b2, c2), h, t ∈ R
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6

Π

�u �v Π

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = x0 + a1h + a2t

y = y0 + b1h + b2t

z = z0 + c1h + c2t, h, t ∈ R

Π h t

Π P = (1,−1, 1)

�u = (2, 1,−1) �v = (2,−1, 0)

(x, y, z) = (1,−1, 1) + h(2, 1,−1) + t(2,−1, 0)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 1 + 2h + 2t

y = −1 + 1h − t

z = 1 − h + (0)t, h, t ∈ R

A B C
−−→
AB

−→
AC

P = A + h(
−−→
AB) + t(

−→
AC)
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P = A + h(B − A) + t(C − A) h, t ∈ [0, 1],

P

Π1 Π2 �v1 �v2

Π1 Π2 θ

cos θ =
|〈�v1, �v2〉|
|�v1| |�v2| 0 ≤ θ ≤ π

2

Π1 : 2x + y − z + 1 = 0 Π2 : x + y − 2 = 0

�v1 = (2, 1,−1) �v2 = (1, 1, 0)

Π1 Π2

cos θ =
|〈(2, 1,−1), (1, 1, 0)〉|
|(2, 1,−1) |(1, 1, 0)| =

|2 + 1 + 0|√
6
√

2

cos θ =
√

3
2

⇒ θ = arc cos
√

3
2

0 ≤ θ ≤ π

2
θ =

π

6
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6
Π1 Π2 �v1 �v2

Π1 ⊥ Π2 ⇔ �v1 ⊥ �v2 ⇔ 〈�v1, �v2〉 = 0

Π1 : 2x + y − z + 1 = 0 Π3 : x + 2z − 2 = 0

〈(2, 1,−1), (1, 0, 2)〉 =

2(1) + 1(0) + (−1)(2) = 2 − 2 = 0

Π1 : 2x + y − z + 1 = 0 Π2 : x + y − 2 = 0

θ =
π

6
�= 0

�u

Ω �n

r ‖ Ω ⇔ �v ⊥ �n ⇔ 〈�v, �n〉 = 0

r ⊥ Ω ⇔ �v ‖ �n ⇔ �v = λ�n, λ ∈ R
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r ‖ Ω r ⊥ Ω

r

Π r ⊂ Π

• A, B ∈ r A, B ∈ Π

• 〈�v, �n〉 = 0 �v r �n

Π A A ∈ r ∩ Π

r Ω

m r ‖ Ω r ⊥ Ω

r :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −3 + t

y = −1 + 2t

z = 4t

Π : mx − y − 2z − 3 = 0

�v = (1, 2, 4) r �n =

(m,−1,−2) Ω r ⊥
Ω ⇒ �v = λ�n

⇒ (1, 2, 4) = λ(m,−1−2) ⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 = mλ

2 = (−1)λ

4 = (−2)λ

⇒ λ = −2 ⇒ m = −1
2
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6r ‖ Ω m = −1
2

r ⊥ Ω ⇒ 〈�v, �n〉 = 0

〈(1, 2, 4), (m,−1,−2)〉 = m+2(−1)+4(−2) = 0 ⇔ m−10 = 0 ⇔ m = 10.

r ⊥ Ω ⇔ m = 10

Π Ω

r

r Π ∩ Ω

(x, y, z) ∈ r Π Ω

Π : 5x−y+z−5 = 0 Ω : x+y+2z−7 = 0

x y z

⎧⎨
⎩

5x − y + z = 5

x + y + 2z = 7
⇒

⎧⎨
⎩

y = 3x − 1

z = −2x + 4

r

r

Ω

r :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −1 + 2t

y = 5 + 3t

z = 3 − t

Ω : 2x − y + 3z − 4 = 0,

r (x, y, z) = (−1 +

2t, 5 + 3t, 3 − t) r

Ω

2(−1 + 2t) − (5 + 3t) + 3(3 − t) − 4 = 0 ⇒ −2t − 2 = 0 ⇒ t = −1
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r

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −1 + 2(−1)

y = 5 + 3(−1)

z = 3 − (−1)

⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = −3

y = 2

z = 4

r Ω

(−3, 2, 4) 2(−3)−(2)+3(4)−4 = −6−2+12−4 = 0

⇒ (−3, 2, 4) ∈ Ω

P

A B

P = (0, 0, 0) A = (1, 2, 3) B = (2,−1, 2)

P = (1, 1,−1) A = (3, 5, 2) B = (7, 1, 12)

P = (3, 3, 3) A = (2, 2, 2) B = (4, 4, 4)

P = (x0, y0, z0) A = (x1, y1, z1) B = (x2, y2, z2)
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6
Π : 2x−3y−z+5 = 0

A = (4,−2, 1)

r :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 2 + 2t

y = 1 − 3t

z = 4t

A = (−1, 2, 3)

m 30o

Π1 : x + my + 2z − 7 = 0 Π2 : 4x + 5y + 3z + 2 = 0

n

Π1 : nx + y − 3z − 1 = 0 Π2 : 2x − 3ny + 4z + 1 = 0

A = (3, 1, 3) B = (5, 5, 5) C = (5, 1,−2) D =

(8, 3,−6) AB CD

Π A = (a, b, c)

Π
√

a2 + b2 + c2
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