
11

2



−x −y

−x′ −y′

(x, y)

�i = (1, 0) �j = (0, 1)

x y O = (0, 0)

P = (x, y)

−−→
OP = x�i + y�j

〈�i,�i〉 = 〈�j,�j〉 = 1

〈�j,�i〉 = 〈�i,�j〉 = 0

〈−−→OP,�i〉 = 〈x�i + y�j,�i〉 = x〈�i,�i〉 + y〈�j,�i〉 = x

x = 〈−−→OP,�i〉 y = 〈−−→OP,�j〉
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11

�OP = x�i + y�j

y = 〈−−→OP,�j〉

P −xy
−−→
OP �i �j

(x′, y′)

�f1
�f2 x′ y′

(a, b) O′ x y

θ −x

−x −y −x′

θ �i �f1

θ

�i �f1

x′

y′
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�f1 = cos θ�i + sen θ�j.

−−→
OO′ = a�i + b�j

−−→
O′P =

−−→
OP −−−→

OO′ = (x − a)�i + (y − b)�j

x′ = 〈−−→O′P , �f1〉 = 〈(x − a)�i + (y − b)�j, cos θ�i + sen θ�j〉
= (x − a) cos θ + (y − b)sen θ

x′ = (x − a) cos θ + (y − b)sen θ

P = (x′, y′)

θ �i �f1 180o + θ

�j �f2

xy OXY

x′y′ O′X ′Y ′

y′
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11O′X ′Y ′

OXY O O′ x

y θ

O′X ′Y ′ OXY

O′X ′Y ′ OXY

O O′ θ

x′ OXY

O′X ′Y ′

�f2 ⊥ �f1
�j �f2 θ 180o+θ

O′X ′Y ′ OXY

�f2
�f1 90o

�f1

OXY (cos θ, sen θ) �f2 (−sen θ, cos θ)

•
�f2 = −sen θ�i + cos θvj.

• O′X ′Y ′

OXY

�f2 = sen θ�i − cos θ�j.
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•

y′ = 〈−−→O′P , �f2〉 = 〈(x − a)�i + (y − b)�j,−sen θ�i + cos θ�j〉
= −(x − a)sen θ + (y − b) cos θ

•

y′ = (x − a)sen θ − (y − b) cos θ

x′ = (x − a) cos θ + (y − b)sen θ

y′ = −(x − a)sen θ + (y − b) cos θ

x′ = (x − a) cos θ + (y − b)sen θ

y′ = (x − a)sen θ − (y − b) cos θ

O′X ′Y ′

OXY

P

(1, 1) OXY

P

θ = 450

x′ = (x − 0) cos 45o + (y − 0)sen 45o

y′ = −(x − 0)sen 45o + (y − 0) cos 45o

θ = 45o

O′ = (0, 0)

x′ = (x − 0) cos 45o + (y − 0)sen 45o

y′ = −(x − 0)sen 45o + (y − 0) cos 45o
⇒

x′ =
√

2
2

x +
√

2
2

y

y′ = −
√

2
2

x +
√

2
2

y
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11P = (1, 1) OXY

x′ =
√

2
2

1 +
√

2
2

1

y′ = −
√

2
2

1 +
√

2
2

1
⇒ x′ =

√
2

y′ = 0

P

45o O′X ′Y ′ (
√

2, 0)

Q = (
√

2,−2
√

2) OXY

(−1,−3)

P Q

(x′, y′) x

y θ

(x, y) x′ y′ θ
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sen θ

cos θ

sen 2θ + cos2 θ = 1,

x′sen θ = (x − a)sen θ cos θ + (y − b)sen 2θ

x′ cos θ = −(x − a)sen θ cos θ + (y − b) cos2 θ

x′sen θ + y′ cos θ = y − b

y = x′sen θ + y′ cos θ + b

cos θ (−sen θ)

x = x′ cos θ − y′sen θ + a

x = x′ cos θ − y′sen θ + a

y = x′sen θ + y′ cos θ + b

x = x′ cos θ + y′sen θ + a

y = x′sen θ − y′ cos θ + b

(x, y) P OXY

(x′, y′) O′X ′Y ′
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11x2 +4y2 = 4
x2

4
+

y2

1
= 1

x2 + 4y2 = 4

45o x′ y′

x y

x = x′ cos 45o − y′sen 45o + 0

y = x′sen 45o + y′ cos 45o + 0
⇒

x′ =
√

2
2

x′ −
√

2
2

y′

y′ =
√

2
2

x′ +
√

2
2

y′

(√
2

2
x′ −

√
2

2
y′
)2

+

(√
2

2
x′ +

√
2

2
y′
)2

= 4

⇓
x′2

2
+

y′2

2
− x′y′ + 2x′2 + 4x′y′ + 2y′2 = 4

⇓
5x′2

2
+

5y′2

2
+ 3x′y′ = 4
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x2 + 4y2 = 4
5x′2

2
+

5y′2

2
+ 3x′y′ = 4

E P = (x, y)

x2 − xy + y2 = 1 45o

OXY x′ y′

x =
√

2
2

(x′ − y′) y =
√

2
2

(x′ + y′)

x2 − xy + y2 =

(√
2

2
(x′ − y′)

)2

−
(√

2
2

(x′ − y′)

)
·

·
(√

2
2

(x′ + y′)

)
+

(√
2

2
(x′ + y′)

)2

⇓

x2 − xy + y2 =
1
2
x′2 +

3
2
y′2

E x2−xy+y2 = 1

1
2
x′2 +

3
2
y′2 = 1

E

−x′ x = y
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11

x2 − xy + y2 = 1
x′2

2
+

3y′2

2
= 1

(1, 0) (0, 1)

(a, b) (c, d)

(2, 3)

(a, b) = (1, 1) (c, d) = (−1, 1)

(0, 2)

x y

9x2 +4y2 +18x+24y− 26 = 0
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−60o OX OY

31x2 + 21y2 + 10
√

3xy = 144

A = (a, b) C = (c, d) ac + bd

〈�u,�v〉 = |�u|·|�v| cos(AÔC)

�u =
−→
OA �v =

−−→
OC

A = (a′, b′) C = (c′, d′)

a′c′ + b′d′ = ac + bd

F1 =

(
−3

√
3

2
,−3

2

)

F2 =

(
3
√

3
2

,
3
2

)

F = (1, 2)

x + 2y = −5
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