
14

2

R
2

R
2



0, 2

x

0, 2x

O(s) = 0, 2s,

O = s =

O(s)

f : R → R

x f(x) = ax

a

(s1 + s2)

(s1 + s2) 0, 2
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14

O(s) = 0, 2s s ≤ 0

s1 s2

O(s1+s2) = 0, 2·(s1+s2) = 0, 2·s1+0, 2·s2 = O(s1)+O(s2).

k

O(λs) = 0, 2 · (λs) = λ(0, 2 · s) = λO(s).

T : R
2 → R

2

�v = (x, y) ∈ R
2 T (�v) = T (x, y) ∈ R

2

�v T
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T (�v)

x, y �v

T (�v) = T (x, y) = (f(x, y), g(x, y)) ,

T : R
2 → R

2

f, g : R
2 → R T

T : R
2 → R

2

�v �→ T (�v) = 0 · �v = �0.

�v ∈ R
2 �0

: R
2 → R

2

�v �→ (�v) = �v

�v ∈ R
2 (�v) =

�v

�w = (a, b) T�w : R
2 →

R
2

T�w(x, y) = (x + a, y + b)

�v = (x, y) ∈ R
2

R
2

�w = (1, 2) T�w(x, y) =

(x + 1, y + 2)

f(x, y) = x + a g(x, y) = y + b
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14

T�w(�v) = (x + 1, y + 2)

f, g : R
2 → R f(x, y) = xy2 g(x, y) = cos(xy)

T : R
2 → R

2 T (x, y) =

(xy2, cos(xy))

T : R
2 → R

2 λ ∈ R
+

�v �→ T (�v) = λ�v

T : R
2 → R

2.

(x, y) �→ T (x, y) = 2(x, y)

�v
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λ = 1/3 λ = 2

�v

λ > 1 T (�v)

�v

λ = 1 T =

λ < 1 T (�v)

�v

θ R = Rθ : R
2 → R

2

�v = (x, y) R(�v) = (x′, y′) �v

�v R(�v) θ

�v

x = r cos α y = rsen α,

r = |�v| R(�v)

x′ = r cos(α + θ) y′ = r sen (α + θ).

cos(α + θ) = cos α cos θ − sen α sen θ

sen (α + θ) = sen α cos θ + cos α sen θ,

R(�v)
⎧⎨
⎩

x′ = r (cos α cos θ − sen α sen θ)

y′ = r (sen α cos θ + cos α sen θ)
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14

R(�v) = Rθ(�v) �v

θ

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x′ = (r cos α)︸ ︷︷ ︸ cos θ− (rsen α)︸ ︷︷ ︸ sen θ

x y

y′ = (r cos α)︸ ︷︷ ︸ sen θ + (rsen α)︸ ︷︷ ︸ cos θ

x y

Rθ(�v) = (x cos θ − y sen θ, x sen θ + y cos θ)

Rθ(�v) =

⎛
⎝x cos θ − y sen θ

xsen θ + y cos θ

⎞
⎠ =

⎛
⎝cos θ −sen θ

sen θ cos θ

⎞
⎠

⎛
⎝x

y

⎞
⎠ .

θ =
π

2
cos θ = 0 sen θ = 1

�v = (x, y)

Rθ(�v) = Rθ(x, y) =

⎛
⎝0 −1

1 0

⎞
⎠

⎛
⎝x

y

⎞
⎠ . ⇒ Rθ(�v) = (−y, x).

Rθ(�v)

�v
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�v = (x, y) θ = π/2 ⇒ Rθ(x, y) = (−y, x)

�v

Rθ(�v)

−θ

cos(−θ) = cos(θ)

sen (−θ) = −sen (θ)
f : R →

R f(−x) =
f(x), ∀x ∈ R

f(−x) = −f(x)

−θ Rθ(�v) �v

⎧⎨
⎩

x = x′ cos θ + y′ sen θ

y = −x′ sen θ + y′ cos θ

Rθ(�v) �v
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14
r R

2

y = ax r P : R
2 →

R
2 �v = (x, y) P (�v) = (x′, y′)

�v

r y′ = ax′

P (�v) �v

OAB

|�v|2 = |P (�v)|2 + |�v − P (�v)|2

�v = (x, y) ⇒ |�v|2 = x2 + y2

P (�v) = (x′, ax′) ⇒ |P (�v)|2 = (x′)2 + (ax′)2

�v − P (�v) = (x − x′, y − ax′) ⇒ |�v − P (�v)|2 = (x − x′)2 + (y − ax′)2

x2 + y2 = (x′)2 + (ax′)2 + (x − x′)2 + (y − ax′)2

⇓

(1 + a2)x′ = x + ay
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P (�v) =

(x′, y′)

x′ =
1

1 + a2
x +

a

1 + a2
y

y′ =
a

1 + a2
x +

a2

1 + a2
y

�w = (x′, ax′)

�v = (x, y) P (�v) = �w

A

r B

�w = B − A

R P

T : R
2 → R

2 a b c

d

T (x, y) = (ax + by, cx + dy)

�v = (x, y) ∈ R
2
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14

T (0, 0) = (0, 0)

T�w(x, y) = (0 + a, 0 + b) �= (0, 0)

⎛
⎝a b

c d

⎞
⎠

T

(a, c) (b, d) T

�i = (1, 0) �j = (0, 1) T (�i) = (a, c)

T (�j) = (b, d)

T : R
2 → R

2

�u,�v ∈ R
2 α ∈ R

T (�u + �v) = T (�u) + T (�v) T (α�u) = αT (�u).

T

⎛
⎝a b

c d

⎞
⎠ �u = (x1, y1)

�v = (x2, y2) �u + �v = (x1 + x2, y1 + y2) α�u =
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(αx1, αy1)

T (�u + �v) = (a(x1 + x2) + b(y1 + y2), c(x1 + x2) + d(y1 + y2))

(ax1 + ax2 + by1 + by2, cx1 + cx2 + dy1 + dy2)

(ax1 + by1, cx1 + dy1) + (ax2 + by2, cx2 + dy2)

T (�u) + T (�v)

T (α�u) = (a(αx1) + b(αy1), c(αx1) + d(αy1))

α(ax1 + by1, cx1 + dy1)

αT (�u)

.

T : R
2 → R

2

T

T (�i) = (a, c) T (�j) = (b, d) �v = x�i + y�j

T (�v) = T (x�i + y�j) = T (x�i) + T (y�j) = xT (�i) + yT (�j)

x(a, c) + y(b, d) = (ax, cy) + (bx, dy)

(ax + by, cx + dy)

.

R
2

R
2

R R

f : R → R f(x) = ax

a

M

M

M =

⎛
⎝0 0

0 0

⎞
⎠ .
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14M M

M

ad − bc �= 0 M

M → ad − bc = 0 M

M → ab − bc �= 0

M1 =

⎛
⎝1 −1

3 −3

⎞
⎠

M2 =

⎛
⎝1 −1

3 2

⎞
⎠

M T : R
2 →

R
2 T

�v ∈ R
2

M

T (�v) �v ∈ R
2

M =

„
a b
c d

«

(a, c) (b, d)
(a, c) (b, d)

α
(a, c) = α(b, d) ⇒

a = αb c = αd.

M T (�v)

�v ∈ R
2

R
2

M ad−bc �= 0
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�w = (m, n)
⎧⎨
⎩

ax + by = m

cx + dy = n

�v = (x, y)

T : R
2 → R

2

�u,�v

T T (�u), T (�v)

�i = (1, 0) �j = (0, 1)

R
2 A = |T (�i)|2 B = 〈T (�i), T (�j)〉 C =

|T (�j)|2 ϕ : R
2 → R

ϕ(x, y) = Ax2 + 2Bxy + Cy2

T �w = (x, y) =

x�i + y�j ∈ R
2 ϕ(x, y) = |T (�w)|2 �u = (a, b)

ϕ

λ1 ∈ R ϕ

⎧⎨
⎩

Aa + Bb = λ1a

Ba + Cb = λ1b

�v = (−b, a) �u 90o

〈T (�u), T (�v)〉 = 0

|T (�u + �v)|2 = |T (�u)|2 + |T (�u)|2 + 2〈T (�u), T (�v)〉
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14⇓

2〈T (�u), T (�v)〉 = |T (�u + �v)|2 − |T (�u)|2 − |T (�u)|2

�u + �v = (a − b, b + a)

|T (�u + �v)|2 = ϕ(a − b, b + a)

= A(a − b)2 + 2B(a − b)(b + a) + C(b + a)2

|T (�u)|2 = Aa2 + 2b(ab) + Cb2

|T (�v)|2 = A(−b)2 + 2B(−ba) + Ca2

〈T (�u), T (�v)〉 = Cab + Ba2 − (Aab + Bb2)

= a(Cb + Ba) − b(Aa + Bb)

= a · λ1b − b · λ1a = 0

T : R
2 → R

2

S1 = {(x, y) ∈ R
2; x2 + y2 =

1}

�u �v 〈�u,�v〉 = 0

〈T (�u), T (�v)〉 = 0 T T (�u) �= �0

T (�v) �= �0 �w �w = x�u + y�v

x2 + y2 = 1 T T (�w) = xT (�u) + yT (�v)

O = (0, 0)
T (�u)
|T (�u)|

T (�v)
|T (�v)|

T (�w) s = x · |T (�u)| t = y · |T (�v)|

x2 + y2 = 1 ⇒ s2

|T (�u)|2 +
t2

|T (�v)|2 = 1
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�w S1

T T (�w)

s2

|T (�u)|2 +
t2

|T (�v)|2 = 1.

�w ∈ S1 T (�w)

T : R
2 → R

2 γ

γ r

T

o 1/r γ

S1

o T S1

o r

r
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14γ r �w

T (�v) = T (�v − �w) + T (�w)

γ T

T (�w)

T : R
2 → R

2

T (x, y) = (x + 2y, 2x + y)

(1, 2) (2, 1)

M =

⎛
⎝1 2

2 1

⎞
⎠ ⇒ det M = 1 · 1 − 2 · 2 = −3 �= 0.

T

x2 + y2 = 1 E = {T (�v); |�v| = 1}

E

E

T (�v1) −T (�v1)

�v1

ϕ(x, y) = |T (x, y)|2 = (x + 2y)2 + (2x + y)2 = 5x2 + 8xy + 5y2

⎛
⎝5 4

4 5

⎞
⎠

λ2 − 10λ + 9 = 0 λ1 = 9 λ2 = 1
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⎧⎨
⎩

5x + 4y = 9 · x
4x + 5y = 9 · y

⇒
⎧⎨
⎩

−4x + 4y = 0

4x − 4y = 0

�v1 = (x, x)

x = 0.71 ⇒ �v1 = (0.71, 0.71)

T (�v1) = T (0.71, 0.71) = (0.71+2·(0.71), 2·(0.71)+0.71) = (2.13, 2.13)

⇓

T (�v1) = (2.13, 2.13),

T (−�v1) = (−1) ·
(2.13, 2.13) S1

T E

T (�v1) = (2.13, 2.13) T (−�v1) = (−2.13,−2.13).

T (�v2) = (0.71,−0.71) T (−�v2) = (−0.71, 0.71)

�v2 λ2 = 1

�v1 = (0.71, 0.71)

�v2 = (−0.71, 0.71)
⇒ T (�v1) = (2.13, 2.13)

T (�v2) = (0.71,−0.71)
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T : R
2 → R

2

T (x, y) = (−y, x + 1)

T (x, y) = (x − y, 2x + 2y)

T (x, y) = (|x − y|, |x + y|)

T : R
2 → R

2

T T (�0) = �0

T (�0) �= �0 T

T : R
2 → R

2 T (x, y) =

(4x + 6y, 6x + 9y) 2x +

3y = 1 T R
2
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R : R
2 → R

2

R(�v)

〈R(�u), R(�v)〉 = 〈�u,�v〉 |R(�v)| = |�v| �u,�v ∈ R
2

β �= 0

H : R
2 → R

2 H(x, y) = (βx, βy)

H(�v) = β�v

⎛
⎝β 0

0 β

⎞
⎠

O = (0, 0) β

|H(�u) − H(�v)| = |β||�u − �v|

H �v r

H(�v) |β| · r

T (x, y) = (x − y, 2x + 2y)

T (x, y) = (x + 2y, 3x + 2y)

T : R
2 → R

2⎛
⎝−1 −2

0 1

⎞
⎠ �u,�v

T (�u) = �u

T (�v) = −�v

45o

√
2 A
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14T : R
2 → R

2 T (x, y) = (ax +

by, cx+dy) a, b, c, d

k ∈ R b = ka d = kc⎛
⎝a ka

c kc

⎞
⎠

T : R
2 → R

2

�v �= �0 T (�v) = �0

�u ∈ R
2

�v �u �= α · �v
α ∈ R T (�u) �= �0

T : R
2 → R

2

�v ∈ R
2 T (�v) = �0

�0
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