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OXY Z O′X ′Y ′Z ′

P OXY Z x y

z x′ y′ z′ O′X ′Y ′Z ′

�i,�j,�k OX −x OY −y OZ −z

�u1, �u2, �u3 O′X ′ O′Y ′

O′Z ′

R
3

�i,�j,�k �u1 = (a1, b1, c1), �u2 =
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15(a2, b2, c2), �u3 = (a3, b3, c3)

�u1 = a1
�i + b1

�j + c1
�k

�u2 = a2
�i + b2

�j + c2
�k

�u3 = a3
�i + b3

�j + c3
�k

�i,�j,�k

〈�un,�i〉 = an, 〈�un,�j〉 = bn, 〈�un,�k〉 = cn, n = 1, 2, 3.

〈�u,�v〉 = |�u| · |�v| cos θ �u,�v ∈ R
3

an = cos αn

bn = cos βn

cn = cos γn

n = 1, 2, 3

αn, βn, γn �un OX OY

OZ

�un

|�un|2 = a2
n + b2

n + c2
n = 1 ⇒ cos2αn + cos2 βn + cos2 γn = 1.

�i �j

�k �u1, �u2, �u3

�i = x�u1 + y�u2 + z�u3

�un

x = 〈�i, �u1〉 = a1, y = 〈�i, �u2〉 = a2, z = 〈�i, �u3〉 = a3,
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�u1, �u2, �u3 a1 = cos α1

b1 = cos β1 c1 = cos γ1

�i = a1�u1 + a2�u2 + a3�u3
�j

�k

�i = a1�u1 + a2�u2 + a3�u3

�j = b1�u1 + b2�u2 + b3�u3

�k = c1�u1 + c2�u2 + c3�u3
�k

M =

⎛
⎜⎜⎜⎝

a1 b1 c1

a2 b2 c2

a3 b3 c3

⎞
⎟⎟⎟⎠

tM =

⎛
⎜⎜⎜⎝

a1 a2 a3

b1 b2 b3

c1 c2 c3

⎞
⎟⎟⎟⎠

P OXY Z

(x, y, z)
−−→
OP = x ·�i + y · �j + z · �k

−−→
O′P = x′ ·�u1 + y′ ·�u2 + z′ ·�u3 (x′, y′, z′)

P O′X ′Y ′Z ′
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15

O′ = (m, n, p) �O′P = �OP − �OO′

(m, n, p) O′ OXY Z

−−→
OO′ = m�i + n�j + p�k.

−−→
OP =

−−→
OO′ +

−−→
O′P

−−→
O′P =

−−→
OP −−−→

OO′.

x′ · �u1 + y′ · �u2 + z′ · �u3 = (x − m)�i + (y − n)�j + (p − z)�k.

�u1

〈�i, �u1〉 = a1, 〈�j, �u1〉 = b1, 〈�k, �u1〉 = c1

⇓

x′ = (x − m)〈�i, �u1〉 + (y − n)〈�j, �u1〉 + (p − z)〈�j, �u1〉
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⇓

x′ = (x − m)a1 + (y − n)b1 + (z − p)c1.

�u2 �u3

x′ = (x − m)a1 + (y − n)b1 + (z − p)c1

y′ = (x − m)a2 + (y − n)b2 + (z − p)c2

z′ = (x − m)a3 + (y − n)b3 + (z − p)c3

x y z

x′ y′ z′

−−→
O′P =

−−→
OP −−−→

OO′ ⇒ −−→
OP =

−−→
OO′ +

−−→
O′P .

x�i + y�j + z�k = x′�u1 + y′�u2 + z′�u3. + m�i + n�j + p�k,

�i

〈�i, x�i + y�j + z�k〉 = 〈�i, x′�u1 + y′�u2 + z′�u3. + m�i + n�j + p�k〉

⇓

x = x′〈�i, �u1〉 + y′〈�i, �u2〉 + z′〈�i, �u3〉 + m〈�i,�i〉

⇓

x = a1x
′ + a2y

′ + a3z
′ + m.

�j �k

x = a1x
′ + a2y

′ + a3z
′ + m

y = b1x
′ + b2y

′ + b3z
′ + n

z = c1x
′ + c2y

′ + c3z
′ + p
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15O′

(m, n, p) OXY Z

x′ = (m − m)a1 + (n − n)b1 + (p − p)c1

y′ = (m − m)a2 + (n − n)b2 + (p − p)c2

z′ = (m − m)a3 + (n − n)b3 + (p − p)c3

⇒
x′ = 0

y′ = 0

z′ = 0

O′

O′X ′Y ′Z ′ (1, 0, 0)

O′X ′Y ′Z ′

x = a1x
′ + a2y

′ + a3z
′ + m

y = b1x
′ + b2y

′ + b3z
′ + n

z = c1x
′ + c2y

′ + c3z
′ + p

⇒
x = a1 · 1 + a2 · 0 + a3 · 0 + m

y = b1 · 1 + b2 · 0 + b3 · 0 + n

z = c1 · 1 + c2 · 0 + c3 · 0 + p

x′ = a1 + m y′ = b1 + n z′ = c1 + p

�x = (x, y, z) �x′ = (x′, y′, z′)

�v = (m, n, p)⎛
⎜⎜⎜⎝

x

y

z

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

a1 a2 a3

b1 b2 b3

c1 c2 c3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸

⎛
⎜⎜⎜⎝

x′

y′

z′

⎞
⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎝

m

n

p

⎞
⎟⎟⎟⎠

M
⎛
⎜⎜⎜⎝

x′

y′

z′

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

a1 b1 c1

a2 b2 c2

a3 b3 c3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸

⎛
⎜⎜⎜⎝

x

y

z

⎞
⎟⎟⎟⎠ −

⎛
⎜⎜⎜⎝

m

n

p

⎞
⎟⎟⎟⎠

tM

�x = M · �x′ + �v �x′ = (tM) · �x − �v M tM

OXY Z

O′X ′Y ′Z ′
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M ·t M

M ·t M =

⎛
⎜⎜⎜⎝

a1 a2 a3

b1 b2 b3

c1 c2 c3

⎞
⎟⎟⎟⎠ ·

⎛
⎜⎜⎜⎝

a1 b1 c1

a2 b2 c2

a3 b3 c3

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

a2
1 + a2

2 + a2
3 a1b1 + a2b2 + a3b3 a1c1 + a2c2 + a3c3

b1a1 + b2a2 + b3a3 b2
1 + b2

2 + b2
3 b1c1 + b2c2 + b3c3

c1a1 + c2a2 + c3a3 c1b1 + c2b2 + c3b3 c2
1 + c2

2 + c2
3

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝
〈�u1, �u1〉 〈�u1, �u2〉 〈�u1, �u3〉
〈�u2, �u1〉 〈�u2, �u2〉 〈�u2, �u3〉
〈�u3, �u1〉 〈�u3, �u2〉 〈�u3, �u3〉

⎞
⎟⎟⎟⎠

�u1, �u2, �u3

M ·t M =

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠ ,

3×3 3

M tM · M =

M · tM = 3

3

Rθ =

⎛
⎜⎜⎜⎝

cos θ sen θ 0

−sen θ cos θ 0

0 0 1

⎞
⎟⎟⎟⎠ ,
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15θ ∈ R
tR · R =

R ·t R = 3 θ =
π

2

Rπ
2

=

⎛
⎜⎜⎜⎝

0 1 0

−1 0 0

0 0 1

⎞
⎟⎟⎟⎠ .

tM · M = 3

1 = det 3 = det(tM · M) = det(tM) · det M = (detM)2,

det(tM) = det M (det M)2 = 1 ⇒ det M = ±1

M det M = ±1

M +1 OXY Z O′X ′Y ′Z ′

M −1

�u1 =

�i �u2 = �j �u3 = �k OX O′X ′ OY O′Y ′

OZ O′Z ′

O′ = (−1, 2, 1)

O′X ′Y ′Z ′

x′ = x − 1, y′ = y + 2 z′ = z + 1,

x = x′ + 1, y = y′ − 2 z = z′ − 1.
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O′ = (m, n, p) �O′P = �OP − �OO′

⎛
⎝1 −1

1 0

⎞
⎠

⎛
⎜⎜⎜⎝

1/2 −√
3/2 0

√
3/2 1/2 0

0 0 1

⎞
⎟⎟⎟⎠

⎛
⎝ 1/2 −√

3/2
√

3/2 1/2

⎞
⎠

⎛
⎜⎜⎜⎝

0 1 0

0 0 1

0 0 0

⎞
⎟⎟⎟⎠
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15α

Rα =

⎛
⎜⎜⎜⎝

cos α sen α 0

−sen α cos α 0

0 0 1

⎞
⎟⎟⎟⎠

Rα =

⎛
⎜⎜⎜⎝

cos α 0 sen α

0 1 0

−sen α 0 cos α

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1 0 0

0 cos α sen α

0 −sen α cos α

⎞
⎟⎟⎟⎠

a b aM bN

M =

⎛
⎜⎜⎜⎝

2 −2 1

1 2 2

2 1 −2

⎞
⎟⎟⎟⎠ N =

⎛
⎜⎜⎜⎝

6 3 2

−3 2 6

2 −6 3

⎞
⎟⎟⎟⎠

aM

(x′, y′, z′)

(x, y, z)

(−1, 2, 2)

(0, 1, 1)

(−1, 1,−2)

(1, 1, 1)

(x′, y′, z′) x y z
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aM

x′ y′ z′

2x + y + 2z = 1

2x − y = 1

x + y + z = 0
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