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ϕ :

R
3 → R

ϕ(x, y, z) = Ax2+By2+Cz2+Dxy+Exz+Fyz+Gx+Hy+Iz+J

A B C D E F G H z J d

xy xz yz D = E = F = 0

ϕ(x, y, z) = Ax2 + By2 + Cz2 + Gx + Hy + Iz + J

x, y, z r, s, t

x = r + h, y = s + k, z = t + m

ϕ(x, y, z) = ϕ(r + h, s + k, t + m)

= ϕ(r, s, t)

= A(r + h)2 + B(s + k)2 + C(t + m)2+

+G(r + h) + H(s + k) + I(t + m) + J

= Ar2 + Bs2 + Ct2 + G′r + H ′s + I ′t + J ′,

278



18
G′ = 2Ah + G

H ′ = 2Bk + H

I ′ = 2Cm + I

A B C

h = − G

2A
k = − H

2B
m = − I

2C
G′ = H ′ =

I ′ = 0 ϕ(x, y, z) = d Ar2 + Bs2 +

Ct2 = d − J ′ ϕ

A, B, C

C = 0 AB > 0

ϕ(x, y, z) = Ax2 + By2 + Gx + Hy + Iz + J.

x = r− G

2A
y = s− H

2B
z

ϕ(x, y, z) = ϕ(r, s, z) = Ar2 + Bs2 + Iz + J ′.

I = 0 → A′r2+B′s2+J ′ ϕ(x, y, z) =

d A′r2 + B′s2 = d − J ′

d − J ′ A

B
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d−J ′ A B

r = s = 0 x = − G

2A
y = − H

2B
d = J ′)

I �= 0 → ϕ(x, y, z) = d r

s t

Ar2 + Bs2 + Iz + J ′ = d ⇒

Iz = −Ar2 −Bs2 − J ′ + d ⇒ z = −A

I
r2 − B

I
s2 +

d − J ′

I

A′ = −A

I
B′ = −B

I
p =

d − J ′

I

z = A′r2 + B′s2 + p.

z = A′r2+B′s2+

p

P = {(x, y, z) ∈ R
3; z = x2 + y2}

A′ B′ A′ B′
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P ∩
− xz

P ∩
− yz

P ∩
− xy

x2 + 2y2 + 4x − 4y + 2z + 1 = 0

x = r − G

2A
y = s − H

2B
x = r − 2

y = s + 1

(r − 2)2 + 2(s + 1)2 + 4(r − 2) − 4(s + 1) + 2z + 1 = 0,

r2 + 2s2 + 2z − 5 = 0 ⇒ z = −1
2
r2 − s2 +

5
2
.

A, B, C

C = 0

ϕ(x, y, z) = Ax2 + By2 + Gx + Hy + Iz + J,

AB < 0

ϕ(x, y, z) = ϕ(x, y, z) = Ar2 + Bs2 + Iz + J ′.
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x2 + 2y2 + 4x − 4y + 2z + 1 = 0

I = 0 → ϕ(x, y, z) = d ⇒ Ar2 + Bs2 = d− J ′

r = s = 0

d = J ′

I �= 0 → ϕ(x, y, z) = d ⇒ A′r2 +B′s2 +p = z A′ = −A

I

B′ = −B

I
p = −d − J ′

I
A B

A′ B′

z =

A′r2 + B′s2 + p A′ B′

3x2 − 2y2 + 6xy + x + 2z = 1

xy
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z = x2 − y2

0 = 3x2 − 2y2 + 6xy + x + 2z − 1 3(x2 + 2xy) − 2y2 + x + 2z − 1

3(x + y)2 − 3y2 − 2y2 + x + 2z − 1

r0 = x + y x = r0 − y

3r2
0 − 5y2 + r0 − y + 2z − 1 = 0.

A = 3 B = −5 C = E = E = F = 0

G = 1 H = −1 I = 2 J = −1

x y G H

r0 = r − G
2A

y = s − H
2B

⇒ r0 = r − 1
6

y = s − 1
10

3
(

r − 1
6

)2

− 5
(

s − 1
10

)2

+
(

r − 1
6

)
−

(
s − 1

10

)
+ 2z − 1 = 0.
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⇓

3r2 − 5s2 + 2z − 31
30

= 0

⇓

z = −3
2
r2 +

5
2
s2 +

31
60

3x2 − 2y2 + 6xy + x + 2z = 1

A, B, C

A �= 0 B = C = 0

ϕ(x, y, z) = Ax2 + Gx + Hy + Iz + J.

x = r− G

2A
y

z

ϕ(x, y, z) = ϕ(r, y, z) = Ar2 + Hy + Iz + J.
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18H = I = 0 ϕ(x, y, z) = d ⇒ r2 =
d − J ′

A

d − J ′

A
> 0

−x

d = J ′

d − J ′

A
< 0

H, I

I �= 0

ϕ(x, y, z) = d ⇒ Ar2+Hy+Iz+J ′ = d ⇒ z = A′r2+H ′y+p

A′ = −A

I
A′ = −H

I
p = −d − J ′

I

Ax2 + Gx + Hy + Iz + J = d

z = A′r2+

p z = A′
(

x +
G

2A

)
+ p y = 0

z = H ′y+p r = 0 x = − G

2A

ϕ(x, y, z) = x2 + y2 + 4z2 + 2xy − 4xz − 4yz

ϕ = r2
0 r0 = x + y − 2z.

x2 + y2 +4z2 +2xy− 4xz − 4yz −
x + y + z = 1 x = r0 − y + 2z

x2+y2+4z2+2xy−4xz−4yz−x+y+z = 1 ⇒ r2
0−(r0−y+2z)+y+z = 1
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z = x2

r2
0 − r0 + 2y − z = 1

r0 = r − (−1)
2 · 1 = r +

1
2

(
r +

1
2

)2

−
(

r +
1
2

)
−y+z = 1 ⇒ r2−y+z =

5
4

⇒ z = r2−y−5
4

x2 + y2 + 4z2 +

2xy − 4xz − 4yz − x + y + z = 1
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x2 + y2 + 4z2 + 2xy − 4xz − 4yz − x + y + z = 1

x2 + 2y2 + 4z2 = 9

x2 + xy − 2xz + yz = 0

y2 − 2z2 + 2
√

3yz − 2 = 0

3x2 + 3z2 + 2xz = 2
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