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2

R
n

R
m

n = m = 3

R
n

R
m

n = m = 3



V = R
n W = R

m n, m = 1, 2

V W F : V → W

�u �v V

F (�u + �v) = F (�u) + F (�v).

�u V λ ∈ R

F (λ�u) = λF (�u).

T : R
2 → R

2 m = n = 2

T (x, y) = (y, 0)

�u = (x1, y1) �v = (x2, y2) �u + �v =
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19(x1 + x2, y1 + y2)

T (�u + �v) = T (x1 + x2, y1 + y2)

= (y1 + y2, 0)

= (0, y1, 0) + (0, y2, 0)

= T (�u) + T (�v).

�u = (x1, y1) a ∈ R a�u = (ax1, ay1)

T (�u + �v) = T (ax1, ay1)

= (ay1, 0)

= (a(y1), 0)

= a(y1, 0)

= aT (�u).

F : R
2 → R

3 n = 2 m =

3 F (x, y) = (0, x + y, 0)

�u = (x1, y1) �v = (x2, y2) �u + �v =

(x1 + x2, y1 + y2)

F (�u + �v) = F (x1 + x2, y1 + y2)

= (0, (x1 + x2) + (y1 + y2), 0)

= (0, (x1 + y1) + (x2 + y2), 0)

= (0, x1 + y1, 0) + (0, x2 + y2, 0)

= F (�u) + F (�v).

�u = (x1, y1) a ∈ R a�u = (ax1, ay1)
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F (�u + �v) = F (ax1, ay1)

= (0, ax1, ay1, 0)

= (0, a(x1 + y1), 0)

= a(0, x1 + y1, 0)

= aF (�u).

S : R
3 → R

2 S(x, y, z) = (xz, yx)

S(a�u) = aS(�u) �u ∈ R
3

�u = (x1, y1, z1)

S(a�u) = S(ax1, ay1, az1)

= ((ax1)(az1), (ay1)(az1))

=
(
a2(x1z1, a

2(y1z1)
)

= a2(x1z1, y1z1)

= a2S(x1, y1, z1)

= a2S(�u)

⇒ S(a�u) �= aS(�u).

Q : R → R Q(x) = 2x + 1

⎧⎨
⎩ T (x1) = 2x1 + 1

T (x2) = 2x2 + 1

T (x1 + x2) = 2(x1 + x2) + 1

T (x1)+T (x2) = (2x1+1)+(2x2+1) = 2(x1+x2)+2 �= T (x1+x2).
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19R
3

T : R
3 → R

3

T : R
3 → R

3

�v = (x, y, z) R
3

T (�v) = (x′, y′, z′)

�v T

x′ = a1x + b1y + c1z

y′ = a2x + b2y + c2z

z′ = a3x + b3y + c3z.

ai, bi, ci (i = 1, 2, 3)

M =

⎛
⎜⎜⎜⎝

a1 b1 c1

a2 b2 c2

a3 b3 c3

⎞
⎟⎟⎟⎠

T

�i = (1, 0, 0) �j = (0, 1, 0) �k = (0, 0, 1)

T (�i) = (a1 · 1 + b1 · 0 + c1 · 0, a2 · 1 + b2 · 0 + c2 · 0, a3 · 1 + b3 · 0 + c3 · 0)

T (�j) = (a1 · 0 + b1 · 1 + c1 · 0, a2 · 0 + b2 · 1 + c2 · 0, a3 · 0 + b3 · 1 + c3 · 0)

T (�k) = (a1 · 0 + b1 · 0 + c1 · 1, a2 · 0 + b2 · 0 + c2 · 1, a3 · 0 + b3 · 0 + c3 · 1)

⇓

T (�i) = (a1, a2, a3)

T (�j) = (b1, b2, b3)

T (�k) = (c1, c2, c3)

M T (�i), T (�j), T (�k)
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�u,�v ∈ R
3 λ ∈ R

T (�u + �v) = T (�u) + T (�v), T (λ�v) = λT (�v)

T : R
3 → R

3 T

T (�i) = (a1, a2, a3) T (�j) =

(b1, b2, b3) T (�k) = (c1, c2, c3) �v = (x, y, z) ∈ R
3

�v = x�i + y�j + z�k T

T (�v) = T (x�i + y�j + z�k)

= T (x�i) + T (y�j) + T (z�k)

= xT (�i) + yT (�j) + zT (�k)

= x(a1, a2, a3) + y(b1, b2, b3) + z(c1, c2, c3)

= (a1x + b1y + c1z, a2x + b2y + c2z, a3x + b3y + c3z)

S : R
3 → R

3

N =

⎛
⎜⎜⎜⎝

p1 q1 r1

p2 q2 r2

p3 q3 r3

⎞
⎟⎟⎟⎠ .

T + S : R
3 → R

3 λT : R
3 → R

3 λ ∈ R

TS : R
3 → R

3 T S

(T + S)(�v) = T (�v) + S(�v),

(λT )(�v) = (λT )(�v)

(TS)(�v) = T (S(�v)) .
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19T + S λT TS

T + S λT

TS

MN

TS

(TS)(�i) = T
(
S(�i)

)
= T (p1, p2, p3)

= (a1p1 + b1p2 + c1p3, a2p1 + b2p2 + c2p3,

a3p1 + b3p2 + c3p3)

MN

TS MN

TS MN

: R
3 → R

3 (�v) = �v

�v ∈ R
3

O : R
3 → R

3 O(�v) = �0

�v ∈ R
3

I3 =

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠
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3 × 3

n × n In

O ⎛
⎜⎜⎜⎝

0 0 0

0 0 0

0 0 0

⎞
⎟⎟⎟⎠

3 × 3

H = α · : R
3 → R

3

O = (0, 0, 0) α

(α · )(�v) = α�v �v ∈ R
3

α · I3 =

⎛
⎜⎜⎜⎝

α 0 0

0 α 0

0 0 α

⎞
⎟⎟⎟⎠

r R
3 �u = (a, b, c)

r = {t�u, t ∈ R} P : R
3 → R

3

r �v = (x, y, z) ∈ R
3

P (�v) ∈ r �v − P (�v) �u

P (�v) = t�u, t ∈ R 〈u, v − P (�v)〉 = 0 ⇒ 〈�u,�v〉 = 〈�u, P (�v)〉.

〈�u, �u〉 = 1 P (�v) = t�u

〈�u,�v〉 = 〈�u, t�u〉
= t〈�u, �u〉

⇒ 〈�u,�v〉 = t = 〈�u, P (�v)〉

P (�v) = t�u = 〈�u, P (�v)〉 · �u = 〈�u,�v〉 · �u
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P (�v) = 〈�v, �u〉�u

�v, �w ∈ R
3

P (�v + �w) = 〈�u,�v + �w〉 · �u
= 〈�u,�v〉 · �u + 〈�u, �w〉 · �u
= P (�v) + P (�w)

�v ∈ R
3 α ∈ R

P (α · �v) = 〈�u, α · �v〉 · �u
= α · 〈�u,�v〉 · �u
= α · P (�v)

P

�u = (a, b, c) �v = (x, y, z) P (�v) = (x′, y′, z′)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′ = a2x + aby + acz

y′ = abx + b2y + bcz

z′ = acx + bcy + c2z,
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P =

⎛
⎜⎜⎜⎝

a2 ab ac

ab b2 bc

ac bc c2

⎞
⎟⎟⎟⎠ .

P �u =

(a, b, c)

r

R
3

�u = (a, b, c) r R : R
3 → R

3

�v = (x, y, z) ∈ R
3 R(�v) r

�v R(�v)

�v + R(�v) = 2P (�v)

P (�v) = 〈�v, �u〉�u �v r

R = 2P −

R(�v) = 2〈�v, �u〉�u − �v ∀�v ∈ R
3.

R N =

2P − I3

N = 2·

⎛
⎜⎜⎜⎝

a2 ab ac

ab b2 bc

ac bc c2

⎞
⎟⎟⎟⎠−

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

2a2 − 1 2ab 2ac

2ab 2b2 − 1 2bc

2ac 2bc 2c2 − 1

⎞
⎟⎟⎟⎠

T : R
3 → R

3

M tM ·M =

M · (tM) = I3
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R(�v) = 2P (�v) − �v

R N N =t N ⇒ N2 =

N · (tN) = I3

N2 = I3

θ −θ

θ −z

Tz : R
3 → R

3

�v = (x, y, z) 
→ Tz(�v) = (x cos θ − ysen θ, xsen θ + y cos θ, z).

Rθ =

⎛
⎜⎜⎜⎝

cos θ −sen θ 0

sen θ cos θ 0

0 0 1

⎞
⎟⎟⎟⎠

Rθ · (tRθ) =t Rθ ·Rθ = I3

299



−x

Tx

Rθ =

⎛
⎜⎜⎜⎝

1 0 0

0 cos θ −sen θ

0 sen θ cos θ

⎞
⎟⎟⎟⎠

−y

Ty

Rθ =

⎛
⎜⎜⎜⎝

cos θ 0 −sen θ

0 1 0

sen θ 0 cos θ

⎞
⎟⎟⎟⎠ .

p(t) = (t, 0, t2), t ∈
R −z θ

Rθ · p(t) =

⎛
⎜⎜⎜⎝

cos θ −sen θ 0

sen θ cos θ 0

0 0 1

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝

t

0

t2

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

t cos θ

t sen θ

t2

⎞
⎟⎟⎟⎠

S2

(x,
√

1 − x2, 0) −x
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Πxz

p(t) = (t, 0, t2), t ∈ R p(t) −z

⎛
⎜⎜⎜⎝

1 0 0

0 cos θ −sen θ

0 sen θ cos θ

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝

x
√

1 − x2

0

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x

−
(√

1 − x2
)

sen θ

−
(√

1 − x2
)

cos θ

⎞
⎟⎟⎟⎠

x2 +
(√

1 − x2sen θ
)2

+
(√

1 − x2 cos θ
)2

=

= x2 + (1 − x2)sen2θ + (1 − x2) cos2 θ

= x2 + (1 − x2)(sen2θ + cos2 θ)

= x2 + 1 − x2

= 1,

β(t, θ) =
(
x,−√

1 − x2sen θ,−√
1 − x2 cos θ

)
x2 + y2 + z2 = 1

T : R
3 → R

3

T

�u,�v ∈ R
3 〈T (�u), T (�v)〉 = 〈�u,�v〉

�u = (a, b, c) �v = (x, y, z) R
3

〈�u,�v〉 = ax+by+cz
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Πxy

q(t) = (t,
√

1 − t2, 0), t ∈ R

q(t)

−x

t�u · �v

t�u =
(
a b c

)
�v =

⎛
⎜⎜⎜⎝

x

y

z

⎞
⎟⎟⎟⎠ .

M
tM ·M = I3

〈T (�u), T (�v)〉 =t (M�u) (M�v) =t�u tMM�v =t�u I3 �v =t�u · �v = 〈�u,�v〉

〈T (�u), T (�v)〉 = 〈�u,�v〉,

�u = �v

〈T (�u), T (�u)〉 = 〈�u, �u〉 ⇒ |T (�u)|2 = |�u|2 ⇒ |T (�u)| = |�u|, ∀ �u ∈ R
3.
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x y z

�v = (1, 0, 1) �w = (1, 1,−1) 〈�v, �w〉 = 0

−y θ = π/3 600

PRπ
3

=

⎛
⎜⎜⎜⎝

cos π
3 0 −sen π

3

0 1 0

sen π
3 0 cos π

3

⎞
⎟⎟⎟⎠ . =

⎛
⎜⎜⎜⎝

1
2 0 −

√
3

2

0 1 0
√

3
2 0 1

2

⎞
⎟⎟⎟⎠

Rπ
3
�v =

(
1
2
−

√
3

2
, 0,

1
2

+
√

3
2

)

Rπ
3

�w =

(√
3

2
+

1
2
, 1,

√
3

2
− 1

2

)
⇒ 〈Rπ

3
�v,Rπ

3
�w〉 = 0

|�v| =
√

12 + 02 + 12 =
√

2 |�w| =
√

12 + 12 + (−1)2 =
√

3

|Rπ
3
�v| =

√√√√(√
3

2
+

1
2

)2

+ 02 +

(
1
2

+
√

3
2

)2

=
√

2

|Rπ
3
�w|

√√√√(1
2

+
√

3
2

)2

+ 12 +

(√
3

2
− 1

2

)2

=
√

3

�v �w

Ty
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R
3

R
3

T : R
2 → R

2

(x, y) 
→ T (x, y) = (x + y, x − y)

F : R
2 → R

(x, y) 
→ F (x, y) = xy + 1

f : R → R

x 
→ f(x) = |x|
G : R

3 → R
2

G(x, y, z) =
(
x y z

)
·

⎛
⎜⎜⎜⎝

1 2

−1 0

1 −1

⎞
⎟⎟⎟⎠ .

F : R
3 → R

(x, y, z) 
→ F (x, y) = x + y − 2z
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19T : R
3 → R

3

T (x, y, z) = (a1x+b1y+c1z, a2x+b2y+c2z, a3x+b3Py+c3z).

�u,�v ∈ R
3 λ ∈ R

T (�u + �v) = T (�u) + T (�v)

T (λ�v) = λT (�v)

T : R
3 → R

3

S : R
3 → R

3

T + S : R
3 → R

3 (T + S)(�v) =

T (�v) + S(�v)

λT : R
3 → R

3 λ ∈ R

(λT )(�v) = (λT )(�v)

β(t) = (t, 2
√

1 − t2, 0), t ∈
R

γ(t) = (0, t, t), t ∈ R

T : R
3 → R

3

|T (�u)| = |�u|
∀ �u ∈ R

3

〈T (�u), T (�v)〉 = 〈�u,�v〉 ∀ �u,�v ∈ R
3
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Tx : R
3 → R

3 Tx(�v) = Rα�v

α −x Ty :

R
3 → R

3 Tx(�u) = Rθ�u

θ −y

(TyTx)(�v) = Ty(Tx(�v))∀�v ∈ R
3

T, S ST
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